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KHura coepHT H3noxeHHe Kypca «OCHOBaHHS
reoMeTpHH» B oOBbeMe, MpPelyCMOTPEHHOM NpOrpam-
Mot MHHHCTepCTBA BHICLIErO H CpejHero creuHajbHoOro
of6pa3oBaHHs Ana yHHBepcHTeToB. Oua oT1Huaercs
OPHTBHAJIBHOCTBIO H3JI0MEHHS MHOFHX pa3sfesioB Kyp-
ca, B ocoGeHHocTH pasgena «[eomerpus JloGaues-
ckoro» M pasgena <«[IpoeKTHBHas reomeTpHus».

Kunra paccuntana Ha CTYNEHTOB yHMBEpPCHTETOB
W MearorHyeCKHX HHCTHTYTOB.

OtBercrBeHHblll pejaktop — npod. A. I1. Baanx



NPEAVCJIOBUE KO BTOPOMY W3OAHUIO

B Hacrosimem usganud kuuru raasa III, conepxamas
HCCJIEJOBAHHE AKCHOM 3BKJIMJOBOH T'eOMETpHH, JONOJIHEHA
§ 6. B stoM naparpade nokaseiBaercs, YTO NPHHATYIO HaMu
CHCTEMY aKCHOM JBHXKEHHS MOXHO 3HAUHTEJbHO COKPAaTHTb,
octaBuB ToanXo akcuombl I11y, 111y, IIlg u III,.

Asmop



TIPEJIVC/IOBUE K [IEPBOMY U3JIAHUIO

MHe HeOJHOKPAaTHO NPUXOAMJOCH YHUTATb YHHBEPCHUTET-
CKHH KYpPC OCHOBaHHi reomeTpuu. IIpH 3TOM BO3HHK pSA
cooOpaXkeHHH OTHOCHTENbHO H3JIOXKEHHSI OTHAEeNbHBIX pasje-
JIOB Kypca. OTH COOOpaK€HUSi ObLTH PYKOBOASLIHMH MpH
HANMHCAHHHU HACTOSILIEro NOCOOHS .

TpaZHUHOHHBIE KypC OCHOBAaHHUH TreOMETPHH, HE CUHTas
HCTOPHYECKOTO 0030pa, KOTOPbIM OOBIYHO KYpPC HauyHHAeTCsd,
COJIEPIKUT YeTblpe TeMbl: aKCHOMAaTHYeCKOe MOCTPOEHHE 3B-
KJIUZOBOHA reoMeTpHH, aHaJIU3 aKCHOM 3BKJHJOBOH reOMETpHH,
reometputo  JloGaueBckoro, NPOEKTHBHYIO M JApYyrHe reo-
MEeTpHH.

Manarass Bonpoc 06 aKCHOMATHYECKOM MOCTPOEHHH
3BKJMIOBOH TeoMeTpHM, CTaBAT Nepel coOoii 3agauy, OT-
NpaBisiiCb OT AKCHOM, Pa3BHTb CHCTEMY BBLITEKAlOWHX U3
Hee CJeACTBHH JO Takoro o0ObeMa, KOrja H3JjioxKeHHe B
IIKOJILHOM Kypce TeoMeTPHH CTaHOBHUTCS JOCTAaTOYHO Oes-
ynpeunbiM. [lpakTHuecku 3mecb npuxoautcs crtporo 060-
CHOBaTb H3MepPEHHe OTPe3KOB H YIVIOB, 10Ka3aTb OCHOBHbIE
TeOpeMbl O KOHTPYEHTHOCTH NpNCTeHUIHX (Uryp, BbIBECTH
H3BECTHblE HEpAaBEeHCTBA /11 CTOPOH H YIVIOB TPEYroJIbHHKA,
paccMoTpeTb noJodue TPEyroJIbHUHKOB U 3aKOHUHTb TeOpeMOii
ITugaropa.

HecMoTpsi Ha sneMenTapHoCcTb 3TOH 4YacTH Kypca, H3-
JIOXKEHHEe ee B YKas3aHHOM oObeme TpeOyeT 3HAYHTENbHOTO
Bpemend. W dakTHueckH feJo OGCTOMT NpUMEPHO TakK.
Koraa, HakoHell, yCTaHaBJHBaeTCsl €CTeCTBEHHbIH MNOPSNOK
CJIeJOBAaHUA TOYEK Ha NpPSIMOA M JJ1si OTPEe3KOB JOKa3hiBa-
€TCs CYLIeCTBOBaHHE [JIMHBI, ayJAUTOPHS CTAHOBHTCSI Ha-
CTOJIbKO TMOJ0O3PUTEJNbHOH, YTO HAauyMHAeT COMHEBAaTbCsl  BO-
oflie B BOBMOXHOCTH KOrJa-HHGYAb HOATH A0 Teopemnl ITu-
daropa TakuM mnyTeM. DTO COMHEHHe JaJbHEHLIUM H3JIO-
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KEHHeM He  TOoJbKO He pacceMBaercs, a eme OGoJblie
YKpeIISeTCs - TeM, 4YTO H3-32 HEJOCTaTKa BPEMEHH JIEeKTOp
OObIYHO OrpP2HHYHBAETCSl OYEHb HEMHOTHMH  CNeJCTBHSIMH
aKCHOM KOHTPYEHTHOCTH M T€PeXOMHT K pPacCMOTPEHHIO
PasJIMUHbIX TpeJOXKEHUH, SKBHBAJEHTHbIX NATOMY IOCTY-
Jary. _

Mue npeacraBasieTcsi, YTO J€JI0 3[€Chb MOXHO B KaKOH-TO
Mepe MONPaBHTh CJEAYIOUHM 06pasoM.

Bo-nepBbix, He0O6X0AMMO BMECTO aKCHOM mHopsinka [Hub-
OepTa BBOAMTb CHCTEMY aKCHOM, OCHOBAHHYIO Ha OTHO-
IIEHHH CJeloBaHus i nap ToueK. Takasi cucrema, Kak
H3BECTHO, SKBHBaJIeHTHAa CHCTeMe aKcHoM [uibbepta, HO
OTJIMYAETCSl OT HKee MPOCTOTOH, OJNH30CTbIO K IPHBbIYHBIM
NPEACTABJEHHSIM O DAacNoJIOXKeHHH TOoYeK Ha NpsMod H
NO3BOJISIET JABYMs-TpeMsi MNpPOCTHIMH CJEACTBHSIMH, H3 Hee
BHITEKAIOIUMH, HOArOTOBHTb BONPOC O BBENEHHH Mepbl IJsi
OTPE3KOB H YIJIOB.

Bo-BTOpbix, BMECTO aKCHOM KOHIPYEHTHOCTH Haf0 BBOC-
JUTb aKCHOMbl IBHXKeHHsi. VIMeHHO Ha akcHOMax HABHKEHHS
OCHOBaHO H3JI0}KeHHe B LUKOJBHOM Kypce reoMeTpud. Bso-
JAHTb aKCHOMBI KOHTPYEHTHOCTH, OCHOBaHHblE Ha OTHOLUe-
HHH AJs1 (Uryp, KOTOpPOEe MOXHO INpeJCTaBUTb cefe TOJIbKO
C NOMOWBIO [ABHXEHHs JJs Toro, utoGbl IOTOM JOKas3aTb
CYILleCTBOBAHHE 3TOTO CAMOro JABHXKEHHs, BpsiJ JIH Lieseco-
o6pasHo.

B-Tpereux, Hazo ¢opMyJaHpoBaTb TOJNBKO aKCHOMY He-
npepbiBHOCTH J[lelekHnja, He YyCTaHaBAHBass ee SKBUBa-
JIEHTHOCTb akcHoMme KanTopa u akcuome Apxumena. DToMy
BOINPOCY CJHLIKOM MHOTO yJeJsieTcss BpeMeHH B TEODHH Belie-
CTBEHHBIX YHCEJ, YyXKe 3HAKOMOH yudalemycs.

Uro ke KacaeTcsi SKBHBAJIEHTOB MATOrO IOCTYJaTa, TO
O HHX CJIeflyeT TOJbKO YIOMSIHYTb U TO B COOTBETCTBYIOLLIEM
MecTe HCTOpHuYecKoro o63opa. Bce 3TH yTBepkIeHHsi SKBUBa-
JIEHTHOCTH CTaHOBSITCS TPHBHAJIbHBIMU MOCJE YCTAHOBJEHHS
MOJNHOTHI CHCTeMbl akcHoM JloGaueBckoro.

Yxa3zaHHble COOOpa)KeHHss XOTi H HE HOBBI, IO3BOJISI-
IOT HAaCTONbKO OOJIErYHTb Hayalo H3JOKEHHs, Henocpel-
CTBEHHO TNpHMbIKalOLlee K aKCHOMaM, 4YTO MNpeACTaBJIseTcst
BO3MOXHbIM J€HCTBHTEJbHO Ppa3BHUTb  3JIEMEHTApHYIO  TIeo-
METPHIO B yKasaHHOM oObeme Ge3 ocoGoro Tpyaa. A 3Toro
HeNb3s HTHOPHPOBATb, €C/IH NPUHSITH BO BHHMaHHe OYAYILYIO
NpoGeCCHIO OCHOBHOM MacChl CJyluaTeneli — yunTensi CpeHel:
IKOJIBI.
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Crepgylomass TeMa Kypca — aHalNM3 akCHOM 3j1eMeHTap-
HOH TreoMeTpUH — HMeeT CBOeH 3ajayell pacCMOTpeTb BO-
Mpochl HEeNPOTHBOPEUHBOCTH, HE3aBUCHMOCTH H  IOJIHOTHI
CHCTEMBl aKCHOM 3JIeMEHTApHOH reoMeTpHH.

3hecb npexae Bcero HEOOXOAHNMO 4YeTKO (opMyJHpo-
BaTh OCHOBHbIE BOINPOCH, BO3HHKAIOIHE MpPH aKCHOMaTHye-
CKOM TOCTPOEHHH JIIOOOH TEOPHH M TeOMeTPHH B YaCTHOCTH,
JOKa3aTb HENPOTHBOPEUHBOCTb H MOJHOTY CHCTEMBI aKCHOM
37eMeHTapHOH reoMeTpud. UTO e Kacaercs HX He3aBHCH-
MOCTH, TO  JOCTaTOYHO OrPAHHYUTHCH  JAOKAa3aTeJbCTBOM
He3aBUCHMOCTH  aKCHOMbl HempepbiBHOCTH B ¢opme [ene-
KHHAA2 H aKCHOMBI mNapajjenbHOCTH. B mocneanem Bompoce
NpeANOYTHTEIbHO MOJb30BaThC  HHTeprnpetanuei Kieiina.
HJeno B ToM, uTO B 3TOH HHTEpPHpeTalHH MpoBepKa BCeX
AaKCHOM, KpOME aKCHOM [BHXKEHHs], JNeHCTBHTEJIbHO  TpH-
BHa/JbHA, @ MNPOBEPKA AKCHOM [IBHMKEHHsI TaKKe MOMKET
ObITb NpOBeJeHa JOCTaTOYHO MPOCTO MyTeM NpPUBEJeHHUs Mpo-
H3BOJIbHOH TOUYKH K LEHTPY HEKOTOPbIM CTaHJapTHbIM obpa-
30M, a 3aTeM HCIOJb30BAHUS 3SBKJIUJOBBIX BpalleHHH OKOJIO
neHTpa abcosiloTa W 3epKasbHbIX OTpPa)KeHHd B ero Jua-
MeTpax.

CyliecTBeHHO, HaM Ka)KeTCsl, Hal0 H3MEHHUTb H3JIoXKe-
HUe TeMbl — reometpus JloGaueBckoro. Tpaauuuonnoe us-
JIOXXEHHE ee HaAuHMHAeTCs TeopHeH mnapaJJesbHbIX no JloGa-
yeBCKOMY. 33jaya, KOTOPYi0 NpPH 3TOM CTaBsT, 3aKJI0YaeT-
¢ He B TOM, UuToObl TOKa3aTb, KakHe MapajoKcajbHble
CBOHCTBA B3aHMHOIO pAacCloOJIOXKEHHS] IPSMBIX MOXHO Bbl-
BECTH H3 aKCHOMBI napaJjyejbHoctd Jlo6aueBckoro, a B
TOM, YTOOBI JOKAa3aTb IOJIHOTY CHUCTeMbl aKCHOM H BbLIBECTH
MeTpuyecKyio dopMmy miaockocTd JloGaueBckoro. 3ajgaua 3Ta
He JlerKasi M ee pelleHHe B CBOeH CYILECTBEHHOH YacTH
OObIYHO TEepeXOJAUT B TaK HasbiBaeMblll HeoGs3aTeJsbHbIN
pasien Kypca, KOTOpblii mojaeTcssi B ONHCATEJNbHOM IliaHe
6e3 J0Ka3aTeJbCTB.

[NpencraBasiercs GoJjiee eCTECTBEHHBIM H  COBPEMEHHbIM
HauaTb CO BTOpPOM YaCTH MOCTaBJEHHOH 3aJayH — BbIBOJA
JUHEHHOTO 3JIEeMEHTA IJIQCKOCTH B paMKax  abCoJIoTHOH
reoMeTpud 6e3  HCHOJIb30BAHHS] KaKHX-NHOO NpearonoxKe-
HHH o napajuenbHbix. Taxkoiff MOAXOA OKa3bIBA€TCs HE TOJIb-
KO He OGe3sHaleXKHbIM, HO Oosee MPOCTbIM H 3IKOHOMHBIM.
Crporo ycraHoBneHHAas MOJNHOTa CHCTeMbl aAKCHOM TIeOMeT-
pun JloGaueBckoro M H3oMop}u3M BCeX ee peasid3auui mno-
3BOJISIIOT NpocTo, 6e3 0co6oro TpyJa H3JIOXKHTb OCHOBHbIE
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¢dakTel reomerpun JlcbGaueBckoro, B TOM 4YHCJE H TEOpHIO Nna-
pajjIenbHLIX, HCOOJL3YSl HauboJjee NOAXOAALLUE HJIf STOro
HHTepIpeTaLHuH.

B nocaennefi Teme Kypca — NpOEKTHBHasi W JApyrue reo-
METPUH — OCHOBHAs 3aJaya COCTOMT B CTPOrOM 'aKCHOMa-
THYECKOM OOOCHOBAHHHM TPOEKTHBHOH reomerpuu. Jpyrue
reoMeTpud OObIYHO MOJAIOTCSl B omucaTesqbHoM naane. O6ocHo-
BaHHe MPOEKTUBHOH IeoMeTPHH — TaKxe JOBOJbHO GoJiblias
no conepxkauuio reMa. Hekotopoe obGJeruenue ee H3JOXKEHHUST
JIOCTHUTaeTcsi CJefyIOIHM 00pas3oM.

Bo-nepBbiX, BMECTO aKCHOM MOpsAKA, OTHOCSIIMXCH K
NOHSITUIO pasfieleHusi nap, MOXHO MNPHHSAATL AKCHOMBI CJe-
JIOBaHHSI TPOeK. DTO OCOGEHHO Lesecoo6pasHo, eClH yepes
OTHOUIEHHE CJIeIOBaHHsl TNap BBOAATCS AaKCHOMbI MOpPsJAKA
SBKJIMAOBOH TeOMeTpPHH, TaK KaK IOJyuaeTcsl IpeeMCTBEH-
HOCTb B 3THX CHCTeMax aKCHOM. ;

Bo-BTOphIX, MOC/E KJAaCCHYECKOTO paspe3aHus Ipoek-
THBHOI  IJIOCKOCTH 1O «0eCKOHEUHO YJajieHHOH MpsIMOi»
HaJO HeMeJJIeHHO TNPHCTYMHTb K IOCTPOEHHIO TEOPHH BeK-
TOPOB, MAaKCHUMaJbHO HCNOJIb3ysl TNIPH 3TOM CJEJICTBUSl aK-
CHOM CBsI3H, IHOpPSiKAa, HENPEpLIBHOCTH M HapasJeJbHOCTH
3BKJMJOBOH TeOMeTpHH, 4 3aTeM BBeCTH a(HHHBIE  KOOp-
nuHatel. [lpy 3ToM oOKasbiBaeTcsi BO3MOXKHBIM — H36GexaTb
Ay6JIUPOBAHHS ~ COOTBETCTBYIOLUIErO  pasfenia  3BKJIHAOBOM
reOMeTPHH H MO XOAY JefiCTBHSI YCTAHOBHUTH IOJHOTY CH-
cTembl akcuoM acuHHOH reometpuu. Kpome Toro, crporoe
reoMeTpHueckoe 0OOCHOBaHHE TEOPHH BEKTOPOB TaKKe BeChbMa
NoJIe3HO. YCTAHOBHB IHOJHOTY CHCTEMbl aKCHOM NPOEKTHB-
HOH reoMeTpuH, OCHOBHbie ee (DaKTbl MOXHO TOJYYHUTb
B AHAJUTHUYECKON peasH3allHH.

B npeanaraeMom noco6uu Mbl CJ€NOBaj¥ yKa3aHHbIM CO-
06p aXkeHHsIM.

O6uuit ‘niaH NOCTPOEHHS] Kypca, a TaKkKe JeTajH He-
KOTOPbIX JOKa3aTeJqbCTB 3aUMCTBOBAHbI HAaMH [PeHMYLLECT-
BeHHo u3 kuuruy H. B. Ejumoa «Bbicinass reomerpus».



BBEAEHUE

KaxaoMy, KTO H3yyaj 3JeMEHTApHYIO T[EOMETPHIO, H3-
BECTHO, UTO €€ COJIep:KaHHe COCTaBJSIOT YTBEPKJCHHs (Teope-
MbI), OTHOCSIIIMECS] K FEOMETPHUUECKHM (PUrypam, MoJydyaembie
NyTeM JIOTHUECKHX YMO3aKJIOUeHHH B KOHEYHOM CueTe K3
HEKOTOPOrO YHCJA HCXOAHBbIX IOJIOXKEHHH (aKCHOM).

- B cBA3KM ¢ 3THUM BO3HHKAIOT TPH BOMNPOCA, KOTOpLIE B
NIepBYIO Ouepefib pacCMaTpPHBAIOTCSI B OCHOBAHHSIX TEOMETpPHH.

1) Tak kKakK HCXOIHble TOJIOXKEHHS — AKCHOMBI — TaK-
e TpeICTaBIsIoT Co00fi HeKoTopble YTBepXKAEHHS, OTHO-
csllldecss K TeOMETPHUYECKHM (UrypaM, TO He MOTYT NH He-
KOTOpble M3 HHUX ObITb JIOTHYECKH BbIBEJeHbl H3 JpYTHX;
2) Hesb3sl JIH TOJNYYHTb NMyTeM JIOTHYECKUX pacCyXIeHHIT,
OMHPasicb Ha aKCHOMbI, JBYX B3aUMHO HCKJIOYAIOIHUX CJaefl-
CTBHH; H, HaKoHell, 3) HeJb3s JH CHCTEMY aKCHOM JcCMoJ-
HHUTb HOBLIMH aKCHOMaMH, KOTOpbIe He BbITeKasu Obl H3 CTaphiX
H BMECTe C TeM He MPOTHBOPEUMJH Obl UM.

Pellenne 3THX BaXHBIX JUIsi aKCHOMaTHYECKOTO MOCTPO-
€HHMs TeOMETPHH BOMPOCOB ObUIO MOJYY€HO CPaBHHTEJBHO
HenaBHo. Besauuafimias 3acayra B 3TOM NPHHAJIEKHT Ha-
mwemy cooteuecTBeHHHKy H. WM. Jlo6aueBckomy. Ero oTkpbl-
THE HE3BKJHJOBOH reOMeTpUH W CBSI3aHHOE C 3THM YCTaHOB-
JIeHHe He3aBHCHMOCTH AaKCHOMbI TMapaJlieNIbHbIX [OJIOXKHJ0
HayaJO MHOTOUMCJIEHHBIM IJIOAOTBOPHBIM HCC/IEJOBAaHHAM BbI-
jparomuxcs MateMatikoB X1X Beka, B paboTax KOTOPHIX YIO-
MSIHYTble BOIPOCHI B NMDUMEHEHHH K 3/]1E€MEHTApPHOH reoMeTpHH
MOJIYYHJIH TOJIHOE paspelleHue.



ri1ABA |

UCTOPHUYECKHUA OYEPK OBOCHOBAHHU S
FEOMETPHH

§ 1. «Havana» Iskaupa

[eomeTpusi Kak 3SMNHpHUYECKasi HAyKa B PaHHHH NepHOA
JOCTHrIa O0COOEHHO BBICOKOro YypoBHs B Erunte B CBsi3H C
3eMJIeMEPHBIME H HPPHTalHOHHBIMH paboTaMH.

B nepBom ThicsiueseTHH N0 H. 3. FeoMeTpHUYeCKHe CBefe-
HHS OT EerunTsiH Nepeulid K rpekaM, B ['peuuu Hauascs
HOBbI 3Tam B pasBUTHH reometpuu. 3a mnepuox c¢ VII no
IIl Bex mO H. 3. rpeueckue reoMeTpbl He TOJbKO 06OraTHJIH
reOMETPHIO MHOTQUHCJIEHHBIMH HOBbIMH (haKTaMH, HO Npex-
NPHHSNH TaKXKe Cepbe3Hble 1Iard K CTPOTOMY ee JIOTHUECKOMY
000CHOBAHHIO.

MuorosekoBasi paGoTa TIpeyecKHX TIeOMETPOB 3a 3TOT
nepuol Oblla MOABITOKE€HA H CHCTEMATH3HPOBaHA JBKJH-
JoM (330—275 rr. go H. 3.) B ero 3HameHHTOM TpyZe «Ha-
yaja». DTO COYHHEHMe JaeT NepBoe JolIejllee 0 Hac CTPoO-
roe JIOTHYECKOE MOCTPOeHHe reoMeTpud. B HeM wu3soxkeHnue
11aCTOJIbKO 0Ge3ynpeyHo M5 CBOEro BpeMeHH, UTO B TeueHHe
JABYX TbICSIY JieT ¢ MoMeHTa nosiBjeHusi «Hauan» ono Gblio
eIMHCTBEHHbIM DPYKOBOJACTBOM /ISl H8YYAIOLIUX TEOMETPHIO.

«Hauana» BKJIOYAOT TPUHAAUATb KHHI, H3 KOHX COOCT-
BEHHO reoMeTpHH mocBsiieHbl KHUrd I—IV u VI, rae wusna-
raercsi nsanumetrpus, a Takxke XI—XIII, oxBaTbiBaromye
crepeomerpHio. OcTanbhbie KHUrH «Hauan» nocesiwens apud-
MEeTHKe B IeOMeTPHUYECKOM H3JIOXKEHHH.

Kaxnaa kuura «Hawan» HauMHaeTcs onpefeseHueMm Ro-
HATHHA, KOTOpble BCTpevaloTcsi BnepBble. Tak, wanpumep, B
nepBoil KHHre JaHbl 23 onpejenenus. B uactHocTH,



Onpenenenue 1. Touka ectb TO, YTO He HMeeT
qacred.

Onpenenenue 2. JIuHUA ecTb JIHHA Ge3 IUHPHHBI.

Onpepnenenue 3.IIpsamas ecrtb Takas JUHHS, KOTO-
past OAMHAKOBO DACHOJIOXKEHA N[O OTHOLUEHHIO KO BCEM CBO-
HM TOYKaM.

B nepsoit kuure «Hauan» 3a onpeneneHusiMu CJeRyioT mo-
cTysnaThl U akcHoMbl. Hanpumep: ‘

ITocTtyaart I. TpebGyercsi, uTo6bl OT KaxkKAOH TOUKH
KO BCAIKOH JApYrofi TOuYKe MOXHO ObIJIO NPOBECTH NPSMYIO.

IToctyaar V. TpeGyercsi, utoGbl BCsiKHil pas, Koraa
‘TpsiMasl NPH TepeceyeHHH C ABYMs APYTHMH MPSMBIMH  00-
pasyeT ¢ HHMH BHYTPeHHHE OJHOCTOPOHHHE YIJIbl, CyMMa
KOTOPbIX MeHble ABYX MNpSIMBIX, 3TH MNpsIMble IepeceKajuch
C TOH CTOPOHBI, C KOTOPOIl 3Ta CyMMa MeHbllle JBYX IMpSIMBbIX.

Akcuoma I. PaBHbe moposub TpeTbeMy paBHBI MEXKAY
co6oil.

Axkcuoma II. Eciu Kk paBubiM npuHGaBUM paBHbIE, TO
TIOJIY4UM paBHbIE.

W noctynatel H akCHOMBI MpejCTaBJsIIOT COGOH yTBepHae-
HHS, NpUHUMaeMble 0e3 JokasartesnbcTtBa. Ilo kakomy npuH-
LU0y OAHH YTBEpXKJAEHHS OTHOCSATCS K NOCTyJaTaM, a JApyrue
K aKCHOMaM, HEeH3BEeCTHO.

Bcnen 3a akcuomamMu HAYT TeopeMbl M 33ajayd Ha Io-
CTpOeHHEe 1NojJ OOUWHM Ha3BaHHEM «IPEeLJOXKEeHHs», pacHo-
JIOXKEHHble B CTPOroH MNOC/ENOBATEJbHOCTH TaK, 4YTO JOKa-
3aTeJbCTBO (pelleHHe) KaXKAOro MOCJefYIOEero NpeioXKeHHs
onypaercss Ha npeabiaymue. BoT oaHO H3 3THX mpeaJo-
KEeHHH. ‘

Ecnmu B 1Byx TpeyroJbHHKax ABe CTOPOHbI OJHOTO paB-
Hbl JIBYyM CTOPOHAaM JpYyroro H YIVIbl, COJepxKauiuecss Mex-
Iy paBHbIMH CTOpPOHaMH, paBHbl, TO H OCHOBAaHHE OJHOrO
TPEYroJibHHKA PaBHO OCHOBAHHMIO APYroro, ¥ OJAHH TpPEYroJib-
HHK paBeH JAPYroMy, H OCTaJbHble YIJIbl OJHOrO TPEyroJib-
HHKa paBHbI OCTaNbHBIM yIJiaM APYroro, MMEHHO PaBHbl YIJbl,
NPOTHBOJIEXKAILHE PABHBIM CTOPOHAM.

Xota «Hauana» dBkauaa u OblM B TeyeHHE JJIHTENbHO-
ro BpeMeHH o0pasloM JJs CPaBHEHHSl, OHH Janeko He JOo-
CTHTaIOT YPOBHSI COBDEMEHHOH CTpOrocTd Hanoxenusa. JaH-
1ble B NEpPBOI KHHIe OIpeJe/ieHHsi reoMeTpHUYeCKHX 00pasos
SIBJISIIOTCSL CKOpee ONHCAHHeM HX, NpHuYeM JajleKo He coBep-
mennbiMd. Tak, Hanpumep, onpefenenue IV NpsaMOR JMHHH
He OTJIHYAeT ee OT OKpYyKHOCTH, a ompeienenue II npowus-
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BOJIbHOH JIHHHH COAEpPXKHUT YNOMHHAHHE O JNJHHE H LIMDHHe,
KOTODBIE CaMH HYXK/JalOTCS B ONpPEJeJIEHHH.

He caepyer aymatb, omHako, 4To JeeKTHH BCe ompeje-
JieHHs, TnpeanocnanHbie nepBoil KHHre «Hauan». Hanporus,
UeNblfi psj ompenesieHHH, B TOM YHCJE OKPYXHOCTH, Tpe-
yrolbHHKa, MpSIMOro, OCTPOro M Tymoro yraa, Ju6o Oesy-
npeuHsl, JuG0 cojep»KaT He3HauufesnbHble, JIETKO YCTPaHH-
Mble HeflocTaTKH. Eclu npH 3TOM yuecTb, YTO CBOKCTBa reo-
MeTpHUecKHX 00pas3oB, cojepxkauiyecss B JAeeKTHHIX OIpe-
JeNeHUsX, HUrJe B JOKa3aTeslbCTBaX He HCIMOJB3YIOTCS, TO
'STH onpefieneHuss MoryT ObITb onyiieHbl Ge3 yuiep6a Ans
H3JIOXKEeHHS. '

Uto KacaeTcsi NOCTYJIaTOB H aKCHOM, TO HX (OpMYyJiH-
pOBKH Oe3ymnpeuHbl, cojepXauidecsi B HHX YyTBepXKAEHHs
CYIIeCTBEHHBI M COCTaBJSIOT OCHOBY  CJEAYIOIHX 33 HHMH
JIOKa3aTeJ1bCTB.

O6parumcsi, HakoHell, K JoKasareabcTBaM. [lo 3ameicay
aBropa «Hauam», pokasarenbCcTBa BceX NpeLIOMKEHHH HOJ-
>KHbl B KOHEUHOM cueTe ONUpaTbCsl Ha CBOHCTBA reoMeTpHue-
CKHX 00pasoB, ompeje/isieMble MOCTyJaTaMH H aKCHOMaMH.
OnHako yxe 6ersioe 3HaKGJCTBO C JOKa3aTeJlbCTBAaMH DBKJIH-
Ja yOexjaeT Hac B TOM, YTO B HHMX HEOJHOKPATHO HCIOJb-
3yIOTCSl TaKHe CBOHCTBA TreoMeTpHUecKHMX o0pa3oB H OT-
HOLUEHHS] MEXAY HHMH, KOTOpble He BBISICHSIIOTCS HH TOCTY-
JataMH, HH akcuoMamu. Tak, Hampumep, B J0Ka3aTesbCTBe
YIOMSIHYTOTO Bblllle TNpeJJIO’KeHHs] O paBeHCTBe TPeyroJb-
HHKOB JBKJHJA MNOJb3yeTcs MABHXKEHHeM, a B psfe APYTHX
JIOKa3aTeJIbCTB CChIIAeTCsl HA CBOHCTBA B3aHMHOIO PacroJioxKe-
HHUS TOYEK Ha NpPSIMOMH, BblpakaeMble CJIOBAMHU WIeXKaTb MEXKAYY.

Bo3HHKaeT ecrecTBEHHBI BONPOC, HeNb3sl JH OCBOOOAHTHL
3BKJIHJIOBbl JI0Ka3aTeJbCTBA OT 3TOrO HENOCTAaTKa, 3aMEHHB,
MOXeT ObITb, HX JAPYTHMH, ONHPAIOIIUMHCS TOJBKO Ha MOCTY-
JaTel H akcHoMbl. OTBeT Ha 3TOT Bonpoc ObLI MOJNY4YeH CpaB-
HHTeNbHO HeAaBHo. Okxaszanoch, YTO 3TO BO3MOXKHO CAesaTh
TOJIBKO [OCJIe HaAJiexallero MornoJHCHUS CUCTeMbl NOCTYJ1aTOB
H akcHom DBKaMAA. B riaBe 111 mbl eme BepueMcs K 3ToMy
BONpOCY.

§ 2. MNMonbiTKH JOKa3aTeabCTBA MATOrO NOCTyJaaTa

Hekoropble M3 ykasaHHbIX Bbillle HefjocTaTKoB «Hauans
+JBKJHAA ObIAH OTMEYEeHBl yXKe JpPEeBHUMH TI'peKaMH, B CBSI3H
C uYeM TNpeanpUHUMAJHCh MONBITKH YJAYYIIHTL H3JOXKEHHE
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«Hauan». T'naBuas 3ajgaua, KOTOpPYIO HpH 3TOM CTaBMJIM, 3a-
KJIIOYasacb B TOM, YTOObl CBECTH CHCTEMY NOCTYJIATOB H aKCHOM
SBKJHAA A0 MHHUMYyMa.

EcrecTBeHHBbIl NyThb NSl pelleHHs] 3TOH 3aJayd COCTOHT
B TOM, YTOObl HEKOTOPBHIE H3 NOCTYJIAaTOB H- aKCHOM BBbIBECTH
U3 octajbHbix. MiMenHo TakuM nyrtem «Hauana» Gwuin ocso-
GoxJeHbl OT 4YeTBepPTOro MOCTyJaaTa, B KOTOPOM HJET pedb
0, PaBeHCTBe BCEX MPSAMBIX YIJIOB.

OnHako Bce MNOMBITKH OCBOOOAMTLCSI TakKHMM 0GpasoM OT
nsToro mnocTysnara Obiid Ge3pe3ysbTAaTHBIMH, XOTS 3THM-

BONPOCOM 33aHHMAaJIHCh TreoMe-
TPBl B TeyeHue GoJiee ABYX Thi-
csid gieT.  Tunuuno#t owHGKoi
GONBLUIMHCTBA  JIOKA3aTeJbCTB
OSTOro  MOCTyJara SABNSIJIOCH
Cco3HaTeqbHOE  HaH  Oeccos-
<  HaTeibHOE HCMOJIB30BAHHE Ka:
KOro-u60 yTBEpKAEHHS, HE CO-
JlepKallerocsi fIBHO B OCTaJlb-
HbIX MOCTYJIaTaX H aKCHOMax
H He BLITEKAIOIlero M3 HHX.

Bot, nHanpumep, mokasarenbctso IIpokaa.

Hano: a + 8 << 2d (cM. uept. 1). TpebGyercs HOKasaThb,
yTo mpsiMble g’ M g” nepecekaioTcsi B HeKOoTopod Touke C.

ITpoBenem uepes Touky A mnpsaMyio g”, napaisenb-
Hyo g’. BosbMeM Ha npsmoi g” Touky B H ONYCTHM U3 Hee
nepneHaukyassp Ha g”. Tak Kak npu yaajneHuH' ToukH B
oT A ee paccrosiHHe OT g” HeOrpaHHYEHHO pacTeT, a pac-
cmosanue mexcly napassesvHomu npamemu g u g” nocmo-
AHHO, TO HA g” HaljeTcsl Touka C, npuHajiexamas g’. B atoii
TOYKE M MepeceKaloTcss npsiMeie g’, g”.

Hcnonb3yemMoe B 3TOM JOKasaTelbCTBe CBOHCTBO Mapas-
JIebHBIX TPSIMBIX He CONEepXKHTCS SIBHO B OCTaJbHBIX [O-
CTyJatax M akcHoMax. DoJsee Toro, Kak Mbl YBHAMM IO3Xe,
OHO M3 HHMX He MOXeT ObiTb BbIBEIEHO.

CyuiecTByerT GecuuC/ieHHOE MHOXECTBO JAPYTHX  yTBep-
JKIEHHH, C TOMOLIbIO KOTOPBLIX MOXHO OblIO Obl JOKasaThb
nsTeil mocrynat. Hanpumep:

1. Bce nepnenauMkynsipel K OAHOI CTOPOHE HEKOTOPOro
OCTpOro yrja InepeceKalrT ero APYrylo CTOPOHY.

2. CyuecTByioT mnofoOHble H HepaBHbIE TPEYTOJbHUKH.

3. CyuecTBylOT TPEYroJibHUKH CKOJb YTOAHO GOJbILOK
nJoLaH,
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4. CymectByioT TpEyroJbHHKH C CYMMOH YIJIOB, PaBHOI
IBYM MNpPSIMBIM.

5. UYepes Touky BHE [aHHOH NpPSMOH MOXHO NpPOBECTH
He Gosnee OJHOM mpsiMoi, el MapaJJesbHOH.

XOoTs MOmbITKH J0Ka3aTenbCTBa NSTOrO INOCTyJnaTa H He
NIPUBEJIH K »KeJAHHOMY DPe3yJbTaTy, OHH Chirpaid, Ge3ycsoB-
HO, TIOJIOXKHTENBbHYIO POJIb B Pa3BUTHH [EOMETPHH, TaK. Kak
B psiie cayyaeB OoOOraTHJIH ee HOBBIMH HHTEPECHBIMH Teope-
MaMH, JAOKas3aTeJbCTBO KOTOPBIX He OMHpaeTcs Ha MNsThlil
noctysaar. OfHa H3 TaKUX TeopeM, JoKasadHas JIexaHapoM,
[JIACHT:

B kaxcOom mpeyzorsHuke cymma
yeaos He OGoavuie 08Yyx NPAMbIX.

dTta Teopema HCHoOJb3yeTcss B
JnanbHefileM usjoxenud. Iloatomy
Mbl NpHBelEM ee JOKa3aTeJLCTBO.
OHO OCHOBaHO Ha JBYX JieMMax:

1. B kaxcdom mpeyzorbHuke cym-
Ma 08Yx BHYMPEHHUX Y2r08 MeHb'ue Yepr. 2.
0syx npamoix.

2. [lra Kawdoeo mpeyeosbHUKA MONCHO NOCMPOUMb  HO-
6bLLl MpPeYeorbHUK € MOt JHee CYMmoll Yearos, Y Komopoco 00uH
u3 yenos 6ydem He Goaviie NoA0BUHbL HanepeOd 3a0AHHO20 Yeaa
0arHO20 MpeyeorbHuUKA.

CorylacHO H3BeCTHOl Teopeme, B A0Ka3aTeJbCTBE KOTOPOIl
NATHIH [OCTYJ1aT He HCHOOJIb3yeTcsl, BHEIUHHH yroa  Tpe-
yrojbHHKa OoJsiblle JIF0G0r0 BHYTPEHHEro, HE CMEXHOro ¢
HuM. [TostoMy, ecnu a m §— yrabl TpeyroibHHKa H a' —
BHELIHHH yroJ, cMexHui a, To B <a’. M Tak Kak a +a' =
=m TO a B <m

Hokaxem Bropyio Jgemmy. Ilycts ABC — moGoii Tpe-
YrOJMbHHK U @, B, 71— ero yrisl (uepT. 2).

[Mposenem u3 BepuinHsl A uepe3 cpeauHy O cropoHbl BC
npsiMyio H oTJioXuM Ha Heil u3 O orpesok OA’, paBuuif OA.
V3 pasenctBa TpeyrosbHukoB AOB u A’OC cnepyer o' =
=a,, B=1". Orciona

Prr+oto=a+a+7+7".

3nech, B JIeBOil YacTH paBeHCTBA, CTOMT CyMMa YIJIOB JaH-
Horo TpeyrosbHHka ABC, a B mpaBoi yacTH — CyMMa yrJioB
tpeyronbHuka AA'C. Tak Kak o' =a, a a=a, +a, TO
no KpaiHeii Mepe OAMH M3 yrJoB TpeyrojbHHka ACA’ o'
HJIH a; Oyner He GoJblie TOJOBHHB a.
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Teneps HeTpyaHo nokasaTe Teopemy Jlexanapa. Ilyctb
CyMMa YTJIOB HEKOTODOro TPeyroibHuka a4 B4 f=mn-¢€
(> 0). IlpumeHsis MHOrOKpaTHO JeMMy 2, Mbl MOXKeM
NOCTPOHTb TPEYTOJbHHK, y KOTOPOro cymMa yrjoB Oyaer

- a
Ta Ke, T. €. ®+¢€ a OIMH H3 YIJOB—He Gonblle -

a
Ilpu pocTaToyHo GoJsbLIOM N 5n <<€, H, CJIEJOBATEJILHO, CyM-

Ma JBYX JIpYFHX YIJIOB 3TOrO TpeyrojbHHKa GoJibliie .
A >3T10 npotuBopeunT nepBoil semme. M1 Teopema pokasaua.

§ 3. OTKpbITHE HE3BKJMIOBOH reOMETPHM

OnuH u3 OOHANEKHBAOUIUX CHOCOGOB MOAXOAAa K JOKa-
3aTeJbCTBY MSITOrO MOCTYJaTa, KOTOPHIM MOJb30BaJHCh MHO-
rue reomerphl XVIII u nepmoii nomoBunbi XI1X Beka, co-
CTOSIT B CJIELYIOLLEM.

IMaTeli nmocTysaT 3aMeHsieTCsl €ro OTPHIIAHHEM HJH Ka-
KUM-THOO  yTBepKJAEHHEM, 3SKBHBAaJIEHTHbIM OTPHLAHHIO.
Onupasicb Ha H3MEHEHHYIO TaKHM 0OGpasoM CHCTeMY MOCTY-
JaTOB M AaKCHOM, JOKasblBalOTCS BCEBO3MOXKHbIE MNpeJJoxKe-
HHS, JIOTHUYECKH H3 Hee BbITEKaioulue, NOJZOGHO TOMY, Kak
sto penaercs B «Hauwanax». Ecau nsateiét mocrynar jaeficTBu-
TeJIbHO BLITEKAeT H3 OCTAJNbHBIX MOCTYJaTOB H aKCHOM, TO
H3MeHeHHasl YKa3aHHbIM 00pa3oM CHCTeMa MOCTYJAaTOB M aK-
cHoM mnpoTHBopeunBa. [losToMy paHO WJIH NO3AHO MBI NpHU-
JeM K JBYM B3aUMHO HCKJIOUAIOUUM BBIBOJAM. DTHM H
OyfeT JoKasaH NATHIA MOCTyJjarT.

HIMenHO TaKuM nyTeM NBITAJUCH AOKAa3aTb MATHIH MOCTyJaT
Cakxkepu, JlamGept u Jlexaunap.

Cakkepn (1733 r.) paccMaTpuBaeT UYeTbIPEXYTOJbHHK C
JIBYMsSl NpPSIMBIMH YIJIaMH [PH OCHOBAaHMH M DaBHBIMH OGOKO-
BbIMH CTOPOHaMH (uepT. 3).

OTHOCHTENBHO JBYX APYTHX YIVIOB 3TOTO 4YeThbIpeXYroJib-
HHKa, KOTOpble, KaK JIerko BHJETb, PaBHbl, MOTYT ObITb TpH
rHnoTesb: 006a yryia mnpsiMble, TYNble HJIH OCTphIE.

Cakkepu JOKasbiBaeT, YTO THINOTe3a MpPSIMOTO Yrja 3KBH-
BaJIeHTHA NSITOMY MOCTYJary, T. €. NMOCTYJHPOBAB €e, MOXHO
JlOKasaTb MsATHIH NOCTyJaT, H, Hao60pOT, MNPHHAB MNATHIHA
nocTynaT, JoKasaTh runotesy mnpsiMoro yraa. Iloctyaupopas
runoresy Ttynoro yrsa, CakkepH NPHXOAHT K IPOTHBOPEUHIO
H, HaKoHell, NOCTyJHpPYeT THIOTe3y OCTPOro yria.
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3necs Cakkepu mnosiyyaeT pasjHuHblie CJIEACTBHS, abCypA-
Hble C TOYKH 3PEHHsl NMPUBBIYHBIX N€OMETPHUECKHX MpeJiCcTaB-
saenuii. Hanpumep,

napaariesbHbie npamoie umerom aubo moabKo odun  06-
wuti nepnendukyaap, 8 o0be CMOPOHbL Om Komopo2o Heoepa-
HU4eHHO pacxodamcs, aubo He umerom Hu 00HO20, u, c6au-
HAACO ACUMNMOMUYECKU 8 O00HOM HANpPAaBAeHUU, Heozpa-
HU4EHHO pacxo0amcsa 8 Opyeom.

V] -
L

YepT. 3. Yepr. 4.

CakkepHu He 3aKJIOYaeT O NPOTHBOPEUHH TOJBKO Ha TOM
OCHOBaHHH, UYTO MOJYYEHHble HM BbIBOJbI HE COOTBETCTBYIOT
NPUBLIYHBIM TNPEACTABJEHHSIM O PACHOJNOXKEHHH MpPSAMBIX, H
YNOpHO HUIET JIOTHYecKoe npoTtuBopeure. Takoe mnpoTuBope-
YHe UM B KOHUE KOHLOB OBbLIO «HAHJEHO» OJHAKO B pe3yJb-
TaTe BBIUHCJHTENbHOH OIIHOKH. n

AHanornuHylo ~ KOHCTpYKUHMIO paccmartpuBan JlamGept
(1766 r.). O Opan 4YeTHIPEXYrOJbHUK C TpeMsl MNpsIMbIMH
yraamu (uepT. 4) U nomo6Ho CakkepH paccMaTpHBajd TpH
THIOTe3bl A5l yryia NpU yeTBepTOi BepiuuHe. JlamOepT JoKa-
3aj], YTO THIOTe3a NpPSIMOrO yrja 5KBUBaJeHTHA MNSATOMY MO-
CTyJIaTy, THIOTE3a TYNOro yrja HEeBO3MOXKHA, a MOCTYJHPOBAB
runortesy octporo yrsia nofo6Ho CakkepH NOJYYHJ MHOrO-
YHCJIEHHble CJIeICTBHSl, OOHApYXKHBAIOUHe INapaJoKcajbHbie
CBOICTBAa B PACMOJIOXKEHHH NPSIMBIX.

JlamGepT, Tak ke kak W CakKepH, He YCMaTPHBAeT B 3TOM
nporuBopeunsi. Jloruueckoro e NPOTHBOPEUHS] eMY HAHTH
He yJajnoch, W THIOTe3a OCTPOTO yrJja MM Tak H He Oblia OT-
BeprHyTa.

Pa3BuBasi cHcTeMy C/eACTBHH THNOTe3bl OCTPOrO yria,
JlambepT OOHApyXKHJ aHANOTHIO 3TOH CHCTEMBI C TeOMeT-
pHeil Ha cepe H BBHICKa3blBaeT MpPABHJIbHOE MNPEINOJOKEHHEe
O TOM, YTO «JTa THUMOTe3a CNpaBeiWBAa Ha KaKOH-HHOYIb
MuuMoii ctepe». Cpenn reomerpoB XVIII B. Jlambept Ganxe
BCeX CTOSI K NPaBHUJBLHOMY peLIeHHIO BONpoca O NATOM HO-
crynate,
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Jlexxanap B CBoeM «J0OKa3aTeJbCTBE» MSTOrO MOCTYJATa
paccMaTpuBas TPH THIOTe3bl OTHOCHTEJbHO CYMMBbI YIJIOB
TpeyroJibHUKa:

1. Cymma yrioB TpeyroibHHKa paBHa JBYM NpsiMbIM.

2. Cymma yryioB TpeyroJbHHKa OoJibllle ABYX MNPAMBIX.

3. CyMMa yriioB TpeyrojibHHKa MeHbllle ABYX [pSMbIX.

Jlexkanap JAokasas, 4YTO TNepBasi THNOTe3a SKBHBAJIEHTHA
nsiTOMy [OCTyJaTy, BTOpasi THIOTe3a HeBo3MOXHa (§ 2);
NpUHAB, HAKOHeL, TPeTbi0 THIOTe3y, TaKXe MNPHXOAHUT K
NPOTUBOPEYHIO, HESBHO BOCMOJIb30BABLUMCH B JIOKa3aTesb-
CTBe NSTHIM INOCTYJAaTOM uepe3 OJHH H3 €ro 3KBHBa-
JIEHTOB.

Benukuit pycckuit  Marematuk H. HM. JloGaueBckuii
(1793—1856 rr.), KOTOpPOMY NpPHHANJIEKHT UYECTb OTKPbITHS
HOBO#l reoMeTpuH — reoMetpun JloGaueBCKOro, TaKke Ha-
yaj C MONBITKH JOKa3aTesJbCTBa MATOTO MOCTYJaTa.

Kak ykaszaHo Bbitle (§ 2), oiMH U3 3KBHBAJIEHTOB MNSTOrO
NOCTyJIaTa COCTOWUT B YTBEPXKJIEHHH, YTO Yepe3 TOUKY BHE
JlaHHOH NpsMOHl NpPOXOAHT He Oosee OAHOH NpsiMOi, mapaJ-
JejqbHOl JaHHOH. JloGaueBcKHil 3ameHHJ NsATHIA NOCTyJaT
CJIENYIOIHM:

Yepes mouxy eHe npamoi Ha naockocmu npoxodam Ose
npamole, He nepecexkaroujue OAHHYIO.

[Mopo6HO mnpepuiecTBeHHUKaM, Jlo6aueBCKHH uMesn Ha-
JeX]y OOHApPYXKHTb NPOTHBOpeuHe B CHCTeMe CJeACTBHH Tak
H3MeHEeHHOH cucreMbl JBkJHAa. OmHako, pasBHB CBOI CHC-
Temy 1o oovema «Hauan», JloGaueBckuii He o6HapykHJ B Hel
NpOTHBOpEUHH, ¥ HAa 3TOM OCHOBAaHHH CAeJaj 3aMedaTeJsbHbli
BbIBOJ O CYIIECTBOBAaHHH TFeOMETPHH, OTJIHYHOH OT reoMeTpHH
3BKJKAA, B KOTOPOH MATHIA MOCTYyJaT He HMeeT MecTa. JTO
610 B 1826 rony. '

Ha nepeoifi B3rasij BeiBOZ JIo6ayeBCKOro MOXeT MOKa-
3aTbCA HEJOCTAaTOYHO OOOCHOBAaHHBIM. B camom gene, rae
rapamtis TOro, 4To, pas3BHBasfi €ro CHCTeMY JaJbllie, Mbl,
HAKOHel, He NpulaeM K mnporuBopeuyHto. OAHaKo 3TO Bo3pa-
JKEHHEe B PaBHOI CTeNeHH OTHOCHTCS H K TIeOMeTpUH IB-
kauga. Tak 4TO C TOYKH 3pEHHs JIOTHUECKOH HeNpoTHBOpe-
YHBOCTH 00e TreoOMeTpUH HaXOAATCS B DABHOM [MOJIOXEHHH.
BoJjiee Toro, Kak MOKa3ajH HCCJAEJOBAaHHS TIEOMETPOB IOC-
ae JlobGaueBckoro, Mexjay 3THMH TeOMETPHSMH CYIIECTBYeT
TeCHasl CBI3b M JIOTHYeCKasi  HENPOTHBOPEUHBOCTb  OAHOH
HAXOMUTCS B 3aBHCHMOCTH OT JIOPMYECKOH HEeNpOTHBOpeuH-
BOCTH JApPYroH.
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Takum oOpasoM, o6Ge reomMeTpuu IBKauga u JloGaues-
CKOrO KakK JIOTHYeCKHe CHCTeMbl paBHoNpaBHbl. Bonpoc o
TOM, KaKasi U3 3THX reoMeTpHil Jydlle OTpaxaeT MpOCTpaH-
CTBEHHLIE OTHOLIEHHS] B OKPYXKakoLleM Hac MHpe, MOxeT ObITb
pellleH TOJIbKO OMbiTOM. JT0 MOHHMal H cam Jlob6aueBckwii,
KOTOpPbIH C 3TOH LeJbl0 TNPOH3BEJ H3MEPEHUS CYyMMbl YIJIOB
aCTPOHOMHYECKOTO TPeyroJbHHKA.

Jlo6aueBCcKHil Obll fepBbIM, HO He EIAHHCTBEHHBIM Teo-
METPOM, 3aKJIOYHBLIHM O CYIIECTBOBAHUM TeOMEeTPHH, OTJHY-
HOl OT reoMeTpHH IBKJIHJA.

K BbIBOAY O CyllleCTBOBAaHMH HOBOH TIeOMeTPHH MNpHLUE
Takxke [aycc, O ueM CBHIAETENILCTBYIOT €ro BbICKa3bIBAHHS
B MHUCbMax K COBpPEMEHHHKaM.

Tpu ropga cmyctsi nocsie BbIXoZa B cBeT paboTh JloGa-
4YeBCKOro BeHrepckuil Marematuk $lnow DBoasu (1822—
1860 rr), ne 3Hasi 06 uccaeloBaHUAX JloGaueBckoro, omy-
OnuKoBan paboTy. B KOTOPOH H3Jjaral Ty »Ke TEOpHIO, UTO
u JloGaueBCKHi, HO B Menee pas3BHTOH ¢opMe.

§ 4. PaGotbl Mo OCHOBAaHUSIM reoMeTPUH BO BTOPOI
nonoBuHe XIX B,

Hemuorne u3 coBpeMeHHHKOB JI0GaueBCKOTO MOHSJIH H
NpU3HaAIU CAEJAHHOE MM OTKpbiTHe. DoJblIMHCTBO, a cpe-
IM HHX MHOTHE KpYIMHble MaTeMaTHKH, OTHOCHJHCb K HeMY
CKCIITHUECKH.

OG6uieMy npu3HaHHIO reomeTpHH JloGaueBCKOro B 3Ha-
YHTeJIbHOH CTeNeHH CnocoOCTBOBANH PabOTHI reOMeTpPOB Mocne
Jlo6aueBckoro. Cpeau 3THX paboT mnpexjae BCEro Hamo yIo-
MsAHYTb pabory 3. Beabrpamu (1862 r.). BenbtpamMu noka-
3a/], YTO Ha MOBEPXHOCTH MOCTOSTHHOM OTPHLATEJNbHOH KpH-
BH3Hbl MMeeT MeCTO MJIOCKasi reoMeTpusi JlobaueBckoro, ecnu
npsiMble  JIo6aueBCKOTO MbICIHTb cefe KaK reole3dyecKue
JIHHHK, a [BHXXeHHe [OHHMATb B CMbIC/IE H3OMETPHYECKOTo
HaJIoXKeHUs TNMOBEPXHOCTH Ha cels. .

AroT pesyabTaT Obul BOCNPHUHAT KaK JAOKA3aTeNbCTBO
HENPOTHBOPEUHBOCTH reoMeTpHu  JloGaueBckoro. [leficTBu-
TeJIbHO, MNPOTHBOPEYHIO B reomerpun Jlo6aueBCKOro coort-
BETCTBOBA/NO Obl B YKa3aHHOH HHTepnpeTauud NPOTHBOpEUHe
B TEOPHH MOBEPXHOCTEH 3IBKJIHAOBA MNpPOCTPAHCTBA, T. €.
NpoTHBOpeYHe B IBKJHMJOBOH TEOMETPHH.

Y43BHMbIM MECTOM 10KA3aTenbCTBA HEINPOTHBOPEUMBOCTH
reomerpuu Jlo6aueBeKOro, OCHOBAHHOTO Ha HHTEpPNpeTALHH
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Benbtpamu, 6bi10 TO, uTO, Kak mokasan [uabGepT, B SBKJH-
J0BOM MpPOCTPAHCTBE He CYLIECTBYeT IOJHOH [OBEPXHOCTH
NIOCTOSIHHOH OTpHLATEbHOH KpHBH3HB 0e3 ocoGeHHOCTEH.
M nostomy Ha mNOBEPXHOCTH MOCTOSIHHOH OTpHUATENbHOM
KPHUBH3HBI MOXKHO HHTEPNPETHPOBATb TIEOMETPHIO  TOJNBKO
4acTH MJIOCKOCTH JloGaueBcKoro, ITOT HEAOCTATOK Obll yCTpa-
HeH B MNOSBMBLINXCA no3xe wuHTeprnperauusx [lyankape u
Kneifina.

Mutepnperanus Knefina mnaockoit reomerpun JloGaues-
CKOTO OCYILECTBJISIETCS] BHYTPH Kpyra Ha 3BKJHJOBOH IJOC-
KOCTH, MNpHYeM MNOA MNPsMbIMH MOHUMAIOTCS XOpAbl 3TOroO
Kpyra, a JBHXEHHSIMH HasblBalOTCSl KOJIJIMHEalHH, coxpa-
HSIOIIME OKPYKHOCTb Kpyra. OCHOBaHHOe Ha 3TOil HHTep-
NpeTalHH JOKa3aTeJbCTBO HENPOTHBOPEYHBOCTH TIeOMETpPUH
Jlo6ayeBckoro  GesympeuHo. Mbl  BOCNpPOHU3BOAUM  €ro
B ra. IIL.

JlokasaTesbCTBO  HENPOTHBOPEUHBOCTH reoMeTpHd  Jlo-
6aueBckoro ObUIO BMeCTe C TeM JOKa3aTeJbCTBOM HE3aBH-
CHMOCTH MSITOrO TOCTYJIaTa OT OCTa/bHbIX MOCTYJAaTOB H
akcHoM 2Bkauga. [edcTBuTeNbHO, ecad Obl MATHIH NOCTY-
JaT Obl1 CJEACTBHEM OCTaJbHBIX M[OCTYJIATOB U aKCHOM, TO
reomerpust JloGaueBckoro Obina Gbl {IpOTHBOpEYHBa, TakK
Kak cojepxana Obl IBa B3aUMHO HCKJIIOYAIOUIUX YTBEepIKie-
HHS — nocrynar JlobGaueBckoro H OsATHIE mocTyJjatr Is-
KJuza.

O6mast TeHAEHUHST K CTPOrOCTH B MaTeMaTHKe, KOTO-
poli oTMeueHbl pabGoTbl BTOPOH TNOJOBHHBI A€BSTHAALATOrO
Bexa, U pellleHHe NpoGJieMbl, CBSI3aHHOM C MATHIM MOCTYJATOM,
NOCTaBHJIH TNepe], reoMeTpaMH 3afauy [OJHOTO HCCJeao-
BaHHUA CHCTEMbl aKCHOM TreOMeTpHH. DTH MCCJIeIOBaHUSA [O-
Kasajl{, YTO CHCTeMa aKCHOM OIBKJHAA JajleKo He CoBep-
menHa. M npexpe Bcero oHa He nonHa. Kak Mbl  yBUAHM
nosxe (ra. II), B Hell onyileHbl mesble TPYNNbl aKCHOM, CO-
BeplIEHHO HEOGXOAMMbIe JJisl MpoBeleHHss Ge3yNnpedHbIX JOKa-
3aTeNbCTB.

B cBasu ¢ 3TuM reometpnl BTOpoii mosoBuHb XIX B.
MOMOJIHUJIM CHCTEMY AaKCHOM OBKJHJA HELOCTAIOIHMH aK-
ciomamu. Tak, IMlam (1882 r.) MOMONHHA CHCTEMY aKCHOM
dBKJAMAA rpynmnoil akcuoM nopsaka. OfHa H3 3THX AKCHOM
HocHT ero uMs (akcuoma Ilama).

HccnenoBanne akCHOMaTHKH 3BKJHIOBOH TeOMeTpHH OblIO
sapepuiero . TmavGeprom (1899 r.). Cucrema akcvom, naH-
Hasg [HapGepTOM, COCTOMT M3 NATH PYNI: aKCHOMBI CBSi3H,
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aKCHOMBI MOPSIIKA, &KCHOMBl KOHTPYEHTHOCTH, aKCHOMEI
HeNpepbLiBHOCTH M aKCHOMA  MapaJlieNbHOCTH. AKCHOMBI
9THX MNATH TPYyNN OTHOCATCA K OOBEKTaM Tpex poJoB —
TOYKaM, MNPSAMBbIM, IJIOCKOCTIM H TpPeM OTHOIUEHHSM MeX1y
HHMH, BbIpQXXa€MbIM CJIOBAMH «IPHHALJIEKHT»,  «MEXKAYY,
«KOHTrpyeHTeH». UTo Takoe TOYKa, NpsiMasi M INIOCKOCTb H
KAaKOB KOHKDETHBbI CMbICJ YKa3aHHbIX OTHoweHHH, [uib-
Gept He yrounsier. M Bce, uTo mnpennosaraeTtcsi H3BECTHLIM
0 HHX, 3TO TO, YTO BbIpaXeHOo B akcuoMax. bBusaropaps
3TOMY, NOCTPOEHHass Ha OCHOBe akKcHoM [mivbepra reomer-
pusi JONMyCKaeT KOHKpeTHble peasH3aliH, OuYeHb  JAajieKue
OT NpHUBLIYHBLIX NpejcTaBjeHuil. B kauecTBe mpuMepa MOXHO
NpUBECTH apH(METHYECKYI0 peaju3auuio, pacCMOTPEHHYIO
B ra. III.

I'nnpbepT mnoABeprHysl MNpeJIOKEHHYIO HM CHCTEMY ak-
CHOM TIJyOOKOMYy M BCECTOPOHHEMY HccJjefioBaHHlo. B uact-
HOCTH, OH JOKas3aJ, YTO ero CHCTeMa aKCHOM HelpoTHBOpe-
YHBa, €CJIH HempoTHBOpeunBa apHdMeruka. [lanee, [unnbept
JOKa3aJ He3aBHCHMOCTb HEKOTOPbIX aKCHOM, MNOMHMO aKCH-
oMbl napannenbubix. Hakoneu, 'mabnbepT uccnenoBan Bompoc
O TOM, KakK JajleKO MOXHO pa3BHTb IeOMETPHIO, eCJH KJacTb
B €e OCHOBY Te WJIM HHble PYNNbl aKCHOM, Ha KOTOpble BCs
CUCTeMa pacuJIeHsIeTCS. '

PaGoroii ['unbbGepra GbUIH B OCHOBHOM 3aBeplUeHbI MHOTO-
BEKOBble HCC/Ie0BaHHS MO OOOCHOBAHHIO 3JIeMEHTApHOH Treo-
MeTpHH. Jta paboTa NONyuyuJia OYeHb BBLICOKYIO OLIEHKY COBpe-~
MEHHHKOB H Obl1a OTMeyeHa mnpemHeli M. JloGaueBckoro’
B 1903 roay.

B coBpeMeHHOM aKCHOMAaTHUECKOM H3JIOXKEHHH TreoMeT--
pPUH OBKJHZA He Bcerfa NOJb3yloTcs akcuoMmatHkod I'mib-
6epta. Yacto GepyT SKBUBaJEeHTHYIO CHCTeMY aKcHOM. Tak,
NpuBeleHHasi B CJeayiowefi rjaBe CHCTEMa aKCHOM OTJIH-
yaeTcss OT cucteMbl [HnbbepTa Bo BTOpPOH M TpeTheidl rpynmne.
INpeumymecTBo ee 3akjalouaercs B TOM, YTO OHa MO3BO-
JiseT npoule H GbiCTpee MOJYYHTb IEepBOHAYaJbHbIE reoMeT-
puueckue ¢akThl, obaeruaromue Huanoxende. Kpome Toro,
OHA, KaK HaMm KaxeTCsl, Jiyyllle OMHChiBAaeT CBOHCTBA OCHOB-
HbIX TeOMEeTPHYECKHX OOBEKTOB C TOYKH 3peHHs] MPHBLIYHbLIX.
NpeACTaBleHUH.
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ri1ABA II -

COBPEMEHHOE AKCHOMATHYECKOE
MOCTPOEHHUE 3BKJIMJIOBOW T'EOMETPUU

§ 1. Akcrombl cBsizH. CiieACTBHSI M3 AKCHOM CBSI3H

AKCHOMAaTHYECKOE H3JI0XKEHHE 3BKJHAOBOH  TIe€OMETPHH,
collepxkalleecsi B Hacrosilleil [JiaBe, ONHPaeTCss Ha MATb
TPYNN 4KCHOM: aKCHOMbl CBSI3H, aKCHOMBbI MOpPSIAKAa, aKCHO-
Mbl ABHXKEHHsI, aKCHOMa HEIPEephIBHOCTH H aKCHOMa mapas-
JIEJIbHOCTH.

B nepsoii rpynne akcHoM peub HAET O CBOHCTBAX B3aHM-
HOCO pAacrnoJIOXKeHHs] TOYeK, NPSIMbIX H TJIOCKOCTeH, BhIpa-
JKaeMbIX CJIOBOM «lpHHajIexaTb». IIpw 3TOoM  cuuTaroTcs
paBHO3HAYHLIMH Bblpa)KEHHsi: TOuKa A NpPUHAANEXKHT MOps-
MOH a, Touka A JIeXKHT Ha TNPsSMOA @ W NpsMas @ NPOXOAUT
yepes Touky A, a Takke Touka A TNPHHAJENKHUT IJIOCKO-
CTH a, Touka A JIeXXHUT B MJOCKOCTH & H IJIOCKOCTb & MNpO-
XoouT uepe3 Touky A.

Msbl GyseM roBopHTb, YTO MHpsiMbie @ H b nepecekaiorcs B
Touke C, ecnu Touka C NpHHALJIEKHT NpsiMoil @ U npsmoit b;
4TO MpsiMasl @ NPHHALIEXKHT MJIOCKOCTH &, HJH IIOCKOCTH &
IIPOXOAMT yepe3 MNPsAMYI0 @, eC/M KaxjJas ToYKa NpsMOH a
(npuHaanexaiiasi NpsIMOH Q) NPHHAMIEKHT IUIOCKOCTH a.
Hakonen, Mbl 6yseM TOBOPHTb, YTO IJIOCKOCTH o H B mepece-
KaloTcs 1o OpsIMOM ¢, €CaM Ka)kAasi U3 3THX IJIOCKOCTEH Mpo-
XOAHT uepe3 MpsIMYIO C.

INepBass rpynna colepKHT CJeAyIOIHe BOCEMb aKCHOM:

Axkcuoma 1, Kakosvr 6ot nu Gowau Ose mouxku* A u B,
Cywecmeyem Npamas ¢, npoxodauas 4epes mouky A u de-
pe3 mouky B.

* 3mech H BCIOAY B AajbHeRlleM, KOrja Mbl FOBOPHM «JBe TOUKH»
(npsMble, NJOCKOCTH), Mbl dMeeM B BUAY pasjHuHble TOUKH (mpAMble,
MJIOCKOCTH).
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Akcuema 1,. Kakosor o1 Hu Goiau dse mouku A u B, cywe-
cmgyem He 6oaee 00HOU npsamoli, Komopas npoxodum depes
MU MouKU.

Akcuoma 1. Ha Kawdod npamod sexcam no Kpaiined
mepe Ose mouku. Cywecmsyrom mpu mouKu, He Aexcaujue Ha
00HOU npamol. .

Akcuoma ;. Kakosot 6or Hu 6oiaw mpu mouku A, B, C,
cyujecmeyem NAOCKOCMb G, NPOXOOAWAA 4epe3 KaxcOyo u3
amux mouek. Ha kaxcdod naockocmu aexcum xoms Ot o0HQ
mouKa.

Akcuoma I,. Karxossr 6ot Hu 6otau mpu mouxu A, B, C,
He aexcauque Ha 00HOU npamol, cyuwjecmeyem He 6Gosee 00HOL
naockocmu, npoxodsuieti wepe3 KAxcOYr0 u3 amux mouex.

Akcuoma lg. Ecau 0se mouxu A u B npamoii g (m. e. npu-
Halrexcawyue NPAMOL g) aexam HA NAOCKOCMU o, MO nps-
MQ8 g Aexcum HA NAOCKOCMU o.

Akcuoma l,. Ecau dse naockocmu o u B umerom  00HY
obwyro mouky C (mouky, sexcawyro Ha kaxcOod u3 smux naoc-
Kocmell), mo OHU umerom euwje no Kpatnei mepe 00HY 06wYyro
mouky D.

Axkcuoma ;. Cywecmeyrom no Kpaiineld mepe wemsipe mou-
Ku, He aexcaujue 8 00HOU naocKocmu.

M3 akcHoM CBsI3d MOryT ObITb BBIBEJEHBI Das3JIHYHbBIE,
npaBJa HEMHOTOUHCJEHHBIE, CJIeACTBUA. [IpHBeieM HeKOTopble
H3 HHX.

Teopema 1. [ge npameie umeom He OGosee 00HOU o00weli

mouku; 0se naockocmu Aub60 He umetom obujux mowex, auU6GO
umerom o6WYI0 NPAMYIO; NAOCKOCMb U He Aexauwas Ha Hell
npamas umerom He 6oaee 00HOU obweld mouxu.
. [oxasameascmso. IlepBoe yTBepxJeHHE ClelyeT H3 ak-
cuombl l2. JlokaxeM Bropoe yTBepxkzAenue. Ilyctb nJioc-
KOCTH o H B umetor obuyio Touky P. ITo akcuome I, onu
Torga umeior eme obumyio Touky Q. IlpsiMas, npoxozsmias
yepe3s P u Q no akcuome l¢, mpunagiexur a u B. M yrBepx-
leHue JokasaHo. TpeTbe yTBepXKAECHHE CJELYET H3 aKCHO-
Mbl 6.

Teopema 2. Uepe3 npamyro u He iexcauwyyro Ha Hetld mou-
Ky, @ maKkxce uepe3 0ge nepecexkarouyuecs npsmole npoxodum
00HA U MOAbKO 00HA NAOCKOCMb.

Jloxkasamenscmeo. Ilyctb Touka B He jiexxut Ha npsMoit a.
Ha npsamoii a nexar ase ToukH P u Q (akcuoma Is). Cymue-
CTBYeT IJIOCKOCTb &, Mpoxoasuiasi yepes Touku B, P, Q (ak-
cuoma la). Tlo akcnome lg mmockocTb @ NPOXOAMT yepes mps-
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myio a. JIpyro#i NJOCKOCTH, MPOXOASfEH uYepe3 mpsAMylo @
U TOuKy B, He cyliecTByeT, TaKk Kak, NPOXOASl yepe3 TOUYKH
B, P, Q, ne jexalde Ha OJAHOH MpPSIMOH, OHA ONpeAesIeTCs
oJHO3HayHO (akcuoma Ij).

Hokaxem Bropoe ytBepxaenue. Ilyctb npsiMbie a u b
nepecekaiorcs B Touke C. Ilo akcuome I; Ha mpsiMoil a ecTb
Touka A, a Ha mpsmMod b — Touka B, otauunble or C. Tou-
kKu A, B, C ne nexar ua oanoii mpsmoii. ITo akcuome l4 cy-
IeCTBYeT MJIOCKOCTb 6, Mpoxofsiias yepes Touku A, B, C.
OT1a MIOCKOCTb NMPOXOAUT yepe3 MpsiMble @ U b (akcuoma Ig).
EnuHCTBEHHOCTD CJleflyeT M3 aKCHOMH Ij.

Teopema 3. Kamcdas naockocms colepycum no Kpaidued
Mepe mpu MouKu, He aexcaujue Ha oOHOU npamod.

Hoxasameascmeo. IlycTb JaHHasg MJIOCKOCTh OyZeT a.
Ilo akcuome I, Ha meit mexut Touka A. Ilo akcuome Iy cyue-
CTBYIOT ueThlpe TOukH B, B,, B,, B,, He ;nexauiue B ORHOH
njockoctd. Ilo kpaiiHeii mepe ojaHa M3 HHX, Hanpumep B,
He JIeXHT B mjockoctd a. Cpeau Tpex miockocrefi ABBi,
ABB,, ABB; ectb no kpaiineii mepe aBe B, u B, pasnuunble,
B IPOTHBHOM cJiyuyae Toukd B, B,, B,, B, nexanu Ob B onHO#H
myaockocTH. Tak Kak mjaockoctsM B, H B, NpHHAMJIENKHUT TOY-
Ka B, He NMpHHaJJeXauias NJOCKOCTH &, TO TNpsSMble @, H Q,
nepeceyeHHss MJIocKocTedl B; M By C MJIOCKOCTbIO & Pas3jHYHb
(reopema 2). Ha xaxknoit U3 npsiMuIX a, H a,, Kpome A, nexar
ToukH A, n A,, orauunbie oT A (B cuay akcuomel Is). Tpu
touku A, A,, A, JexaT B NJOCKOCTH &, HO HE JieXaT Ha Of-
HOH mpsMoii. ; )

Teopema nokasana.

§ 2. Akcuombl nopspaka. BsaumHoe pacnoJioxeHue
TOYeK Ha MPAMOA M MJAOCKOCTH

AKcHoMBl TOpfilKa YCTaHABJHBAIOT CBOHCTBA B3aHMHOIO
pacroJioKeHHusi TOYeK Ha MNPSMOH H IIOCKOCTH.

Mbl mosiaraeMm, YTo Ha NpsMOH ecThb ABa B3aUMHO MpO-
THBOINOJIOKHBIX HANpaB/JeHHsT W MO OTHOIIEHHUIO K KaXKIOMY
U3 HHUX Ka)kaasd mapa Touek A ¥ B HaXoAHTCS B HM3BECTHOM
OTHOLUEHHH, KOTOpPOE BBHIPAXKAETCA  CJOBOM  «IPEAIIEeCTBO-
BaTLy.

310 oTHOWeHHe 0603HayaeTcsl 3HAKOM <<. Tak 4YTO BHI-
paxenue «A NpPEAIIECTBYeT B» CHMBOJIHYECKH 3aNHChiBaeT-
cA Tak:

A < B.
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Tpebyercsi, uroObl YKa3aHHOe OTHOWIEHHE NJIs TOYEK Ha
NpsAMOH  YAOBJETBOPSAJNO HHKEC/JEAYIOWHM MNSATH aKCHOMaM.

Axkcuoma lIli. Ecau A < B 8 00Hom Hanpasienuu, mo
B < A 8 npomusononosicrom Hanpasieruu.

Axkcnoma Il2. B odnom u3 Osyx wanpassenuti A < B
uckaronaem B < A.

Akcuoma 1ls. B o0nom u3 Osyx nHanpasaenuii, ecau A < B,
aB<C tA<C.

Axkcuoma Ils. B o0Hom u3 dsyx Hanpasienuti 0aa Kadxc-
Ooi mouku B naidoymes mouku A u C makue, umo
A< B<C.

Kaxnoe us yrBepxkaenuit akcuom Il,—II, oTHocutcsi Kk
OJHOMY M3 JIBYX HanpaBsieHufi Ha npsiMoii. Ilo akcuome II;
OHO BEpPHO TaKXe W Jis Apyroro (NpPOTHUBOIOJIOXHOTO) Ha-
npaBJeHus.

[lpexnae ueM chOpMYJHPOBATH  TNOCJEAHION  AKCHOMY,
onpejesuM HekoTophie MousiTHsi. IlycTh a — mpamas u A —
Toyka Ha Heli. [IpH (PMKCHPOBAaHHOM HampaBJE€HHH HA MPSAMOM
Touka A pasbGuBaer ee Ha 1BE YaCTH (noaynpameie) A Kax-
Jou Toukn X omHo# M3 HUX X < A, a qag KaxJao# Toukd X
apyroit A < X. OueBuino, 3To pasbuenue mNpsMOH Ha yac-
TH He 3aBUCHUT OT BbIGPAHHOrO Ha Hell HanpapjeHHsl (aKCH-
oma II41).

Ilyctb A u B — nBe Touku ua npsimoii a. Eciiu ansa tou-
ku C npsamoii a Beinosnusercs yciaoBhe A < C < B wuim
B < C< A, to Mbl GyseM roBopuTb, 4T0 Touka C JIeXKHT
mexncdy Toukamu A u B. OueBHAHO, CBOHCTBO TOYKH JI€KaTb
MeXJy ABYMSl JaHHBIMH ~He 3aBHCHT OT HAmpaB/eHHs Ha
npsmofi. YacTe npsaMoll a, Bce TOUKH KOTOPOH JeKaT Mex-
Ay A u B, Mbl GyneM uasbiBaTb ompeskom AB, a Touku A
H B — KoHmamu oTpesKa.

Akcuoma 1l;. [Ipamas a, aexmcawas 8 naockocmu a, pas-
busaem smy naockocms Ha 0ge wacmu (nRoAYnAoCKoCmu) mak,
umo ecau X u 'Y Ose mouku 00Hoi noaynaockocmu, mo ompe-
30k XY ne nepecexaemcs ¢ npamot a, ecau me X u Y npu-
Hadaexcam pasHbim noayniockocmam, mo ompesok XY nepe-
cekaemca ¢ npamod a.

Msbl 6yneM roBopuTb, 4To ABe TOYKH X H Y IJIOCKOCTH a
PAacnosioxKeHbl O OHY CTOPOHY MPAMOM @, HJIH MO Pas3Hble CTO-
POHBI, CMOTPSI O TOMY, NPHHALIEKAT OHH ORHOH HJIH Pa3HbIM
NOJIYTIIOCKOCTSIM, Ha KOTOpble a pa30uBaeT a.

PaccMoTpuM HeKOTOpble CJIEACTBHSI AKCHOM CBSI3H H aK-
CHOM TMOpsIKa.
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Teopema 4. Cpedu mpex movex A, B, C, na npsmoi g
00HA u MoAbKo 00Ha Aexcum mexcOy 08yms Opyeumis.

Hoxazameascmgo. B oaHOM M3 ABYX HampaBjieHHil Ha
npsimoit ¢ A < C. Eciu B He nexut mexay A u C, 10 3710
snauuT Ju6o B < A, nubo C < B. Ho B nepsoM cayuae A
nexxut mMexxay B u C, a Bo Bropom C nexut Mexay A u B.
Teopema nokasana.

Teopema 5. KaxcOvii ompesok colepxcum no Kpatined me-
pe 00HYy mMouKyY.

Jokaszameascmeo. Tlyctb A w1 B—kKouiubl oTpeska (uepT. b).
Ilo akcuome I3 Bue mpsimoit AB ectb Touka C. BosbmeM Ha
npsamoit "AC Touxy D Tak, uytobel C
Obta Mexay A u D. 3TO BO3MOXHO
no akcuome Il4. Bosbmem Ha mpsiMoil
BD Touky E Tak, uToGbl B Gblia MeX1y
D u E. Tlpsamas CE pas6uBaer mnjec-
KOCTb Ha JBe mnoJaymjockocTH. Touku B
1 D uHaxomaTtcs B OJHON MOJyMNJOCKOC-
TH, TaK Kak oTpe3ok BD He nepece-

Yepr. 5. Kaetr npsamyio CE, a Touxu A uD B

pPasHbIX  MOJYIUIOCKOCTSX, TaK Kak

otpesok AD nepecekaer mnpsmyio CE (B touke C). Ortcio-

Ja caefyeTr, 4yTo ToYkKH A W B B pasHbiX MONYMJIOCKOCTSIX,

a 3HauuT, oTpe3ok AB mepecekaer npsimyio CE. Touka mepe-
cevends1 F u ecTb Touka oTpe3ka AB.

Teopema 6. Ecau B — mouka ompeska AC, mo ompe3xu AB
u BC npunadsesmcam AC, m. e. kaxoas mouka ompesxa
AB u kaxdas mouka ompesxka BC npunadsexcum ompes-
ky AC.

Hokazameascmeo. B omHOM u3 JABYyX HampaB/JeHHH  Ha
npsiMo#, coaepxauieii orpesok AC, 6ymer A < C. Tak rak
B npunapnexur orpesky AC, To A < B < C. Eciu X —
Touka otpeska AB, 10 A < X < B u, cjelosateqbHo,
A < X < C, 1. e. X npunagmnexur orpesky AC. Ananoruu-
HO MOKasbiBaeTcs, 4To Touka Y orpe3ka BC npuHAmIEKHT
otpesky AC. ‘

Teopema 7. Ecau B — mouxa ompeska AC u X — mouka
amoeo ompesxka, omaudnas om B, mo aubo ona npunadisexcum
“ompesky AB, aubo BC.

Hoxasameascmeo. B ofHOM H3 JIBYyX HampaBJeHHH Ha
npamoit A < C. Tak kak B npunamnexur otpesky AC, 1o
A < B < C. a5 Touku X umeeM qu6o X < B, nuGo B < X.
B nepeom ciyuae, Tak kKak A < X < C H, cJ€l0BaTe/bHO,
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A < X < B, touka X mpuHaanexur, otpesky AB, a Bo BTO-
poM — otpe3ky BC.

Teopema 8. [lycme a — naockocme u a — Aexcauias Ha
Hell npamas, b — Opyeasa npamas, uau NOAYNpAmMAas, uau
OMpe3oKk 6 mou oge NAoCKoCcmu a.

Toeda, ecau b He nepecexaem a, mo éce mouku b rexcam
no 00HYy cmopony om a, m. e. 8 00HOU U3 noayniockocmel,
onpedeasiemblx npamol a.

HeiictBuTenbHO, ecnd Toukd X W Y, npuHajnexaumue b,
JIeXKaT MO pasHble CTOPOHBI OT @, TO OTpe3okK XY mnepecekaer
a. A Tak Kak Bce TOYKH OTpe3Ka XY npuHamiexar b, 10 b
nepecekaeT @, YTO NPOTHBOPEUHT YCJOBHIO TEOPEMBI.

IIycte A, B, C — Tpu TOUKH, He Jexallhde Ha OAHOIl
npsivoii. durypa, cocraBiaennasi W3 Tpex otpeskoB AB, BC
u CA, HasbiBaeTcsa mpeyeoabHukom, Touku A, B, C — eep-
wuHamu TpeyronbHuka, a otpesku AB, BC, AC — cmopo-
Hamu.

Teopema 9. [Tycmov ABC — mpeyeosvruk 6 naockocmu o
U a— npamas 8 Mo NAOCKOCMU, He NPOXOOAWAA HU 4epe3
00ny u3 mouek A, B, C. Tozla, ecau sma npamas nepecexaem
cmopory AB, mo ona nepecekaem u npumom moavko 00OHY Y3
dsyx Opyeux cmopon BC uau AC.

Lokasameascmeo. Ilpsimasi a pasbuBaeT mJIOCKOCTb o Ha
JaBe mosyniaockoctd (akcuoma lIls). Touku A u B nexar B
pasubix nosmynsockoctsix. Ecau Touka C JIeXHT B TOH ke
NOJNYNJIOCKOCTH, uTo U B, To a mepecekaer AC, HO He mepe-
cekaer BC. Ecau Touka C JeXHT B TOH Ke MOJYMNJIOCKOCTH,
uyto u'A, Tto a nepecekaer BC u ue nepecekaer AC. Teope-
Ma JoKasaua.

3ameuanune CucreMa akCHOM TNOpPALKA, KOTOPOM
MBI TOJIb30BAJIUCh, OTJIHYAETCs] OT CHCTeMbl AKCHOM MNOpSA-
Ka [‘unbGepTa, B OCHOBY KOTOpOH MOJIOXKEHO OTHOLIEHHE,
BbIpaXkaeMoe CJIOBAMH «l1eXaTb MexAay». TeopeMa 9, 6e3
yTBepKJeHHs eNUHCTBEHHOCTH, SIBJISIETCS OJHOH H3 aKCHOM
nopsiaka I'mnb6epra, OHa Gbl1a BBeleHa ewe [lamem W Hasb-
Baercs1 akcuomoii Ilawa.

§ 3. BaaumHoe pacnosioxenne ayueli B myuke. Yroa

Teopema 10. ITycmo u3 mouku O ucxodam Ose nosynpa-
mole a u b, ne npunadaexcawue odnot npamoti. Toeda, ecau
noaynpsamas h, ucxodawas u3 mouku O, nepecexaem ompe-
30k AB ¢ konyamu Ha noaynpameix a u b, mo ona nepece-
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kaem a0boil Opyeoll omMpe3oK ¢ KOHYAmMU HA IMUx Nosynpa-
MbLX.

HefictButenbHo, no teopeme 8 orpesku AB u XY, no-
JynpsiMbie @ U A HaxoAsTCsi B OJHOH H3 IMOJYMJIOCKOCTei,
omnpejensieMblX NpsiMOil, coflepxaweil b, a gomonxenue h’
noaynpsiMoii A g0 npsiModl (Mbl ee OGO3HAYHM €) HAXOJUTCA
B Apyro# nogayniaockoctd. Ilpumensis Teopemy 9 K Tpeyrosb-
HukaMm ABX u BXY u npsiMoil ¢ mocseloBaTeNIbHO, 3aKJIO-
yaeM, yto oHa nepecekaetT BX u Y X. Tak kak h’ u XY Haxo-
AATCS1 B Pa3HbIX MOJYIJIOCKOCTAX W, CJeJI0OBAaTeJqbHO, He mepe-
gexarorca, TO OTCIOfia cJeflyeT, uTo h mepecekaet XY (uepT.

a).

Yepr. 5a.

OtMeueHHOE B Teopeme CBOMCTBO MO3BOJISIET ONpPENENHThb
OTHOLIEHHe «mexncdy» JAsi MOJAYNpsMbIX (Ay4eld) clenyio-
muM °o6pasoM. Mbl 6yaeM rOBOPHTb, UTO Jy4 [, UCXOASLIMH
U3 Toukd O, HAXOMHUTCS MeXKAY JyyaMd A H R, HCXONSIIHMH
U3 3TOH TOYKH M He JieXallUMH Ha OAHOH NpsIMOH, eciH [ me-
pecekaeT Kaxablii oTpe3ok HK ¢ KOHUAaMH Ha mnoJynps-
MBIX A U k.

Teopema 11. ITycme h, k, | — mpu ay4a, rexcauyue 8 naoc-
Kocmu, ucxoOaujue u3 mouku 0. Toeda, ecau ayau k u | se-
acam 8 00Hol noayiiaockocmu o, onpedeasemoli Aydom h u e2o
npodoaxceruem h, mo o0un u3 mpex ay4ell Haxodumcs mexcOy
Osyms Opyeumu.

Jlokazameascmso. BosbMeM Tpu ToukH: A Ha h, B Ha h
u C Ha k. BuiGepem Ha AC Touky D no cieayioieMy npa-
Buay. Ecnu | ue nepecekaer AC, to D — niobasi Touka OT-
pe3ka AC. Ecau [ nepecekaer AC B Touke E, 10 3da D Gepem
Jo0yio Touky otpeska AE (uepT. 6).

Ilo Teopeme 9 B npumenenuH K TpeyroibHHKY ADB ny-
uyn k u [ nepecekaior BD B Toukax K u L. Ilpu atom, ecau
L mexay B u K, 10 [ Mexxny k u h, eciu K mMexxay B u L,
To & Mexay h u [. Teopema jpokasaHa.
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Teopema 12. Ilycme umeem wemwvipe ayua, ucxodauyue u3
mouku O: h, k, I, m. Toeda, ecau | naxoOumcs mexcdy h u m,
a k mexdy h u l, mo k naxoOumcs mexwcdy h u m. Ecau k ul
Haxo0amca mexdy h u m, mo k HaxoOumcs aubo mexcdy 1
u m, aubo mexwdy h u l.

Hoxasameascmeo. Bo3spbMeM Ha siyyax A U m Touku H
u M. Orpesok HM nepecekaer syuu 2 u [ B Toukax K u L.
Tenepb nepBoe yTBEpXKAEHHE CleAyeT M3 Teopembl 6, a BTO-
poe — H3 TeopeMbl 7.

[lycte h u | — nyuu, ucXoasiiue M3 OAHOH Touku O, He
npHHajexamue oAHo# mnpsmoli. Yeaom (h, 1) Mbl Oylem
HasblBaThb COBOKYNHOCTb BCeX Jydell, HCXOAALUIMX H3 TOY-
kd O W pacnosioKeHHbIX MexAy Jyuamd h u [. Jlyun h unl
Ha3bIBAIOTCA CMOPOHAMU yead, a Touka O — ero 8epuiurol.

Teopema 13. Kaxcoouwi ayu x yeaa (h, 1) npoxodum 8 no-
aynaockocmu, onpedeasemoil aydom h u eeo npodoaxceruem h,
codepacaugeti ayw I, u 8 noaynaockocmu, onpedessemol aydom |
u ezo npodoasceruem I, codepacaweit syt h. Obpamno, kaxcOoul
AY4, NPoXoOAWULE YKABGHHLIM 00paA30M, NPUHAOAEH UM YerY

’

Jokazamenscmeo. Tlyctb AB — OTpe3oK C KOHLIAMH Ha
h u I (uept. 7). Ecnu x npunagnexur (h, l), To OH mepece-
kaer AB B nekotopoii Touke C. Ilo Teopeme 8, C npunan-
JIeXKHT YKasaHHbIM MNoJymjockocTsaM. KM caenoBatenbHo, Mo
TOH K€ TeopeMe HM TPHHAIJIEKHUT X.

ITyctb Tenmepr x npuHamIeXUT mojymjaockocTsM. Iloka-

K€M, YTO OH NpHHAmnexHuT yray (h, !). Bosbmem Ha A Tou-
KV A. Ilpsamasi, comepxamas x, nepecekaet uad AB, uiau
AB. Touka nepeceuenusi C He MOXKET OBITb Ha NpPOJOJIKE-
HHH X JIy4a ¥, TAaK KaK OHO HAXOAMTCH B JPYrofl MosmymJoc-

koctH. CrnefoBatenbHo, x nepecekaer AB umu AB. Ho AB
mepecekaTb X He MOXET, Tak Kak B TNPOTHBHOM Ciyuae
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Cun A nmexar B pasHblX MNOJYIUIOCKOCTAX, ONpPEIENsieMbIX.
Jay4yom [ u ero mpogosenueM. Mrtak, nyu x nepecekaer AB.
Teopema nokasana.

§ 4. Axkcuombl aBukeHHs1. KOHrpyeHTHOCTb uryp

Ilepexomss k akcuoMaM TpeTbeil rpynnbl, Mbl BBOAHM HO-
BOE TMOHSITHE «IBHUXKEHHE».

Mol TpeGyeM, 4TOOBI CYIIECTBOBaJH OTOOpaXKEHHs TOUeK,
NpsIMbIX M IJIOCKOCTEH Ha TOYKH, MOpsMble M IJIOCKOCTH,
HMeHYeMble  JBIXKElHSIMH, YAOBJETBOPSIOLUIME CJIELYOUIUM
aKCcHOMaM.

Axcuoma I1I,. Kascdoe Osuscenue H coxpansem omrotue-
Hue npunadaexcrocmu. To ecTb, ecan Touka A NPHHALIEKHT
npsmoii a (NJIoCKOCTH a), To ee oOpa3 mnpH ABHKeHHH H
(bl 6ynem oGo3nayarb ero HA) npuxaanexur o6pasy npsiMoi
Ha (cootBeTcTBeHHO 006pasy miockoctd Ha).

Akcunoma 111,. KascOoe dsuncenue H coxpansem omuouierue
nopsdka na npamoti. To ecTb, KaXA0OMy H3 ABYX HaNpaBJeHHH Ha
NpsIMO# @ MOXHO CONOCTABHTb TAKOE HaNpaBjeHHEe Ha Mnps-
Moit Ha, uTo Kax bl pas, korja A1s Touek X u Y npsmoil a
umeer Mecto X < Y, Ui COOTBETCTBYIOIIUX MM TOUEK MPSIMOii
Ha umeer mecto HX < HY.

Uz akcuom III, u IIl, cnemyer, uto Kaxpoe ABHUXKEHHE
NepeBOJUT MOJYNPSIMYIO B MOJYNPAMYIO, HOJYIJIOCKOCTb B
NOJIYTNJIOCKOCTb.

Akcuoma 111, [suscenusn obpasyrom epynny.

IT0 3HAYHMT:

a) ConocraBnenue H° ka)xjaoMy 3neMeHTy x (TOuke, nps-
MOH, TJIOCKOCTH) €ro Camoro ecTb ABHXKEHHE. DTO JBHXKeHUe
Ha3bIBAeTCs TOXAECTBEHHBIM.

6) Ecau nBuxenwe H; comocramisieT NPOM3BOJBLHOMY
3/IEMEHTY X 3JIEMeHT y, a JBHXeHue H, comocraBisieT y 3Jje-
MEHT 2z, TO CONOCTAaBJIEHHE JIEMEHTY X 3JeMeHTa Z eCTb JBH-
kenne. Ono o6Gosnauaercs H,H, u Ha3biBaeTcsi npou3sede-
Huem pnBuxeHuit H, u H,.

B) s kaxpioro ABuxeHHs H CyLiecTBVeT JBHXKeHHe
H~™ takoe, yuro H™* H = H°,

Akcuoma 1ll1,. Ecau npu dsusicenuu - H noaynpamasn h,
KaK yeaoe, U ee HauaabHas mouka A 0cmaromes Henoosudc-
HOLMU, MO 8Ce mO4KU NOAYnpamoi h ocmaromcéa HenoOsudtc-
Hoimu. To ectb, ecni Hh=h u HA = A, 10 Ans ni060# ToY-
ku X noaynpsmoi HX = X.
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Akcuoma IlI;. [lrsa kaxcdod naper mowex A u B cywe-
cmgyem Osuncenue H, komopoe nepecmasisem ux mecmamu:
HA =B, HB = A.

Axkcuoma Ills. [Qas xasxcOod naper aywed h, k (noaynps-
MbIX), UCX00AUUX U3 OOHOU mouKku, cytqecmeyem Osudcerue
H, ux nepecmasasrowee: Hh = k, Hk =

Axcuoma IlL,. [Tycmo a u B — aro6ole n/zocrcocmu aub—
npamee 8 smux naockocmax, A u B — mouku wa' npameix
a u b. Toeda cyuwecmsyem u npumom eOuUHcmBEHHoe O08udice-
Hue, Komopoe nepesodum mouky A e B, 3adanuyw noaynps-
myro npamol a, onpedessiemyro moukol A,— 8 3a0anHyr0 noay-
npamyro. npamoid b, onpedeasemyro moukod B, 3adanuyro
NOAYNAOCKOCMb NAOCKOCMU . &, ONPedeasemyro npamol a,— 8-
3a0aHHYI0 NOAYNAOCKOCME NAOCKOCMU B, onpedeasemyro npamoti b.

Teopema 14. ITycme a — naockocme u a — npuradiexca-
wan ed npamas. Toeda, ecau Osuxcernue H nepesodum xaoc-
O0yro U3 noaynaockocmeri NAOCKOCMU o, Onpedeisemvlx  Nps-
Mol a, 8 ceba U ocmasasem HenoOBUNCHLIMIL MOYKL NPAMOL a,
MO OHO SIBAAEMCA MONCOECHBEHHBIM.

JleficTBUTENIBHO, TOXJECTBeHHOe JABHMKenne H® oGaanaer
yKa3aHHbIMH B TeopeMe CBoficTBamMH H, a CJeIOBaTeNbHO,
no akcuome III, coBnaaaer ¢ Hum.

OmnpejleuM Tenepb BaXKHOE B TEOMETPUH INOHSITHE KOH-
rpyeHTHOCTH. Purypy F, Mbl GylieM HasbiBaTb KOHepYeHMHOU
¢urype F,, ecau cyumectByer [JBuxkeHue [, mnepeBojsiiee
F, B F,: HF, = F,. W3 rpynnoBeix CBOHCTB JBHXEHHS
(akcuoma Ills) BbITEKAOT cleayioUe CBOHCTBA OTHOLUEHHS
KOHI‘pyeHTHOCTH

. Kaxcdas ¢ueypa F ronepyenmna cama cebe. JleficTsu-
Te.ano ToXKJecTBeHHOe JBHxenue H® nepesoaut F B F.

2. Ecau ¢pueypa F, xoumepyenmua F,, mo ¢ueypa F, Kon-
epyenmna F.

B camom pene, ecnu H — JBuXKeHHe, KOTOpoe MepeBo-
ot ¢urypy F, B F,, T0o aBuxenue H~! nepeBoauT ¢urypy
F, B ¢urypy F,

3. Ecau ¢ueypa F, xonepyenmna F,, a ¢ueypa F, Kow-
epyenmna ¢pueype Iy, mo ¢ueypa F, Konepyenmna Fs.

HefictButesnbHo, ecau H' — JBHMKeHHE, KOTOPOe MNepeBo-
aur F, B F,, a H" — nBuxenue, nepesopsiee F, B F,, TO
nBxenne H"H' nepesogut F, B F,.

3amMeuaunue. Tperbs rpynna akcuom [unsbepra OT-
JUYaeTcsi OT TPyNnbl aKCHOM JBHxeHHs. AxcuoMbl [uib-
6epTa onpenensiioT OTHOLIEHHE KOHTPYEHTHOCTH.
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§ 5. KOHrpyeHTHOCTb OTPE3KOB, YIJIOB, TPEYrolbHUKOB

JIoKaxeM HEKOTOpble TeOpeMbl O KOHTPYEHTHOCTH MpO-
cTefilinX (Uryp — OTPE3KOB, YIJIOB, TPEYTOJbHHKOB. YCJO-
BHMCSI JUISl KPaTKOCTH 3anficH KOHIPYEHTHOCTb 06G03HauaTh
3HAKOM paBeHCTBA.

Teopema 15. Ompesku AB u BA Konepyeumror. Yeavl
(h, k) u (k, h) KonepyenmroL.

KourpyentHocTb oTpeskoB ciepyer u3 akcuombl IlIg.
KonrpyentHocts yrsoB cieayer u3 akcuombl [1lg.

Teopema 16. [Iycms dan ompesok AB u ay4 h, ucxoos-
wuid uz 0. Toeda Ha h cywjecmeyem u npumom eOUHCMBEHHAA
mouka P maxas, umo AB = OP.

Hokazameascmeo. CyiecTBoBanne P cjefyer U3 aKCHO-
mbol [1I,. JokaxkeM eauHCTBeHHOCTb. JlomycTuM, CyllecTByeT
aBe touku P, u P,. Tak kak OP; = OP,, 10 cyumecTByeT
nsuxenne H takoe, uto HO = 0, HP, = P,. 310 aBUXeHHe
nepesoaut h B cebs. Ilo akcuome III, HP, = P,. Cnenona-
TesbHO, P1= Pe.

Teopema 17. Ilycme (h, k) — yeor u | — ay4, oepanuuu-
sarowyull emecme co ceoum npodoasceruem | noaynaockocme a.
Toz0a cywecmsyem 8 o Ay4 m U NPUMOM eOUHCMBEHHbILE ma-
kod, umo (h, k) = (I, m).

Hoxasameascmso. CylluecTBOBaHHE Jyda m ChaeflyeT U3
akcuombl II1,. Jlokaxem eauHcTBeHHOCTb. JlomycTtum, cyuie-
CTBYeT JBa Jyua m, H m,. Tak kKak (I, my) = (I, m,), TO
cymecTByeT ABUxKeHHe H Takoe, uro Hl = [, Hm, = m,.
DTo ABHKEHHE NepeBOAHT NMOJYIIOCKOCTb a B cedsi. Ilo akcho-
me 111, H toxnectBeHHo Ha [ u ero jgonosuenuu [. Orciona
no teopeme 14 crepyer, yto H TOXIAeCTBeHHO Ha a. B wacr-
Hoctd, Hmi1 = m,. Orcioga m; = m,.

Teopema 18. ITycmo AB u A’B’ — dsa ompesxa, C u C' —
mouku smux ompeskos. Tozda, ecau

AB= A'B' u AC = A’C’, mo BC = B'C’.
Ecau
AC = A'C' u BC = B’C’, mo AB = A'B’".
JHoxazameascmeo. Tlo akcuome III, cymecrByeT nBHXKe-
nie H, xoropoe nepeBomHT Touky A’ B A, noaynpsmyio A'B’
B nmosynpsamyto AB. Ilpu stom Touku B’ u C’' nepeitayr B
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Bu C". Tlo Teopeme 16, B"=B, C"=C, 10 ectb H nepe-
BoauT oTpe3ok B'C’ B BC. Orciona BC = B'C’.
Bropoe yTBepkjieHHe HOKa3blBaeTcsi aHAJOrHYHO.
Teopema 19. [Tycmo (h, k) u (h', k') — dsa yeaa, lu ' —
Ayuu, npuxadsexcauwiue smum yeacm. Toeda ecau

(h, k) = (h', k') n (h, 1) = (W, U'), 0 (I, k)= (U, k).
Ecav
(h, 1) = (W, U')u (I, k) = (U', k'), T0 (h, k) = (K, k').
Hokasameascmeo. Tlo akcuome III, cymecrByer ABHXKe-
uue H, KoTopoe.nepeBOAUT JAy4 A’ B A U NOJYIIOCKOCTD, Ol
pelesisieMyio JIydoM k' U ero NPOAOJKEHHEeM, COJepIKaulyio
ayud I’ W k', B MOJNYIUIOCKOCTb, ONpeAeJsieMylo JyuoM A H
€ro NpOJOJKEHWEM, COJEPKallyio JIyuH I u k. Tlpu s3TOM
ayuu I’ u k' nepexonsit B I” u k". Ilo Teopeme 17, k" =k
"=, 1. e. H nepesogur yroa (I’, k') B (I, k). Orciona
(I, k) = (I, k).
Bropoe yTBepxkjenue A0OKa3blBaeTCsl aHAJOTHYHO.
Ilyctb (h, k) — uekoropwiit yroa, h u k — ayuu, gonos-
Hsfomue h W k fo npsambix. Toraa yroa (k, h) HasbiBaercs

CMeXHbIM K (h, k), a yron (h, k)—eepmurca/zbubm K (h, k).

Teopema 20. Ecau yeaor (h, k) u (h', k') pastet, mo cmesc-
Hote ¢ Humu yeao. (b, k) u (h', k') pastioL.

Yeon (h, k) pasen eepmuxaroromy (h, k).

Hoxazameascmeo. Tak kak (h, k) = (h’, k'), TO cyuecT-
BYRT ABMKeHue H Takoe, uto Hh'=h, HE' = k. B cnay
akcuom 111, u 111, HE” = k. CnenoBatennvro, (hk) = (k' k’).
Do aKcuome_ lll6 CyllecTBYeT ABHMKEHHe S Takoe, 4TO
Sk=h, Sh=k. B cuny akcuom I1I; u I1l, Sk = h,Sh = k.
Orciona (h, k) = (h, k). TeopeMa jokasana.

¥YroJa, paBHbli CMeXXHOMY, HasblBaeTcss npameim. JHoka-
XKeM CYLIeCTBOBaHHe IpPSIMBIX YTJOB. BosbMeM mocKOCTb a,
Ha Heil mpsAMYIo @ H Ha npsMod Touky A. Ilycts o’ n a” —
ABE MOJYNJOCKOCTH, OmNpejesieMble NpsIMOH @ U A — olHa
U3 TOJYNpPSIMBIX NpPSIMOH @, Ha KOTOpbie ee pa3GHUBaeT ToY-
ka A. Ilo akcuome IlI, cymectByer Takoe Apuxenue H, 4to
Ho' = a”, Hh = h, HA = A. Tlo akcuome 11lsa H TOMXAECT-
BenHo Ha a. [lyctb B’ — Touka B moaymiockoctd a’. Coenu-
HUM ee ¢ Toukol B” = HB’ nmpsimoit b. Ilycts C — Touka me-
peceuenusi mpsambix a u b. Touka C pasbupaer mpsaMmyio a
Ha nonynpsivele a’ W a’, a npsMylo b — Ha noaynpsimele b’
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u b”. OueBugno, Ha' = a’, Hb’ = b". Tloatomy yron (a’, b’)
paBsen cmexHomy (a’, b").

Teopema 21. Bce npamvie yeav. pagHol.

Jloxasameascmeo. Yepr. 8. Ilycre (h, k) u (h', k') —
npsimbie yrael. [Tyctb a — maockoets yraa (h, k) u o’ — Ta
€ro IOJYIIOCKOCTDb, ONpeJessieMas Jy4cM A M ero mpomoJke-
HueM, rae gexurt jayu k. Tlo akcuome III, cymecrByer nsu-
xenwe H, xotopoe A’ nepesomuT B h, a nydy k' — B ayu k",

PAacrMo/IoKEHHbIH B MOJYIMJIOCKOCTH a’,

P k k'" O6o3nauuM S JIBHUXKeHHe, nepeBo-
a Jsillee & B ero JomnojiHeHue kA, a Jyu

k B cebsa. IDTO BO3MOXHO, TaK Kak

) (h, k}=rh, k). 1Buxenne S nepeBOAUT

h h Jyu k" B HeKOTOpbli Jayu E”. ¥Yribl

(k", h) u (k”, h) paBubl Kak YyIJbl,

Yepr. 8. NoJIyueHHble JBHXXEHHEM M3 paBHBIX
YTJIOB.

ITo Teopeme 17, k” coBnagaer ¢ k*. Tak Kak moaymio-
CKOCTH, OIpejJe/isieMble JIyuoM B U €ro HpoJOJIKEHHeM, NpH
JIBHXXEHHH S TI1epecTaBjsioTCs, TO 3TO BO3MOXHO TOrja H
TOJIBKO TOrja, ecau k” coBnagaer ¢ k. Ho 3to amauut, uto
(h, k) = (h, k") n, cnepoBatenbHo, (h, k) = (h’, k’). Teope-
Ma JOKasaHa.

[Tepecekaromyecsi mnpsiMble HasbIBAIOTCS NepneHOUKYAAP-
HolMU, eCMM HX TOJyNpsiMble, OMNpeAesisieMble TOUKOH mepe-
ceyeHust, oOpasyloT NpsIMOH yro..

Teopema 22.- ITycms a — npamas e naockocmu o. Toeda
uepe3 kancOyro mouxky B naockocmu a npoxodum npamas b,
nepneHOUKYAapHAs Q U NPUmom eOUHCMBEHHAS.

Loxasameascmso. Ecan Touka B mnpuHagiexutT a, TO
TeopeMa cJeJyeT W3 paBeHCTBA BceX IMPSMbIX YIJIOB H Teo-
pembr 17.

Ilycte B ne nexut Ha a. CyuiecTByeT ABHXeHHe H, TOX-
JIeCTBEHHOE Ha NPSIMOH @ M MNepecTapJsiioulee MOJYINIOCKOCTH
IJIOCKOCTH a, ompeaensieMble npsiMoit a. Ilpawmas, coemunsio-
mwass B u HB, nepnenaukynasipua a.

JlomycTHM, CYIIECTBYIOT ABe INpsIMble, MPOXOAsiliHe yepe3
B, nepnenpukyasipubie a: b, u b, JlBuxenue H nepeBoiuT
KaXAylo U3 npsMbix b, U b, B cebs. Orciona cieaver, 4to
Touka HB — ofwas Aasi 3THX NPsIMbIX. -A 3TO NPOTHBOPEYHT
akcuoMe l.. Teopema gokasawa.

Teopema 23. Ecau y mpeyeorvhukos ABC u A’B’C’
AB=A'B',AC=A'C'u /A= [/ A’, mo oHu KoxepyeHmHbL.
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Hoxasameascmeo. Tak kak /A = /A’, 1O cyuectByer
asmxenue H, xotopoe nepeBoAuT TouKy A’ B Touky A, no-
aynpsmyio A’B’ B nonynpsmyio AB, nonympsmyio A’C’ B
noanynpsimyto AC. Tlo teopeme 16, H mnepeBoaut Touky B’
B B u C' B C. Teopema nokasaHa.

TpeyrosbHuK HasbiBaeTCsi pasHOOeOpeHHbIM, €CJH Y HEro
JBe CTOpoHbl paBHbl. OHHM Ha3blBalOTC OGOKOBBIMH CTOpO-
Hamu. TpeTbsi CTOPOHA HA3BLIBAETCS OCHOBAHUEM.

Teopema 24. B pasHobGedperHom mpeyzosbHuKe yeavl npu
OCHOBAHUU PABHbL.

Dra TeopeMa HENOCPEACTBEHHO CJEAYeT H3 INpeablAyLies.

Teopema 25. Ecau y mpeyeossruxkos ABC u A’'B’'C' AB =
=A'B', /A=A’ /B= /B’ mo onu KoHzpyenmHbL.

Hokasameascmeo. CylmecTByeT ABHXKEHHE, KOTOpoe Tmepe-
BoAUT Touky A B A’, nonynpsmyio- AB B nonynpsmyio A’B’,
nonynpsamyio AC B noaynpsimyio A’C’ Tlo teopeme 16 Touka B
npu 5ToM nepexoAut B B’ A mno teopeme 17 nonynpsmas BC
nepexoaut B B’C’, Tak kak /B = /B’. Orciona cuenyer,
yro C nepexoaut B C’. 1 Teopema no-
Kas3aHa.

Teopema 26. Ecau y mpeyeorbHuKos
ABCuA'B’C' AB= A’'B’, AC=A'C’
u BC = B’C'" mo oHu KoHepyeHmHbL

Hokasameascmeo Yeptr 9 Cyuect-
ByeT [BHXXEHHE, KOTOpPOe MNepeBOAHT
nonynpsimyto AB B A’B’ u cosmelaeTr
MJIOCKOCTH TPeyroJibHHKOB TaK, uTO
Touka C’ u Touka C”, B KOTOpY!O nepe-
xozut C, pacrnoJaraiorcss B PasHbIX
nonymnJjockocTax, onpeaensiempix mpsivoii A’B’. Tlo Teopeme
16 31O nBHXEHME NepeBoAMT Touky B B B'.

Tpeyronbuuku C’A’C”, C'B’C" pasnoGenpenneie u C'C”
siBnsieTcsi X oOWHM ocHoBanuem [lyctb D — mepeceuenude
otpeska C’C” ¢ npsamoit A’'B’ Tak kak noaynpsimeie” C'A4’,
C'D, C'B’ u C"A’, C"'D C"B’ naxoisaTcsi B O1HHAKOBOM OT-
HOLICHHK mopska (OH omnpeaensieTcs NOpsiAKoM Touek A',
D, B’), a yrib n0pd OCHOBaHHH PaBHOOEAPEHHOTrO TPeyroJb-
HHKA paBHbl, TO No Teopeme |9 yroa Mexay UOMynpsMbIMH
C’A’ u C’B’ pasen yray mexay noaynpsimbima C"A’ n C"B’.
Orciona vron C tpeyronbuuka ABC pasen yray C’ tpeyrosb-
uuka A’B’C’ A Ttenepb no Teopeme 23 TpeyroabHukd ABC
u A’'B’C’ kourpyentHbl. Teopema JokasaHa.
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§ 6. CpaBHeHHe OTPE3KOB H YIJIOB M OnepalMH Hag HHUMH

JBuKeHHe TNO3BOJISIET NpPOM3BOAHTL CPaBHEHHE OTPE3KOB
U YIJIOB.

[Mycte AB u CD — nepaBuble oTpe3ku. IlepeBesem ABH-
KEHHEM IOy TPAMYIO CD B mnoaymnpsimyio AB. Tlpu sToM
Toyka D mepeiiier B HeKoTopyio Touky D’, oTiuunyio ot B.
Mb1 GyzeM roBopuTh, uto AB MeHblie CD wu 3amuchHiBarth
AB < CD, ecin B naxoautcs mexay A u D’. Byaem roso-
putb, uto AB Gonbwe CD (AB > CD), ecau D’ mexny

; A u B.
"!,_%.’.__E Ecau AB > CD, mo CD < AB.
¢ p 8 JeHcTBUTENIbHO, MEpEeBEeleM JBHIKE-
- A ] HUEM Hosynpsimyio AB B nosynpsmyio

CD. Ilpu stom B mepeiiser B B’, aD’
B D (uept. 10). CnegoBaTenbHO, TOUKH
A, B, D’ u C, B’, D naxoastcs B oJu-
HAKOBOM OTHOLUeHHH mopsiaka (akcuoma IIl2). M1 u3 Toro, uto
D’ mexny A u B, caenyer, uto D mexay C u B’, 10 ecTb
u3 AB > CD cnenyer CD < AB.

Ecau AB = A’'B’, CD = C’'D’ u AB < CD, mo A'B’ <
< C'D’".

D10 yTBepXKJeHHEe [OKasblBaeTCsl pacCyKIeHHeM, MOA00-
HeIM npedbiayimemy. IlpeacraBnsiev ero uuTaredio.

Ecau AB < CD, a CD < EF, mo AB < EF.

B cuay npenbiaymero cBoHCTBa JOCTAaTOYHO J0OKa3aTh
5TO yTBepxlAeHUe AJs cayudas, korna Touku A, C u E co-
BHaJaloT ¢ HeKOTopo#l Touko# O, a ocrajbHble TOukH B, D, F
pacnoJsiaralotcst Ha noJiynpsimoii, uexoasmeii u3 0. Ho B atom
c/lyyae OHO CJelyeT H3 TeopeMbl 6.

Hasi yrioB oTHOLIEHHsI «BOJble» H «MeHblle» ompeje-
JISTIOTCS1 aHAJIOTHYHO H 006/1aJal0T aHAJOTHUHBIMH CBOMCTBaMH.

Onpenenum Tenepb ONepalUM CJOXKEHHST M BbIYUTAHUSA
JUIsI OTPE3KOB.

Iycte AB u CD — nannble otpesku. [locTpoum Ha npo-
Josmxkenun nonynpsmol AB Touky D’ Takywo, uto6bl CD =
= AD’ Cymmoi otpeskoB AB u CD GyneM HasbiBaTb OTpes
30K, paBHblii BD’; w 6ynem oGosuauatb AB + CD.

CrnoxeHue OTpe3KOB 0O6/ajaeT CJeAyoUMH CBOHCT-
BaMH’

Yepr. 10.

a b=V, TO

1. Ecau a=a,
+b=a + 0.

ol
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2. a+b=0b+a.
3. (a+0b)+c=a+ (b +c).

Jlokas3aTeqbCTBO STHX CBOMACTB He COCTaBJsieT TPyda M
NpeJIOCTaBJ/IfETCS YHTATENIO,

IMycte AB u CD — nBa otpeska, npuuem AB > CD. Ilo-
cTpouM Ha noaymnpsivoit AB touky D’ Takyio, uto6ui AD’ =
= CD. Pasnocmoto otpeakoB AB u CD GyzeM HasbiBaTb OT-
pe3ok, paBubiii D'B u Gyzem oGosnauate AB — CD.

Hetpyano jokasath, 4ToO

CD + (AB —CD) =

Onsi Toro utoObl ONpENEeNHTb CJIOXKEHHe M BbIYHTAHHE
Ans yrjoB, o6oOwuM mnouatve yraa. Ilycte h u k — JBa
Jyda, HCXOAsiue u3 obuiel Touku O, U @ — oHA M3 MNOJy-
IUVIOCKOCTeH yrJia, onpefiesisieMast JyuoM A W €ro mpojoJi-
XKEHHEM. ‘
 OGo3HaunM (h, k) COBOKYNHOCTb Jiyueil, B3ATHIX C ONpe-
JleJleHHOH KpaTHOCTEIO, Onpeie/IfieMylo. CJIeAyIomuM o6pasom.
Ecau k npunagnexut a, To (h, k)i COCTOHT W3 Jyueii, pac-
nosioxeHHuIX Mexay h u k. Ecau k coBnajaer ¢ npoponxe-
HHeM h, TO (h, k). COCTOHT H3 JyueH, pACNOJIOXEHHBHIX B
noaynJjockocTH a. Ecau k2 JeXXHT B mosynJyocKocTH, A0noJ-
HUTeNbHOH K a, TO (A, k)l COCTOMT M3 JyueH, JieamwHx B
MOJIYTIJIOCKOCTH @, M JIydeil, JIexKaunX MeXay K 0 [pofoJiKe-
uueM h. Hakowen, ecaum i u k cosnajawor, (A, k)}l COCTOHUT
U3 Bcex Jyded, ucxoasmux H3 O.

MuoxecTBO ayueli (h, k)s COCTOMT U3 MHOXKecTBa (h, k)
H S— 1 pa3 B3TOro MHOXECTBAa BCEX Jyuel, HCXOAAUX
us 0. -

Tenepr Mbl HasbiBaeM YIJIOM Ka)KJoe MHOXKECTBO Jydef
BHJa (h Ie)‘,l Onpenenum ornepauuio CJAOXKEHHs AJS yr.noa'
(A, k)an(l m)y. Hasi 3Toro ompeieJuM IOJYIJIOCKOCTb ¥,
B IJOCKOCTH nepBoro yrja. Ecam h He coBmajaer c k;
TO 3TO IOJYMJIOCKOCTb, COJllepXKallasi IpoAoJKeHHe Hh.
Ecau xe k coBnapaer ¢ h, TO 3TO NONYMJIOCKOCTH Q.

[loasepruem (!, m)} nBuxenuio H, npu Kotopom Jyu [
COBMellaeTcsl ¢ R, a NOJyMJIOCKOCTb B ¢ NIOJIYMIOCKOCTBIO 7.,
HeprnHo BHMJEeTb, YTO COBOKYIHOCTb Jyueil, COCTaBJIEHHaf,

u3 (h, k)a u H (I, m)}, ecTb yron B cMbicjie JaHHOrO Ofpex

Eh 35



nejenus. Ilo ompeneneHuio OH HasbiBaeTcss CyYMMOH YIJIOB
(h, B)s u(l, m).

Pasnocts yraoB (h, kS u (I, m)} onpemensietcsi aHa-
JornyHo. Bmecto msockocth 7Y OepeM ee JomoJiHeHHe H
cuuMTaeM, YTO pasHoOCTb yrJoB (A, k)S —, m)}, Kak cOBo-
KYTHOCTb JIy4yeil, COCTOUT H3 ayued (A, k)f, €CJIH yAaJuUTh
u3 Hee Jyun H (I, m)} ¢ yueToM HX KpaTHOCTH.

CJIO)KEHI/Ie H BbIYHTAaHHE YTIJIOB o6nanaeT 0ObIYHBIMU CBOH-
CTBaMH, Kak U [Jisi OTPE3KOB.

§ 7. Hekoropbie COOTHOWIEHHS] MEXAY CTOPOHAMH
M YrJamMH TpeyroJibHHKa

Mul Gyznem roBopuTb, uto Touka C npsimoit AB jpenuT OT-
pe3ok AB nonosam, WK 4TO OHA SIBJSIETCS cpeduHoli OTpe3Ka
AB, ecniu AC = CB.

Teopema 27. KaoxcoOoui ompesox AB umeem cpedurny O u
npumom moavko 00Hy. Ona pacnososxcena mexcdy A u B.

Hoxasameascmeso. Tlpsimas AB pas-
6UBaeT INpPOXOASLIYIO yepe3 Hee ILIO-
CKOCTb Ha JiBe MOJYIJIOCKOCTH a’ u a”.
Om10XUM B NONTYNJIOCKOCTSIX &’ H a” OT
noaynpsimMbix AB nu BA cooTBeTCTBEHHO
paBHble YIJIbI U BO3bMEM Ha CTOPOHAX
3TUX yryioB ToukH C u D TakK, yTOGHI
AC = BD Ortpesok CD mnepecekaercs
¢ npsamoit AB B Touke O (uept 11).

Hepr. 11 U3 pasenctsa TtpeyronbHukoB ACB

H BDA  (teopema 23) caenyer

LCBA = /DAB. Ortciona cJjenyer paBeHCTBO TPeyroJib-

HukoB CBD u DAC, u3 KOTOpOro 3aKJiouaeM O paBeHCTBe

yrmoB ACD u BDC. Tenepb no Tteopeme 25 TpeyroJbHHKH

ACO u BDO paBun H, caepoBateabHo, AO = OB, T. e.
0O — cpeauna AB.

Toukun A u B He MOryT pacnosiaraTbCsi 10 OJHY CTOPOHY
ot 0. tak kak torga A = B (teopema 16). ITosTomy O nexut
mexay A u B

JokaxkeM eIMHCTBEHHOCTb CpeauHbl. JOMyCTHM, OTpe30K
AB umeer ape cpeaunsl O1 v Oz CymecTByeT ABHXeHHe,
KOTOpPOE OCTaBJsieT Ha MecTe TouKy O1 M MepecTaBisieT Mmojy-
apambie 014 u 01B 10 IBHXKeHHe NepeBOAUT Touky A B B,
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a B B A, tak xak 0,4 = 0,B (reopema 16). Touka O, npu
3TOM INepexoAHT B HekoTopyio Touky Oz. Tak kak AOQ, =
= AO; = BO,, 10 0,) =0,, urc HEeBO3MOXHO, HGO O,
u 0,” pacnosaraioorcsi no passble cTopoHbl oT O1. Teopema
JloKa3aHa.

Teopema 28. ITycms (h, k) — yzor, obpasosanreii ay4a-
mu b u k. Toeda cywecmsyem u npumom eOurcmeenHolil ayd |,
pacnoaoscentoul mendy h u k, Oeaswud yeon (h, k) nono-
ram, m. e. (h, 1) = (I, k).

Hokasameascmeo. Otnoxum u3 Bepimunbl O yrona (h, k)
Ha ero cropoHax paBHble otpe3skd OA u OB. Ilycts C —
cpennna orpe3ka AB. Tpeyronbuuku AOC u BOC pasub
(reopema 26). Otciofia paBeHCTBO YryioB, oGpasyemblX JyuoMm
OC c nyuamu h u k.

HoxaxeM enunctBeHHocTh Jayua /. Ilycte cymecrsyer jBa
Takux jyda l, u l,. OHu nepecekaioT otpe3ok AB B Toukax
C, u C,. U3 papencrBa tpeyronbuukoB AOCG; u BOC,, AOC:
u BOC, cnepyer, uTo KaxJaasi U3 3THX TOYeK SIBJISIETCS Cpe-
anHoii AB. Ho 3To npoTuBopeuuT mnpeipiaymieil Teopeme.
Teopema nokasana.

Brewtum yraom TtpeyronbHuka ABC mnpu Bepuinne A
Ha3bIBAeTCsl YToJl, CMEXHbIH ¢ yriom A.

Teopema 29. Brewrnutll yecor mpeyzorbruxa 6oasuie At0-
6020 6HYMPEHHE20, HE CMENCHO20 C HUM.

JLioxasameascmeo. Tlyctb ABC — naHHBIH TPEYroJbHHK H
O — cpeauna croponbl BC. TlpoBeaem us Toukn A uepes O
NoNyNPSIMYIO H OTJIOXKHUM HA Hed U3
ToukH O oTpe3oK, paBubiil OA. Ilycts g D
D xonern sToro otpeska (uept. 12). ’

Touka D nexuT B MOJyNJ0CKOC-

TH, onpejensieMoii mpsmoit BC, co- 0
JepKalleil NpOJOJ/IKEeHHe INoJynps- q c
moit CA. C ppyro#t ctopous, D

JIEXXHT B TOJYIJOCKOCTH, ONpefe- Uepr. 12,

asiemofi  npsimoii AC, cogep:kaueit
noaympsamMyie CB  Ctcx pe cae-
ayet no teopeMe 13, uto mosynpsivas CD HaxoAMTCH Mex-
ny nonynpsmoii CB wu npomomkenuem nosaynpsmoi CA.
A 370 3nauut, uto yron BCD wmeHbllle BHELIHEro yrJia Tpe-
yronbauka ABC npu Bepuune C.

Tpeyronvuuku ABO u DOC paBubl (Teopema 23), no-
stoMy yrasl ABO u DCO, Kak COOTBETCTBYIOLIME, PAaBHbI.
CnenoBartesibHO, yrojq B TpeyrojbHHKa MEHbILUE BHELUHEro

37



yraa npu Bepiuinne C. Tak kak B u C — mpousBosibHBIE B
BEpIUIHHBI TPEYroJIbHHKa, TO STHM TeopeMa JoKasaHa IoJ-
HOCTBIO.

Kak cneactBue H3 3TOH TeopeMbl MOJydaeTcs, 4TO
8 Kaxcdom mpeyeorvHuKe 08a Yyeaa ocmpoie, Mm. e. MeHbUe
nPAMo20.

Teopema 30. Ilpameie, obpasyrouwjue c nepecexaroweli ux
npamoti pasHvle OOHOCMOPOHHUE Y2Abl, He NePeceKaromcs.
B wacmrnocmu, Ose npamoeie, nepnenoukyaspuele mpemoedi, He
nepecexaromes.

dTa TeopeMa HEMNOCPEACTBEHHO BHITEKAeT W3 TeopeMbl 29.

Teopema 31. Yepes kaxcOyto mouky X naockocrmu, colep-
ocawel. nPAMY0 a, MOXNCHO nposecmu 8 Imoti NAOCKOCMU nps-
myro b, He nepecexarowyro a.

Hast storo jocratoudo uepes Touky X TPOBECTH Npsi-
MyIO ¢, TIepleHJHKYJSIPHYIO @, a 3aTeM uepe3 3Ty TOUKY Ipo-
BECTH NPSMYIO b, NMepneHIUKYJISIPHYIO C.

Teopema 32. B kamdom mpeyeoreruxe npomug 6Gorsrued
cmoponst sexcum boaouuti yeoa. M waobopom, npomus 6046-
uieeo0 yeaa aexcum 6OOAGUIAA CMOPOHA.

Hoxazamenscmeo. Ilycts ABC — paunbiii TpeyroJbHHK H
AB > AC. Omnoxum Ha AB otpesok, pasuwii AC. Ilyctb
C’ — konen sroro orpeska. Ilo Teopeme 24 yramt AC’C u
ACC’ paBubl. Ho yron AC’C. kak BHeWIHHH AJisi TPEYyroJb-
uuka BC’C, Goabwe yrita ABC. OGpaTHoe yTBepKAeHHE JO-
KasbiBaeTCsl OT NMPOTHBHOTO.

Teopema 33. B mpeyeosrvruke kaxnoas cmopoHa MmeHblie
cymmor u Goavwe pasrocmu 08yx Opyeux CHOPOH.

Hoxazameascmso. Tlycte ABC — naHHBIE  TPEYrOJbHHK.
OtnoxkuM Ha mpojoskeHHH oTpeska AB 3a Touky B otpe-
30K, paBublii BC. Tlonyuum Touky C’. Tak kak yron BC'C
paBeH yray BCC’, to ou Mmenbiue yria ACC’. Tlo teopeme 33
orciofia caenyer, uto otpe3ok AC menbuie AC’, a oH paBeH
cymme AB u BC.

YTBepxkJeHHe O pPasHOCTH CTOPOH .JOKa3biBaeTcsi aHaJo-
THYHBIM PaCCYKIEHHEM.

§ 8. AKkcHoMa HenpepbLIBHOCTH

UerBepTast rpynna akcHoM y Hac GyAeT COCTOSITb H3 Of-
HOH aKcHOMbl — akcHOMBbI Jlenekuupa.

Akcuoma IV. Ecau mouku npsmoti pasbume. Ha Osa He-
nycmelx KAacca max, 4mo 6 QOHoM u3 0BYX HANpPasAeHuti Ha
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npamotl KaxOas Mmo4Kka nepeoeo KAAcca npeduiecmsyem Kajc-
Ooli mouKe emopoeo Kaacca, mo Aubo 8 nepéom Kaacce cyue-
cmsyem mMmMouka, CcAeOyrowns 3a 6Cemu OCMAAbHOIMU  MOYKQA-
MU nepeoeo Kaacca, aubo 80 8MOPOM KAACCe eCimb Mo4Ka, npeo-
WecmBylouas 6cem OCMAanbHoILM MOYKAM BMOpP0o20 KAACCA.

Teopema 34. [Iycmo Oana OGeckoHeyHas nocaedosamens-
Hocme mowex Ha npamod A, A1, Ae,... ydosremsopsrouasn
YCA0BUAM:

1. B o0Hom u3 0syx HanpasreHuil

A<A <A, <..
2. AA, = A A, =...

Toz0a kaxosa 6u: Hu 6biaa mouka B > A, naiidemca ma-
koe n, umo B < A,.

Hokazameavbcmeo. HonycTuM, yTBepXKJeHHe  HEBEpPHO
H, cJeloBaTesibHO, npH Jwob6oM n A, < B. PasoGbem Bce
TOYKH NpsSMOM Ha JBa KJacca cjenylomuM obpasom. Touky X
OTHECEM BTOPOMY KJaccy, ecad npu Jobom n A, < X.
OcrasnbHble TOYKH OTHECEM NepBOMY KJaccy.

Takum o6pasoM, B NmepBblil KJacCc MOMajaloT BCE TOYKH
A, W Kaxjas Touka X, npejuecTBymomas XoT Obl OAHOH
Touke A, (X < A,). U caenoBatesibHO, Kax/Jasi TOuKa NepBoro
KJlacca NpelllecTBYeT KaxJoH Touke BToporo kJjacca. Oue-
BHIHO, KaXIblil M3 KJIAacCOB He MYCT: BTOPOH KJacC COLEPKHT
ToukKy B, a mepBbii — Bce TOukH A,.

[Tycts C — Touka, cyliecTBoBaHHe KOTOPOH yTBepXKJaaercs
akcuomoit IV. Touka C He coBmajfaeT HHM C OfHOH TOUKOH A,
TaKk KaK B NPOTHBHOM cjydae A, ., Oba Obl BO BTOpPOM
kaacce. CiegoBatesbHo, mpu JoboM n A, < C.

Bosbmem na npsmoit Touky D Takyio, uto6el D < C u
CD = AA,. D He coBnanaer HH C ogHOH Toukoi A,, H60
B npoTHBHOM cjyyae C = A, ,,, uTo HeBo3MOXKHO. Tak Kak
D npunaanexur nepBomy kJjaccy (D < C) u He coBmajaer
HH Cc OfHOH Touko# A,, To cymecTByeT Touka A, Takas,
yto D < A,. Tem Gonee D < A,+,. Tak kak, Kpome TOro,
A,<Cu A, ,<C, 1o orpe3ok A,A,,, npuHaanexur CD,
yTO HeBOo3MOXHo (CD < A,A,.,). Teopema joka3aHa.

Otpe3ok AB mo onpelesieHHI0O COCTOHT H3 TOYeK, Jiexa-
mux Mexay A u B. Koraa roBopiT o 3aMKHYyTOM OTpeske,
TO K YHCJIy €ro TOoYeK OTHOCSIT TaK¥Ke ero KoHuwl A, B.

Teopema 35. [Tycme OJana Geckonewnas nocaedosa-
inenbHocmb 3amkHymelx ompeskos A,B, na npamod, npuuem
Kaxcooul  caedyrouyuti ompesok codepacumcs 8 npedoldyuiem.
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ITycme Oasee He cywjecmeyem ompeska, xomopoui OGoia Ovl
MeHbule 106020 u3 ompeskos A,B,.

Toe0a cyuwecmeyem u npumom eduncmeennas mouka C,
npuradiexcaujas ecem ompeskam A,B,.

Hoxazameascmeo. He orpanuunBasi OOIIHOCTH, MOXHO
cuMTaTh, uTO NpH Jio6oM n A, < B,. Tak Kak npu m <n
orpesok A,B, npunapnexur A B, u A,<B, aAd,<B,
To A,<B, u A, <B,. TakuMm o6pasoM, TNpH JOOBIX m
unA,<B,.

Paso6beM MHOXeCTBO TOYeK INpsSMON Ha JBa K.Jacca.
Bo BTopo#t Ksacc oTHeceM Bce TOYKH B,, a TakKe Jo6yI0
TouKy X, cJaenaymowmyio XoTs Gbl 3a oiHOH Toukoli B,
(B, < X). B nmnepBblii KJacC OTHeceM OCTaJibHble TOUYKH.
Takum o6pa3oM, NepBbIl KJacC COCTOUT M3 ToueK X, mpej-
wecTByoUWUX BceM ToukaMm B, (X < B,). U caenoBaresbHo,
KaXJasi TOYKa MEePBOro KJacca MpeAlIecCTBYeT KaXKJAOH Touke
BToporo kJacca. OueBHAHO, KaX bl H3 KJacCOB He MYCT:
TOYKH, NpejuiecTByomre A;, NpHHalJeKaT NepBOMY KJaccy,
a TOuKH, cJelywouine 3a B, — BTopoMy KJaccy.

[Tycte C — Touka, cylecTBOBaHHE KOTOPOH yTBepKHAaeT-
cs akcuomoit 1V. TlokaxkeM, YTO oOHA MNPAHAJJIEKHUT BCEM
orpeskaM A, B,. He cymectByer Touku B,, mnpeawecTsyio-
weit C, Tak KaK B NPOTHBHOM cJyuae AJis ToueK X oTpe3xa
B,C X <C, a 3To TOUKH BTOpOro KJjacca.

Ecnn Touka C coBnanaer ¢ A,, To Bce ToukH 4, . ,(q > 0)
coBnajaiot ¢ A,. B mpoTuBHOM cayuae, Tak Kak A, < 4,
ToukH orpeska A,A,., npuHajexaaun Gbl BTOPOMY KJjaccy,
BMeCTe C TeM KaXJasi Takas ToyKa Tpeawectsyer A, .,
uTo HeBo3MoxXHO. Otciona cnenyer, uto ecad A,=C, 1o C
NpHHAJJIeXHUT BCeM oTpeskaM A B, mpu p>n, Tak Kak
SIBJsIeTCsl BX OOIMM KOHIOM, a TepBbIM n— 1 oTpe3kam
NpPHUHALJIEKHUT 110 NpPUUHHE BKJIOUEHHS] OTPe3KOB, OTrOBOpEH-
HOH B TeopeMe.

AnanoruuHo paccmatpuBaercs cayuyad, korpa C cosna-
JaeT. ¢ OJHOH M3 ToueKk B,.

[lycts, HakoHen, Touka C He cOBMajaeT HH C ONHOH M3
Touek A, u B,. Tak kak KaxJasi Touka A, TNpHHALJIEKHUT
nepBOMy KJacCy, a KaxjJas Touka B, BTOpoMy KJaccy, TO
A, <C < B, npu mo6oM n. A sto 3Hauut, yto C npuHan-
JIeXKHUT BceM oTpeskam A,B,.

IokaxeM enuHcTBeHHOCTb ToukKH C. lomycTuM, cyiect-
BywoT aBe ToukH C, u C, TmnpHHaAJexaulue BCEM OTpe3-
kam A,B,. Torga u orpesok C,C, NPHHAANEXHT KaxAOMy
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u3 orpeskoB A, B,. Ilycts C — Kakasi-HHOYyAb TOYKA OTPe3Ka
C,C,. Orpesok CC, menbiie C,C,, aciejoBaTe]bHO, MEHbILE
ao6oro otpeska A,B,, 4TO NPOTHBOPEUHT YCJOBHIO TEOPEMBI.

Teopema pnokasana.

B npyrux usnoxeHugx ueTBepTasi Tpynna akCHOM COAep-
MUT JBE AKCHOMBbI. YTBepXKJAEHHE OJHOH H3 "HUX COBNajaer
C yTBepxfenHeM Teopembl 34. Oua Gbuia BBeleHa eme Ap-
XHMEeJIOM H HAas3bIBaeTCsi aKCHOMOH Apxumena.

Bropasi akcuoMa COCTOHT B YTBepXKIeHHH TeopeMbl 35
6e3 eauHCTBeHHOCTH Toukd C. OHa Ha3biBaeTCsl aAKCHOMOIi
Kanropa.

§ 9. [lepeceueHne npsiMOil C OKPYKHOCTDIO,
ABYX OKpYMHOCTeiH

[Iyctb O — TOYKa HA IJOCKOCTH & H r — JAHHBIA OT-
pesok. Okpyscnocmoro ¢ yewmpom O uw paduycom r Hasbl-
BaeTCsi COBOKYMHOCTb BCeX ToueK X IJIOCKOCTH o, AJiSl KOTO-
pbix OX = r. Te Toukn X, mmockoctd jans kotopbix OX < r,
Ha3bIBAIOTCS] BHYTPEHHHMMH MO OTHOLUEHHIO K OKPYXKHOCTH,
a Te TOukH, JJIs1 KoTopbix OX > r,— BHELIHUMH.

Teopema 36. [Tycmo ¢ — oxkpyscrocme ¢ yenmpom (0) u
paduycom r. Toeda ecau npsamas a npoxodum 4wepe3 8Hym-
penntor0 mouky P, mo ona nepecexaem oKpysxcHocme 6 08Yyx
U MmMoavko 08Yyx MoUKAX.

Hokasameascmeo. PaccmaTpuBaem JBa cayuasa: 1) nps-
Masi a npoxoJuT yepe3 O, 2) mpsimasi @ He MpoXoAuT uepes O.
B nepBoM ciyuae yTBepxKAeHHE TeOpeMbl OUEBHAHO, TAK Kak
Ha KaXJOH H3 MOJYNpPSIMbIX NPSIMO# @, OmpefesisieMhiX TOd-
Kol O, CyUECTBYeT U NPHTOM eJMHCTBEHHAs TOUKa X rakas,
yto OX = r (Teopema 16).

PaccmoTpum BTopoii cayuaii. TlpoBesem uepes O npsmyio,
nepneHanKyaspHyto a. OHa nepeceyeT a B HEKOTOPO# Touke A.
YTBepxkaaeM, uTo A siBjsieTCs BHYTpeHHe# Toukoi. [lelcTBu-
TeJbHO, €CJIH OHA He coBnajgaetT ¢ P (écaH oHa COBMAajaeT ¢
P, T0 oHa BHYTpeHHSis 1O YCJOBHIO), TO TpeyroabHUuk OAP
NpSIMOYTOJIbHBIN H, corsiacHo Teopeme 32, OA < OP < r.

Touka A pasbuBaeT npsiMylo a Ha JABe monynpsmble a’
u a”. Paso6beM Bce TOukM NpsiMOM @ Ha ABa Kiaacca. B mep-
BbIl KJ1acC OTHeceM BCe TOYKM MNOMynpsiMoii a’, a Takxke Bce
tToukn X nonynpsaMoii a”, ana kotopeix OX < r, BO BTO-
po#i Kjacc — Bce ocTajbHble TOUKH npsiMoii. [lokaxem, 4yro
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3T0 pasbHeHHe TO4YeK NpPSAMOH Ha KJAacChl YIOBJETBOPSIET
ycnoBuio akcuombl IV.

IlepBblii Kjacc He MyCT, TaK Kak €My NPHHAJJIEXKHT MO-
aynpsimasi a’. Ha monynpsimoit a” cymectByer Touka X Ta-
Kast, yto AX = r. Dra TouKa NPUHALJIENKUT BTOPOMY KJac-
Cy, TaK KaK H3 MpsIMOYroJibHOro TpeyrojbHuka OAX cue-
ayer OX > AX = r. TakuM o6pa3oM, KaXJbli H3 KJiacCOB
HE OYCT.

Ilycts X — Touka mepBoro kjacca, a Y — Toyka BTOpPOro
knacca. ITokaxem, uto X < Y. YTBepxJeHHe OYEBHIHO,
ecnin X mpunamiexur noaynpsmoir a’. Ilycrs X npunanne-
XKAT moJynpsimoit a”.

Ipennosnoxum, uto Y < X. ¥Yron OYA octpslii, ciefoBa-
TeabHo, yroa OY X tynoit. U tak kak yron OXA ocrphi,
10 B TpeyronbHuke OXY OY < OX < r, 1. e. Y npunapme-
JKUT NEpBOMY KJIacCy, YTO IPOTHBOPEYHT YCJOBHIO.

ITycte D — Touka, npou3BoAsiuiasi JIeJeHHe Ha KJacchl
coraacHo akcuoMme [Vi. Ilokaxem, uto OD =r.

HonyctuM, OD < r. OTjoxuM OoT Toukdu D B Hampasie-
HUH TONynpsiMoil a” oTpes3oK, pasubiil r — OD. Ilycts E —
KoHell storo orpe3ka. [lo Teopeme 33 B npuMeHeHHH K Tpe-
yroapuuky ODE OE < r. CnepoBatenvdo, E npunauie-
JKUT NepBOMY KJiacCy, HO 3TO HEBO3MOXHO, Tak kak D < E.
Anamoruuno wuckiiouaercsi npepnodioxkenue OD > r. Taxkum
ob6pazom, OD =r. W Touka D sBisieTcs nepeceycHHeM
OKPYKHOCTH C moaympsimodl a”. JlokaxeM eJUHCTBEHHOCTb
Toyku D.

JonycTuM, CyiiecTByeT JBe TOYKH MepeCceyeHusi INoJy-
npsiMoil a” ¢ okpyxHocteio D, u D,. Ilyctb D — cpenuna
otpeska D,D,. U3 paBenctBa Tpeyroasuukos OD,D u OD,D
crenyer, uro OD nepnenfukynaspHa a. Ho 3To HeBo3MOXHO,
TaK Kak, B CHJy TeopeMbl 22, A == D, a touku D; u D, pac-
NOJIOXKEHb! MO OAHY CTOPOHY OT TOUKH A.

AHANOTHYHO JIOKa3bIBAETCSl CYIIECTBOBAHHE U €IUHCT-
BEHHOCTb TOUYKH IlepeceueHHsi MOJYNpPsSIMOH @’ C OKpYKHO-
crblo. Teopema Jokasana.

Teopema 37. I[1ycme Oanst Ose oKpYyscHOCMU Cy, C C YeH-
mpamu 01, Oz u paduycamu ry, r, IpHUEM

n<ry rp—r <00, <r +r.

Tozda amu okpyscHocmu umerom dse U mMoabko 08e MoUKU
nepecevenus.
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JloxasaTeJbCTBO 3TOH TeOpeMbl TAKXKe B CYLIECTBEHHOH
YACTH OMHPAETCsl HAa aKCHOMY HeNpepblBHOCTH. Mbl ero mpu-
BOJAUTbL He OyZeM.

§ 10. Hamepenne OTpPe3KOB H YIJOB

Teopema 38. Cyujecmsyem u npumom eQUHCMBEHHAA PYHK-
. yusa p, onpedeseHHAs HA 6Cex ompe3kax, y0o8aemeopAwasn
YCA0BUAM:

1. [dan xaxcdozo ompeska AB p(AB) > 0.

2. Ecau ompesku AB u CD pasuot, mo w(AB) = p.(CD).

3. Ecau mouka C naxodumcs mexncdy moukamu A u B, mo

#(AC) + v (CB) = p(AB).

4. [aa Hexomopoeo ompeska AyB, 1(A,B,) = 1.

Yucsio v HaseiBaeTcst 0AuHOL OTpe3Ka, a oTpe3ok A, B, —
eQunuyeli usmeperus OAUHbL.

AHaJlornuHasi TeopeMa HMeeT MEeCTO AJIsl YIJIOB.

- Teopema 39. Cywecmeyem u npumom eOUHCMBEHHAR DYHK-
yusa ¥, onpedesennas 04 6cex Y2a08, YO0BAEMBOPAIOU,AL
YCA0BUAM:

1. s kaxcdoco yera (h, k) ¥ (h, k) > 0.

2. Ecau yeaor (h, ) u (I, m) pasuo, mo ¥(h, k) =
=8/, m).

3. Ecau ayu | naxooumcs meswdy h u k, mo

d(h, ) +8(l, k)=9(h, k).

4. [Iaa nexomopoeo yeaa (hy, R,) 0(hy, ko) = 1.

Uucao ¥ HaseiBaercss mepod yeaa, a yroa (hy, ko) — edu-
Huyell usmepexus yeaoe.

Mb1 orpaHHYHMMCS J0Ka3aTeJbCTBOM TeopeMbl 38, Teope-
Ma 39 B 3HauMTEJbHOH CTeNneHH MOKa3hIBaeTCs aHaJOrHYHO.

Hoxazameavcmeo Teopemnl 38. [TocTpouM nocsefoBaTeib-

HOCTb OTPEe3KOB 8,, 8;, 8,, ..., U3 KOHX KaXJbIH CIeAYIOWHUH
B [JBa pa3a MeHblIe npeiplayLiero, T. €.
8n + 8n = 811—11

a 8= A,B,. OrmMeTuM Ha npsMoii AB To Hamnpas/eHue, B
KoTopoM A < B, M NOCTPOHM MOCJEAOBATENbHOCTb TOYEK
Ay, Ay A, ... Takylo, 4TOObl A < Ay < Ay ... 1 A,_A,;=3,.
ITycte A, — nepBasi TouKa 3TOil NOCJEJOBAaTENbHOCTH, KOTO-
pas He npuHamiexut AB. Taxkas Touka cyluecTByeT Mo
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teopeme 34. OueBHaHO, ecau m > 1, To A, _; NpPHHALNEKHT
orpesky AB. OGosnauum

m—1 b m

n— on-*

M3 crnoco6a mocrpoeHusi ToukH A, ciaeayeTr, 4To npH
n — o NoCJIeloBaTeIbHOCTh @, He yObiBaeT, a b, He Bo3pac-
taeT. Tak Kak, Kpome TOro, b —a, 0, T0 5TH _mocJieso-
BaTeJbHOCTH HMEIOT OGmu¥ npene.n p(AB)

Jlerko BHJeTb, YTO NMOCTPOEHHAs HAaMU (PYHKUHA p 06ja-
JlaeT CJeLyIOUMMH CBOHCTBaMU:

a) Ecin a=a’, 10 p(a) = p(a’).

6) p(md,)) =m/2".

6) Ecan a << a’, 10 p(a) <p(a’).

IlepBoe cBOHCTBO OueBHAHO, TaK KaK ONpejensioliie
MOCJIe10BaTeJbHOCTH @, U b, 1Jd OTpPe3KoB a ¥ a’ coBma-
paot. Ilna nokasatesbcTBa CcBOHCTBA 6) JOCTAaTOYHO 3ame-
THTb, 4TO Bce b, oTpe3ka md, mo KpaiiHell Mepe mpu R > n
HUMeIoT OZHO M TO Xe 3HaueHHe m/2". Hakonen, cBoHCTBO
B) CJIe/lyeT H3 TOTO, YTO MOCJeJ0BATeNbHOCTH b, A/ OTPe3KOB
a ¥ a’, OYeBHJHO, YJOBJETBOPAIOT YCJOBHIO b, < b;.

JoxkaxeM Tenepp cBoficTBa 1—4, ykasaHHble B TeOpeMe.

M3 Hux BTOpoe M ueTBepTOe AOKa3aHbl. TakuM oGpasoM,
oCTaeTcsl NIpoOBepUTb NepBoe H TpeThe. Hauwem c mepBoro.
. Tlo Teopeme 34 cymectByer Takoe n, yto n(AB) > A,B,.
BosbMeM uucsio p Takoe, uto6el n < 2°.. Torpma, Tak Kak
n(AB)> 2v,> nd,, AB >3, W crenosarenpno, p(AB)>

> /5P > 0.

JlokaxeM TpeTbe cBOHCTBO. IDTO CBOHCTBO AOCTATOYHO
OYeBHJHO, eCJH Kaxjwli u3 otpeskoB AC, CB, a 3Hauwur,
u AB cocTaBjieH U3 HEKOTOpPOTrO YHCJIa OTPE3KOB 8.

3ameTHM Tenepb, YTO KaKoB Gbl HH OblJ OTpe30K d MpH
JOCTaTOYHO GOJIbIIOM 1 MOXKHO YyKas3aTb TaKoe YHCJO rm,
yTo OTpe3oK d, =md, OyleT He OoJblie d, a OTpPe3oK

d, = (m 4 1)8, He wmeHbme d. CylecTBOBaKHe TaKOro m
yCTaHABJIMBAeTCs NMOCTPOEHHEeM, KOTOpOe NpPHBeJeHO B Haya-
Je jokasaTenbcTBa. Tak kak p(d)) <p(d) <wn(d,), a

” ’ 1
p(dy) —p(ds) =55, TO mpH n — oo p(d,) —p(d) up(d)—~
— p(d)

TlocTpouM Tenepb AJs OTPE3KOB AC u CB mnocnenosa-
TeJIbHOCTH OTPE3KOB d, u d, u GyieMm HX 00O3HA4YaTh CO-
OTBETCTBEHHO a, H 4, b’ b:’,.

44



Tak xax a, + b, < AB < a, + by, .

v @] +b}) < p(4B) < v (a] + ).
Ho o JI0Ka3aHHOMY
p(a, 4 b,) = p(ay) + p(ba), v(an + b)) = p(ay) + 1 (by).
OTciona
#(a) + v (b)) <w(AB) < p(ay) + v (by)
H nepexoxs K mpezeny, mnosayuyaem
t(AB) = p (AC) + ¢ (CB).

Takum o6pasoM, ¢yHKuHSA p JAeHCTBHTEJbHO o6sajaer
cBoiicTBamMH 1—4.

HokaxeM enuHCTBeHHOCTb ¢(yHKuuu . IlycTs umeem
aBe QYHKIHUH py U Py, obGaajaiomue cBoiictBamu 1—4. Tak
KaK p, (3,) =1, To u3 cofictBa 3) caenyer, uto p,;(3,) =

=g Ianee u3s cpoiictB 1) u 3) cjepyeT MOHOTOHHOCTb

GyHRuMi p, T. €. p(a) > p;(b), ecau a > b. }
IMocTpouM nJi [JAHHOrO OTpe3Ka a OTpe3kKH a, H a,
cocraBJsieHHble u3 8,. Toraa

(@) < B1(0) < pi(ay), pa(ay) < pe(a) < po(an).
Tak xak a,=a,+3, ToO p»,-(a:,') —pi(a) = —n . Ortciona

creayer, u10 |1y (6) —p2(a)| < gy mpH moGom n. A sro

3HAYHT P, (@) = py(@). EAuHCTBEHHOCTE QYHKUHH B yCTaHOB-
JeHa. M TeopemMa moKasaHa MOJHOCTBIO.

Teopema 39. Kaxoso 66t Hu 6bL40 NOACKHCUMENbHOE YUCAO O,
cyujecmsyem ompe3ok a maxou, 4mo (@) = a.

JeficTBHTeNbHO, NOCTPOHM JIBE MOCJEJOBATENbHOCTH M0JIO-
JKHUTeJbHBIX YHCeN &, H 0, BHAa m/2%, CXOAsiHecs K a
TaK, 4TOGHl mepBas 6L Heyébma}omeu a BTOpas HeBO3pac-
tatoeli. OueBHHO, [CYMIECTBYIOT OTpPe3KH a, ¥ a, Takue,
uTo p(a,) =a,, p(a,) = a,.

OT/N0KHUM OTPe3KH a, W a, Ha TpsAMOll g Hu3 HEKOTOPOH
TOYUKH A B OZHOM HanpaBneHHH IMycte A, u A, — KOHuBI
3THX otpe3koB. I[To Teopeme 35 Bce otpesku A, ,; HMEIOT
o6y Touky B. -

OueBusno, p(AB) = a.
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§ 11. Akcuoma napaanenbHoctd. [opoGue ¢uryp

Ilarass rpymma akCHOM COCTOUT H3 OAHOH AKCHOMBI —
aKCHOMBI NapaJlJIeIbHOCTH.

Akcuoma V. Yepes danuyo mouxy eHe OawHoll npamod
MOXCHO nposecmu HA naockocmu He 6Goaee 00HOU npamod, He
nepecexarowieti 0aHRYrO.

Ora npsMasi HasblBaeTCsl NAPAANEAbHOU.

AkcnoMoit V 3aBepiuaetcss cCHCTeMa aKCHOM 3BKJIHJOBOMH
reomeTpuu. B cienyromeit rsaaBe OyneT NMOKasaHO, YTO 3TY
CHCTEMY AaKCHOM HeJb3sl TMOMOJHHTb HOBBIMH AaKCHOMaMH
Tak, 4yToObl OHH He BbITeKaju U3 akcuoM [—V W He mpotu-
BOPEUHJIH HM.

C mnoMoubl0 aKCHOMBI NapajiIeIbHOCTH MOryT OHITH IO-
JyueHbl HOBble (akTbl reomeTpuu IBKiauaa. [lpusesem He-
KOTOpBIE M3 HHX.

Teopema 40. Kascdas npamas 8 nepecederuu ¢ 08yms
napaaienvHoiMu  00pasyem  pasHole COOMGENICIBEHHbIE  Leabl.

Hoxazameascmeo. TlycTb a u b— iBe napajJesbHbE
npsiMble, ¢ — npsMasi, HX mnepecekawoouwas, H A, B — TOUKH
nepeceuenus. ITo teopeme 30 uepes Touky B mpoxoauT nps-
Mmass b’, He mepecekaromwas @, Tak, YTO COOTBETCTBEHHble YT-
Jibl MepeceyeHHs NPSIMBIX @ W b’ ¢ npsaMolt ¢ paBHbl. A 1O
akcioMe V npsmMasa b’ coBnagaer ¢ b. Teopema nokasama.

Teopema 41. B kancdom mpeyeorbHuke cymma yei08 pasHa
08YM NPAMbIM.

Jloxasameascmeo. Ilyctb ABC — naHHbli TpPeyroJbHHUK.
[TpoBenem uyepes C mpsmyto, napangenbuyio AB. [IBe moay-
npsiMble, Ha KOTopble pa3buBaer 3Ty npsimyio Touka C, u mo-
aynpsmeie CA u CB o6pasyior Tpu yria. OAuH M3 HHX —
yron C TpeyroibHHKa, a fBa JApyrue B cHaAy Teopembl 40
paBHbl yriam TpeyrojbHuka A u B. Orciofa cjepyer, uToO
cymma yrioB TpeyrosbHuka ABC paBHa JBYM IPSIMBbIM.

YeTbipeXyroNbHUK Ha3bIBAETCS NAPAANCA0ZPAMMOM, €CJIH
€ro IPOTHBOIOJIOKHEIE CTOPOHBI MapaJJiesbHb.

Teopema 42. B kaxmcdom naparsesoepamme npomugono-

AONCHbIE Yeabl PABHbL, CYMMA CMENCHbIX PABHA OBYM NPAMBIM,
NPOMUBONOAOINCHYIE CMIOPOHbL PABHDL.
* [oxasameaocmso. IlepBble 1Ba yTBepXA€HHSI HeMNOCpen-
CTBEHHO BbITEKAlOT M3 TeopeMbl 40 W CBOHCTB CMEXHBIX H
BEPTHKaJbHBIX YIVIOB. Tperbe yTBepxAeHHe CJelyeT H3 pa-
BEHCTBA TPEYroJIbHHKOB, Ha KOTOpble NapaJJejorpamm pas-
6uBaeTC €ro JAHaroHaJjblo.
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Teopema 43. IIycme a, b, ¢ — mpu nonapHo nepecexato-
wuecs npamole. YCmaHo8UM COOMBEMCMEUE MOYEK NPAMbIX
a u b nymem npoeKmuposanus NpAMbIMU NAPAALEAbHOIMU C.
Toz0a coomeemcmasyroujue ompesku npamolx a, b nponop-
YUOHANbHYL.

Hoxasameascmeo. VI3 akcuombl V cjefyer, 4to Kaxpas
npsiMasi, napajJjejibHasi ¢, nepecekaerT @ W b, Tak uTO YyKa-
3aHHOE COOTBETCTBHE TOYeK JEHCTBHTENbHO BO3MOXKHO. Jler-
KO BHJETb, YTO PaBHBIM OTpe3KaM IIPSIMOH @ COOTBETCTBYIOT
paBHble OTpPe3KH NpsiMOH b.

ComocTaBHM KaXJOMy OTpe3Ky 8, NpsaMo# a 4YHCJo
v(3,), paBHoe pJaHHe {(3,) COOTBETCTBYIOLIETO €My OT-
pe3ka mpamMoit b. PyHKuUA OTpe3Ka v YLOBJIETBOpPSET YCJO-
BUsM 1—3 Tteopembl 38 M, cjefoBaTebHO, OTJIMYAETCS OT
JJIMHBL TOJIbKO HEKOTOPBIM MHOXHTeJeM. Takum o6pasom,

B (3g) = kp (3).

Teopema mokasaHa.

Teopema 44. [lsa mpeyzoavruKa ¢ 0BYMS COOMBEIMCIIBEHHO
pasHoimu yeramu nodobHbL.

Jlokasameascmeo. Tlyetb ABC u A,B,C, — nanubie Tpe-
yronbHuku, npuuem /A = /A,, /B = /B,.Tlo teopeme 41
/. C = /C,. Tlongepruem TpeyroabHuk A,B,C, ABHXEeHHIO,
npu KoTopoM ero BepiunHa Ci coBmemiaercs ¢ C, a Bepiuu-
Hbl A; U B, nepexoiaT B ToukH A, u B, moaynpsameix CA
H CB COOTBETCTBEHHO.

Tak kak tpeyronbuuku A,B,C, u A,B,C paBHH, TO
yron A, tpeyronbuuka A,B,C paeen yriy A TpeyrosbHHKa
ABC. Y cnenosarenbno, npsimbie A,B, u AB napannenbhsi.
Orciona ciaenyer no TeopeMe 43 NpPONOPLHOHAJNBHOCTb OT-
pe3KoB

CA, CB,

CA — CB’

(dns KpaTKOCTH 3aMHCH AJIHMHBI OTPE3KOB 0GO3HAYEHBI CAMHMH
OTPE3KaMH).
Tax xak CA, = C,A,, CB, = C,B,, 10

GA G5

CA ~— CB*
Anajnornuno moJyuaercs

CiBy _ AB,

CB ~ AB°
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Teopema pmokasana.

JokasatenbCTBa ABYX APYTHX IIPU3HAKOB MOJOOHSI Tpe-
YrOJIbHUKOB, M3BECTHbIE H3 IIKOJBHOTO KYpCa, HE BHI3bIBAIOT
BO3pakeHHH. Mbl UX NPUBOAUTbL He OyJeM.

B 3akujiouenue 3aMeTHM, YTO C NOMOLILbIO TeopeMmbl 44 Mo-
XKeT OBbITb foKasaHa Teopema [ludaropa.

Teopema 45. Cymma ksadpamos OAuH Kamemog npaAmo-
Y20AbHO20 MpPeyeorbHUKA pPAasHa Ksadpamy OAuHbL 2unome-
HY38l.

JHoxasameascmso. Ilycte ABC — npamoyroJibHbiii  Tpe-
yronbHUK H C — npsimoft yros. OnycTHM mnepneHauKyJsip
CD w3 npsivoro yrJja Ha rumnotenysy. OCHOBaHHe TNepIeHH-
kynsipa D naxoputcs Mexay A u B. JleACTBUTeNbHO, JOmy-
ctuB, yto A U B HaxomsaTcs no omHy CTOpoHy oT D, BCTy-
naeM B NPOTHBOpeuHe ¢ Teopemoii 29,

M3 nomobusi tpeyronpuukos ABC, ACD u BCD caepyior

NpONOpUHH
- AD _AC. BD _ BC
AC T 4B’ BC T A3
Orcrona

AC®* = AB - AD, BC* = BD - AB.

CkJsiafipiBasi 3TH PaBEHCTBA NOYJIEHHO, MOJYYHM
AC? +.BC? = AB2

Teopema nokasana.

Ha 3ToM Mbl u orpaHuuumMcsi B H3JI0XKeHHH (haKTHUECKOTO
Mmarepuasna 3jemeHTapHoii reomerpuu. [losyuenne panbHeii-
IIKX TeOopeM He CoCTaBisieT TpyAa. VsBecTHbie uyHuTaTesio
JIOKAa3aTeJNbCTBa 3THX TEOPEM H3 UIKOJbHOI'O Kypca yie Jo-
CTaTouHO Ge3ynpeuHbl, U MO3TOMY NOBTOPEHHE UX MpPEACTaB-
JsieTcs  Heles1eCoo6pa3HbIM.



ri1ABA I

HUCCJIEAOBAHHUE AKCHOM 3BKJIMAOBOA
TEOMETPUH

§ 1. [JekapToBa peanu3aunMsi CHCTEeMbl AKCHOM
3BKJIWJIOBOH reoMeTpuHu

B cBfi3M C aKCHOMAaTHYECKHM IIOCTPOEHHEM 3BKJIHIOBOf
reOMETPHH €CTeCTBEHHO BO3HHKAIOT CJefyloluiie TPH BO-
npoca.

1. He npomusopeiusa au NpuHAmMas HAMU cucmema ak-
cuom. m. e. He moeym AU u3 Hee Obimb ebibedeHbl nymem Ao-
2udeckux paccyxcOeruti 06a 63QAUMHO UCKAIOMAIOUWUX  Cae0-
cmsus? ]

2 [Iloana au cucmema akcuom, m. e. HEAb3A AU ee NONnoA-
HUMb HOBLIMU QKCUOMAMU, KOMOpole He npomusopedua Obl
Yoice NPUHAMbIM U He BvimeKaru Obl u3 Hux?

3 Hesasucumot au npuramote axcuomet, m. e. He caedyrom Au
HeKomopble aKcuoms. u3 Opyeux?

Peliende 3THX BONPOCOB, KoTopoe OyaeT AaHO B HacTOs-
el r/aBe, TECHO CBA3aHO C NOCTPOEHHEM KOHKPETHbIX pea-
JU3auUi CHCTeMbl akcHoM. Peaiusayus COCTOHUT B YKa-
3aHMM Belllefi Tpex POJOB INpPOU3BOJIBHOH NPHPOAbI, YCJIOBHO
HMEHYEMbIX «TOUKAMH», «IPSIMbIMH», <«IJOCKOCTSIMH», H TpeX
OTHOLUEHHH MEXAY HHUMH, YCJOBHO BbIPaXAaeMbIX CJIOBAMH
«OPUHAMJIEXKATb», <«IPEILIECTBOBATbY, <«IABHIKEHHE», JHJs KO-
TOpbIX B CHJIy HX KOHKDETHOrO COJEpXKaHHS BHINOJHSIOTCS
aKCHOMBI.

Heno B ToM, 4TO B OT/NHYHE OT H3noKeHHs «Hauan», rie,
KaK Mbl 3HaeM, COJepXKaTCs OIHUCAHHS OCHOBHBbIX OObBeK-
TOB — TOYEK, MNPSAMBIX W MJIOCKOCTeH, B HalleM HW3JOKEHHH
HHYEro He CKa3aHO O HHMX, KpOME TOro, YTO BbIPaXKEHO akK-
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cuomamHi. [losToMy BCe HalM BBIBOABI OTHOCATCA K BelllaMm
NPOU3BOJbHONH NPUPOABI, JHLb Obl [JNsi HUX H OTHOLUEHHH
MEXKIY HHMH, KOTOpble TaKxe MOryT ObiTb JaNeKH OT Ha-
[JISLAMBIX [IPEJCTaBJIEHUH, BBIIOJTHAJNHCh aKCHOMBI.

B cBsA3u ¢ 3THM 3BKJIMJOBAa reoMeTpusi aomyckaer Oec-
YHCJSHHOE MHOXECTBO peanusauuil. [eficTBurenbHO, HYCTh
S — mo6oe, OAHO-OAHO3HAuHOE OTOOpax<eHHe MHOxecTBa E
BCeX TOouYeK KaKOH-1ubo peanusauud Ha cebs HIH Ha JApY-
roe MHOXecTBO, o6o3HauuMm ero K. DByznem HaseiBaTb Touka-
MU 3neMeHThl MHOXkecTBa R. IlpambimMu (miockoctsivu) Oy-
JIeM HasbiBaThb MOJAMHOXECTBa R, COCTaB/j€HHhle H3 00pa3oB
upsimbix  (nj1ockoctelt). OTHOWIEHHS MPHHALNEXKHOCTH, IIO-
psilka W [BHXKEHHe ONpejleJUM uyepe3  COOTBETCTBYIOUIHE
oTHOUleHHs1 npoo6pasoB B E. Jlerko BuAeTb, 4TO A1s1 3Je-
MeHTOB R, Kak TOYEeK, H OTMEUYEHHBbIX MOJMHOMXECTB MNpSMbIX
H MJIOCKOCTEH BLIMOJIHSIIOTCS BCE AKCHOMBI.

Ceffuac MBI yKaxeM OJHY H3 peaNd3alufl CHCTEMbl akK-
CcHOM 3BKJAHAOBOK reomerpuu. Oua HasbiBaeTcs Oekapmosol,
Hna npocToThl H3/10XKeHHs Mbl OyfieM CTPOHTb peaNH3alHio
MJIOCKOH cucreMbl akcHoM. OfHaKO, KaK HETpYAHO YyOeInTb-
Csl, TaKOe Ke MOCTPOEHHE BO3MOXKHO H AJISl MPOCTpaHCTBEHHOH
CHCTEMBI,

Toukoit Mbl OyneMm -HasbiBaThb JIOGYI0 TNapy BelleCTBEH-
HbIX YHCeN X H Y, B3STHIX B ONpeleseHHOM MNopsiake (x, y),
a 3TH yHucIa — KoopJAuHaTaMH ToukH. [Ipsamoii Gynem Hasbl-
BaTb COBOKYMHOCTb BCEX TOYEK. KOOPAHHATbI KOTOPHIX YJAOB-
JIETBOPSIOT JIMHEHHOMY YPaBHEHHIO

ax + by +c = 0.

310 ypaBHeHHe GyneM HasblBaTh ypaBHEHHeM NpsIMOi, mnps-
Mbe x =0 n y = 0 — ocsiMH KoopauHaT, a Touky (0, 0) —
HayajoM KOOpIMHAT.

Mbl GymeM roBOpHTb, YTO TOYKA NPHHAMJIEXKHUT MNpSMOH,
ecau oHa fBJAsieTCs] OAHOH M3 ee ToueK. TakuM oOpasom,
TOYKAa TNPHHALIEKHT MNPSMOM, eC/H ee KOOPAHHATH YAOBJET-
BOPSIIOT YPAaBHEHHIO MPSIMOM.

OrtHowrenne mnopsiika AJsl TOYEK HA TPAMOM, 3aJaHHOM
ypaBHeHueM ax -+ by + ¢ = 0, Mbl onpesessieM CJeIyIOMUM
o6pasoM. Ecain b = 0, 10 A,(x;, ¢,) < Ay(X,, Yo) B ONHOM Ha-
NpaBJeHUH OINpeflensieTcss yCIOBHEM X; < X;, @ B INPOTHBO-
NOJIOXKHOM — X, < ;. Ecin b = 0, T0o A; < A, B 01HOM Ha-
NpaBJEHHH ONpefeNisieTcss YCnoBHeM y; < Y,, @ B NPOTHBO-
NOJIOXKHOM — Y, < Y.
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JlByxeHne OyleT 3akJIOYaThC B COMOCTABJEHHH KaX-
Jofi Toyke (x, y) TOUKHU (x’, y’) COIJIACHO CJIEAYIOWHX qaopMy.n'

’

x' = xcos} —eysind + a, 0
y = xsin® 4 eycosd + b, ('ﬁ,')

rae ¥, a, b — moOble uncaa, a e =+ 1. JIBHxKeHHe aasi npsi-
MO .ompefeNsieTcd 4epe3 ABHXXEHHE NPHHALJIEXALIUX e To-
yek. B cuny. JHHEAHOCTH H OJHO3HAYHOH Pas3peliHMOCTH
¢opmyn (*) OHO JEHCTBHTENbHO YKasaHHbIM 06pa3oM ‘Kax-
JOil MpsIMOH CONOCTaBAsieT MPSMYIO.

Ilpn TakoM KOHKpPETHOM NOHHMAaHHH TOYEK H TpPSMbIX ¥
OTHOUIEHHH MeXAy HHMH Kax/Jasi H3 aKCHOM 3BKJIHIOBOH
reoMeTpUH TNpeACTaBAsieT COGOH HEKOTOpoe YTBEPXKAEHHE,
OTHOCsilleecst K BellecTBeHHBIM uucjam. Cefiuac Mbl NOKa-
JKeM, YTO  Ka)KJloe H3 3TUX YTBepXKAeHHH NeHCTBHTENLHO
HMeeT MeCTO B CHJIY COOTBETCTBYIOIIHX TeOpeM apuU(METHKH.

§ 2. BbINOJHHMOCTD AKCHOM 3IBKAMAOBOH FeOMETPHH - . -
B J€KapTOBOH peajiu3aiuu

Akcuoma I;. KakoBbl Gbl HH OB TOYKH (X3, ¥;) U (X3, Ys),
CYLIECTByeT NpsiMasi, Yepe3 HHX NpPOXOJAIlas.
JeiicTBuTesIbHO, TIpsMas

x—x) (Y —9) — (G — ), (2 —x,) =0
NPOXOJHUT Yepe3 KaXAylo M3 TOYeK (X3, Y) H (Xa, Ya).
Axcuoma l,. KakoBbl Gbl HH OBbIIH JBe TOUKH (Xy, Y,) H
(%2, Ys), CyliecTByeT He Gosiee ORHOH MpPSIMOH, KOoTopasi npo-
Xofuna Obl- yepes 3TH TOUYKH.
Honycrum nporuBHoe. IlycTe yepes TOUKH (X5, ¥,)
(%2, Yy,) MPOXOAAT ABE MNpsIMble

ax + by + ¢ =0, ax+ by +c¢ =0.

Tax kak cucremMa ABYX JMHEHHBIX ypaBHEeHHH C JIByMs He-
H3BECTHBIMH  HMeeT G6oJiee ONHOTO pEHIeHHs], TO YPaBHEHHA
3aBHCHMbl, T. €. OTJIMYAIOTCH TOJbKO MHOXHTeNeM. A 3TO
3HAYHT — NpsMble COBNAJAIOT.

AkcHoma I5. Ha kaxnoit npsamoit ax + by + ¢ = 0 ne-
*ar no KpafiHeii Mepe JiBe TOUKH. CyluecTBYIOT TPH TOYKH, He
Jexallye Ha OJHOH NPSIMOM.

HeficTBUTENBHO, TOUKA ( FF5 — M, 7 +la) 1;1
MOOOM A TPHHAIIEKHT NPAMOH. A TpH TO'-IKH (O 0), (0, 1),
(1, 0) He JnexxaT HM HA KaKOH NpsMOH.
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Axcuomamu 1, I, u I, ucuepmsiBaloTCA BCe MIOCKHE aK-
cvoMmbl cBsi3d. IlepeiiieM K akcHoOMaM MoOpsAKa.

Axcuombl mnopsimka II,, Il II; TpuBHanbhHbiM oGpasom
BBINOJIHSIIOTC B CHJIY COOTBETCTBYIOLLHX CBOHCTB HEpaBEHCTB
JJIS BELUECTBEHHBIX UYHCeJ.

‘Akcuoma II,. B oxnHOoM M3 JByX HampaBJeHHH Ha NpsMOH
ax + by + ¢ =0 ana kaxaoli ToukH A (x, y) HakRyTCH
Toukh A, u A, Takue, uto A; < A < A,.

HefictBuTenbHO, e€ciu Touka A (x, y) JeKHUT Ha NPAMOH
ax + by + c¢= 0, To Ha Hell JexaT Takxe TOYkH (x + b,
y—a), (x—b, y-+ a). Jlerko BHAeTb, YTO B JIOOOM H3
JIBYX HamnpaBJieHHH ofHa M3 HHMX mnpeluectByetr A, a apyras
cjellyeT 3a Hed.

Akcuoma lI;. Tlpsamas g: ax + by 4+ ¢ = 0 pasbuBaer
[JIOCKOCTb Ha JIBe NOJIYMJOCKOCTH TaK, 4TO eciu A, (x5, Y1)
#u Ay(xy, Y;) — ABE TOUKH .OAHOH MOJYIJIOCKOCTH, TO OTpe-
3ok A,A, He mepecekaercs C npsiMoi g, ecau ke A, u A, npu-
HaANeXaT pasHbIM MOJYIJIOCKOCTSIM, TO oTpe3ok A,A, nepe-
CeKaeTcsi C npsiMoil g. '

TlonsepruemM nJjockocTb pas6ueHHIO Ha JBe 06JacTH

ax+by+c<0 wu ax+ by +c>0.

ITokaxeM, uyTo 3TO pasbGueHue o6/afaeT yKa3aHHbIMH B aK-
CHOME CBOHCTBaMH.

LefictButenbHo, myctb ax -+ By + 1 = 0 — npsmasi, co-
enunsiiomasi Touku A, u A;. YU nycts Aas onpeneseHHOCTH
f+0. Torma ana Bcex Touek orpe3ka A A, x, <x< x,
MIH Xy < X < X;.

INMoncraBum koopAMHATH X H y=—-%(ax—|—1) TOYKH

otpeska A, A, B ax + by + c. Toraa -nonyuum JuHEHHYIO
¢ynkuuio ot x f(x). Ecnn touku A; u A, npuuaanexar of-
Holt obsact, To f(x;) u f(x;) odHOrO 3HaKa, cjeJoBaTEJIbHO,
f(x) coxpausier 3Hak BO BceM HHTepBaje (x;, X,) A 3To 3Ha-
4HT, YTO OTpe3ok A,A, He mnepecekaer npsMyio ax + by + c=
= 0. Ecan xe Toukn A, u A, npuHamnexar pasubiM obiac-
TAM, TO f(x,) M f(X,;) Ppa3HbIX 3HAKOB, H, CJIEIOBATENbLHO,
f(x) obpamaercs B HyJb B HHTEpBaje (X;, X;) DTO 3HAUHMT,
gato orpesok A,A, nepecekaet npsmyio ax + by + ¢ = 0.
AHnanornyHo paccMaTpuBaetcsi caydait B = 0 (B 3TOM cJiyuae
b= 0).

. Akcuoma IIlI,. Kaxpoe nBuKeHHe COXpaHsSieT OTHOUIEHHE
NPHHALIEKHOCTH.

52



OueBujHo.

Akcuoma IlI,. Kaxjoe nBuiKeHHe COXpaHSIeT OTHOLIEHHe
nopsiiKa.

[Mycts nBuXenne nepeBoauT mnpsamyilo ax+By+71=0
B mnpamyio ax-+by+c=0. WU nyctb Aasa onpenenen-
HoctH B0 u b=+0. Bupa3uM KOOpPAHHATY X TOYKH
rlpﬂMOPl ax+by-|—c—0 yepe3 KOODAMHATY X COOTBETCT-
Bylome# Toukn npsMolt ax 4Py 41 =0. Haa storo B
nepByio ¢opMyay (*) noacraBHM y_——(ax-i—'() x' (%)
ecTb JHHefiHasi, a CJIeflOBaTeJbHO, MOHOTOHHaﬂ ¢dhyHKIUA
(oHa He CBOAMTCA K NOCTOSIHHOH, TaK KaK H3 YypaBHEHHs
ax + by +c¢=0 caenoBano Obl, YTO M Yy — MOCTOSIHHAS).
Orciona BomoaHuMocTb akcuombl III,. [Ipyrue cayuau:
B=0,b+0;8=0, b=0;8+0, b =0. PaccmarpuBaiorcs
aHaJIOTHYHO.

Akcuoma IlI;. JIBuxkenus obpasyioT rpymmy.

ﬂeucmmenbﬂo TOXKJECTBEHHOe npeobpasoBanue x’ = x,
Y = y CONEPIKHTCH cpeau npeoOpasoBaHHi

’

x'=x cosY —eysind 4+a, y =x sind +eycosd+b6 (¥

npy $ =0, a=0, b6 =0, e = 1. [lpeo6pa3zoBanne oGpaTHOE
(*) sanaetrcs ¢dopMmyaamu

x=x"cos¥ + y’ sind + a’ = x'cos (—ed)—ey’ sin (—ed) + a’,
y = —ex’sind+4ey’'cos¥+b" = x’ sin (—ed) 4-ey’cos (—ed)+-
+ b’ u, cnemoBaresibHO, fABJsieTcs ABUXKeHHeM. [locsenoa-
TeJIbHOEe BHIMOJHEHHE ABYX mnpeo6Gpa3oBaHHil Buia (*) Takxe
ecTb mpeoOpasoBaHue Buaa (*).

Akcuoma III,. Ilycth a;, U a;, — ABe npsiMble, Al HA, —
TOYKW Ha 3THX NpPSAMBIX. Torha cyuecTByeT W HPHTOM €IHH-
CTBEHHOE [BH)XEHHEe, KOTOpoe MepeBOJUT TOuKy A, B A,,
33JJaHHYIO TOJYNPSMYIO NMPSIMOfi @; B 33JlaHHYIO NOJYNPSAMYIO
TpsSIMOil @,, 3aJaHHYIO TOJNYMJOCKOCTb, ONpelesieMyio MNpsi-
MOH @,, B 3aJaHHYIO MNOJYIJIOCKOCTb, ONpeleNsieMyio mps-
MOH a,.

Akcnoma 1IIs mosBosisieT B AOKasaTe/bCTBe CYLIECTBOBa-
HHSI OTPAHHUYHTLCS CJydYaeM, Koraa A, — Hauajo KOOpAHMHAT,,
a, — oCb x-0B, mnoJynpsMas Ha ued — x > 0 u mosymmo-.
ckocTh — y > 0. He orpanuunBas OGIIHOCTH, MOXHO CUH-
TaTh, 4YTO TpsAMas a4, 3ajlaeTca ypaBHeHHeM xsind® -+
+ ycosd® + p=0. K takomy BuAy ypaBHeHHe Jerko npH-
BOAHTCSI.
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PaccMoTpuM 1BH KeHHE

+x' =xcosb —ysind +gq, +y' = xsinb 4 ycosd 4 p.
QueBHJHO, OHO TMpSIMyI0O @, NeEepeBOAUT B ocb x-0B (y = 0).
BriGopoM g MOxHO AOGHTBCS TOro, uto Touka A, Gyner mepe-
XOJMTb B HayaJo KOOpJAuHAT. A BHIGOPOM 3HAKOB Npu x’ u y’
MOKHO YJOBJIETBOPHTH OCTAJIbHBIM YCJIOBHSIM.

B cuny akcuomn IIls enuHcTBeHHOCTH AOCTATOYHO TOKa-
3aTh B Cjydae, Korja ofe TOoukd A; COBNAjaloT C HayajoM
KOOPJAHMHAT, NOJYNpPSIMble @, — C TOJOXHTEJbHOH MONYOCHIO X,
a MOJYMJIOCKOCTH — C TOJYMJIOCKOCTbio y > 0.

O6parumcst k dopmynam (*). Tak kak (0, 0) nepexomut
B(0,0), oa=b=0.Takkaknmpuy =0, y’ =0, T0 % = 0.
Tak xak mpu y > 0, y > 0, To e = 1. CrnenoBarenbHo, ABH-
wéune — x' = x, y’ = y. EQNHCTBEHHOCTbL JOKasaHa.

Akcuoma II1,. Ecan npu nBmxkeHuu moaynpsimasi h, Kak
nesoe, H ee HayasbHasi TOUKa A OCTAIOTCS HEMOJBHXKHBIMH,
TO BCE TOUKH NOJYNPSIMOH A OCTAIOTCS HEMOABHXKHBLIMH.

Ilocne akcuom IIIs m III, mocratouHo paccmoTperh cay-
yaji, Koraa Touka A cOBnajaer Cc HayajoM KOOpPAHHAT, a
nonynpsmas kA — c nosoxurtenabHoit mosyocbto x. O6parum-
cs1 K dopmyaam (*). Tak kak npu y = 0 goskHo ObiTh y' = 0,
To @ = 0. Ilanee, Tak kKak mpu x =y=0x"=y'=0, 1O
a = b = 0. Takum oGpasoM, (opmyasl (*) umeroT ua x’ = x,

"=ey. 1 akcuoMa BHLIMOJHSETCS.

Akcuoma I11;. Ina kaxiaofi napbl Touek (X3, Y;), (¥s, Ys)
CYIECTBYeT [BHXKEHHE, MEPecTaBjsiollee HX MEeCTaMH.

Eenu Touku JexaT Ha ocH x, TO TpebyeMoe .JABHXKEHHE
X'=—x+4x +x, y=y O6wui ciyyaii CBOAUTCH K
3TOMy yacTHOMY ¢ nomoibio -akcuom III; u III,.

Akcuoma Illg. Ona kaxnaofl mapel Jsyyeil, HCXOASLIHX H3
OJHOH TOUKH, CYIIECTByeT JBHXKEHHE, HX NepecTaBiafio-
mee.

" B yacTtHOM cJayuae, Korja Jyud 3ajaloTcs ypaBHeHHs-
Mu xcos® 4 ysind =0, xcosd—ysind =0, TtpeGyemoe
JiBUXKeHHe au6o x' = x, Yy’ = —y, mmbo x' = —x, Yy = y. O6-
Ui cayyai CBOOMTCA K 4aCTHOMY NyTeM rnepexojia CHayaJja
KayuaM y = 0, xcos 2% + y sin 23 = 0 HEKOTOpbIM ABH XKEHHEM
(akcnoma III;), a 3aTem aBuKeHHeM x’ = xcosd— ysind,
y' = xsind + ycos¥ k syuam xcosd 4 ysind =0, xcos¥ —
— ysind. ’

AxcHoMa HeNnpephIBHOCTH BLINOJHSIETCS B CHJY AaKCHOMbI
Henekunaa JAsi BeLECTBEHHbIX YHCEJ.
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Akcuoma V. Yepes nannyo Touky (x,, Y,) BHE NaHHOM
npsimolt ax + by 4+ ¢ = 0 MOXHO NpOBeCTH K Heill He GoJiee
OAHOH napaJjiesibHOM.

HonycTuM, cymecTByioT ABe Takue NpsiMble a,x + by +
+ ¢ = 0w a,x 4+ by + ¢, = 0. O6e cucreMbl

a1x+b1y+q1=0} a2x+b2y+cz=0}

ax +by+c=0 ax +by+c=0

HecoBmecTUMbI. [losTomy
a, bIJ a, b,
= ’

a b

a b,

a, b,

= 0. Orcioaa

a b

M rtak kak cHcreMa
ax+ by +c =0, a,x + by + ¢, =0

HMeeT pelleHue (x = x,, Y = Y,), TO ee ypABHEHHsS 3aBHUCH-
Mbi, a CJIeOBaTe/lbHO, NpsIMble COBMNAAAIoT.
BrInoJHHMOCTD BCeX aKCHOM JOKas3aHa.

§ 3. HenmpoTuBOpPe4HBOCTb M MOJHOTA CHUCTEMbl aKCHOM
9BKJMJAOBOI reoMeTpUH

Cucmema axcuom aobot meopuu T, 6 wacmuocmu ssxau-
dosoll 2eomempuu, Henpomugopeuusa, ecAu oHA donyckaem
xomsa 6b. 00HY peaausayuro R. -

JlefictBuTenbHO, €cad Obl B T MOXHO ObIO H3 CHCTEMBI
aKCHOM BBbIBECTH J[Ba B3aMMHO HCKJIOYAIOIIHX  CJAEICTBHA,
TO 3T0 Gbl10 6bl U B R. A Tak Kak CrpaBelJIMBOCTb KaxKIOTro
yTBepXkAeHHs B R, cooTBeTcTBylowlero akcuome T', HE Bbl-
3bIBaET COMHEHHI B CHJy TPHpPOAbl Beulefl R W OTHOLIEHHH
MeXIy HHMH, TO MOJIyyeHHe TaKHX ABYX CJEACTBHH B R He-
Bo3MOxkHO. OTCl0la  HEBO3MOXXHOCTb  NPHATH K MPOTHBO-
peunio B T. ’

B nepBbix AByx maparpadax Mbl TIOCTPOHJIM peasU3aLHIO
CHCTEMbl aKCHOM 3BKJIHJOBOH TIeOMeTpHH — JeKapToBy pea-
ausauuio. IlocTpoenue 3akmouasochb B TOM, YTO Mbl yKasa-
JH CHCTeMY OGBEKTOB, YCJIOBHO Ha3BaB MX TOYKAMH H Mpsi-
MbIMH, H CHCTeMy OTHOLIEHHH MeXJy HHMH, L5l KOTOpBIX
BBHIMIOJIHSAIOTCSI BCEe YTBEPXKAEHHs, CoJepiKalliecss B aKCHO-
Max 3BKJHAOBOH reoMeTpHu. BbIBoA, uTO 3TH yTBepkieHHS
ACHCTBHTENILHO BEpHbI, Mbl CHEJAaNH Ha OCHOBAHMH COOTBET-
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CTBYIOIIUX TEOpPEeM, OTHOCSAIIHXCS K TEOPHH BelIeCTBEHHBIX
yhces. A Tak Kak 3TH TeOpeMbl B KOHEYHOM CY€Te BBLIBOIST-
Csi H3 aKCHOM apH(MEeTHKH, TO Mbl MOXeM TapaHTHPOBaTb
NOCTpOEHHE JEKapTOBOH peajH3alUH TOJNBKO MNPH YCJOBHH
HENMPOTHBOPEYHBOCTH CHUCTEMbl aKCHOM apH(MeTuku. Takum
o6pa3oM, Mbl NoJIyyaeM pelleHHe BONpPOCa O HENpOTHBOPEYH-
BOCTH CHCTEMBbl aKCHOM 3BKJHAOBOH TIeOMETPHH B CJeAyio-
mel ¢opme. .

Teopema “46. Cucmema axcuom eceomempuu 3exkiuoda He-
npoMuBopedUsa, ecal Henpomugopedusa Cucmema  QKCUOM
apugpmemuxu.

[lepefizeM kK BODpOCY O MOJIHOTE CHCTEMbl akCHOM. [lycTb
Mbl HMeeM JBe peaqn3auud R’ u R” CHCTeMBl aKCHOM HEKO-
Topoii Teopuu T. DTH peanu3auuH HA3bIBAIOTCS U30KOPG-
HblMU, €CJIH MEXZAY 3JEeMEeHTaMH 3STHX peajii3alHii MOXKHO
YCTaHOBHTb OAHO-OJJHO3HAYHOE COOTBETCTBHE, COXpaHsIoIee
OTHOILIEHHS, ONpejie/isieMble aKCHOMAaMH.

Cucrema akcuoM T HasbiBaeTCsl NOAHOU, €CH €e HeNb3sl
MONOJNIHATD HOBBIMH AaKCHOMaMH, HE BBITEKAWOIHMH H3 aK-
cuoM T U He MPOTHBOpEYAlUMH UM. KoHeuHo, NpH 3TOM npef-
M0JIaraeTcsi, YTO HOBbIE AKCHOMbI HE BBOJSIT HOBbIX OTHOLLEHHH.
Bomnpoc o mosiHOTe CHCTEMBbI aKCHOM TECHO CBSI3aH C BONPOCOM
o6 usomopdusMme Bcex ee peanusaunii. Mmenno, ecau ace pea-
ausayuu cucmemst axcuom T u3omopdrer, mo sma cucmema
aKcuom NOAHAA. . ’ .

HeficTBuTenbHO, NycTb cHcTeMa akcHoM T  HemoJiHasi.
DT0 3HAYHT, YTO CYLIECTBYET HEKOTOpOE YTBEPXKAEHHE 4,
KOTOpOe He MOXeT ObiThb BbiBelleHO W3 akcuoM T u He Haxo-
JuTcs ¢ HUMH B nportuBopeunH. Ilpu stom Mbl Moxkem oGpa-
30BaTh JBE€ HENPOTHBOPEUHBLIE CHCTeMbl akcuomM T’ u T,
NpUCOeNHHssT K akchoMaM T akCHOMY @ WJIM ee OTpHLaHUe a.

IMycts R’ m R” — peanusaunu 3THX cucreM akcuom T
B T". Kaxpas W3 HHX sBJsieTC BMeCTe C TeM peasH3alH-
eit T. Tak kak B T’ umeer mecto @, a B T” — a (oTpuilaHHe
a), To 3TH peanusauud T He H3oMOpGHBI. Y TBepKJeHHE JO-
KasaHo.

Teopema 47. Cucmema akcuom 36Kau0080U eeomempuu
noana. To ecmb Heav3s npucoeOuHume K Heti HUKAKUX HOBbX
aKCcUOM, OMHOCAWUXCA K MOYKAM, NPAMbIM U NAOCKOCMAM
U OMHOWEHUAM MeNCOy HUMU, OnpedeasiemMbim aKCUOMAMU
nepevix mpex epynn max, 4mobo. OHU He 6bIMEKAAU U3 AKCUOM
I—V u ne npomusopesuru um.
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Ins JnokasaTenbCcTBa 3TOM TEOPEMbI JAOCTaTOYHO YCTa-
HOBHTb HM30MOP(H3M BCeX peajH3alHH CHCTeMbl aKCHOM 3B-
KIuaoBOoH reomerpuu. Tak Kak JBe peajsH3allH, H30MOpg-
Hble TpeTbeH, OueBHJHO, H30OMOPGHBI, TO JOCTATOYHO JOKAa3aTb
H30MQP(H3M BCeXx peasM3aluil JeKapTOBOH peasu3alHi.

BeezeM Ha NJIOCKOCTH NPOW3BOJILHOH peanu3auuy mps-
MOYTOJIbHblE JeKapTOBbl KOOPAHHATH X, Y, KAK 3TO JesaeTcs
B aHaquTHueckod reomeTpuu. l3BectHo, uTo Kaxkjas npsi-
Masi 3ajaeTcsl JIHHEHHbIM ypaBHeHHeM BuJa ax -+ by 4 ¢ =
= (0 M KaxJoe TaKoe YypaBHEHHE COOTBETCTBYET HEKOTOPOH
npaMoii. Tak MexJy TOuKaMH U NpsIMbIMH NPOH3BOJIBHOH pea-
JIM3alHH IJIOCKOH CHCTEMbl aKCHOM SBKJHJOBOH IeoMeTpPHH
M TOYKaMH W TNpPSIMBIMH J€KapTOBOH peasu3alHH yCTaHABJIH-
BaeTcsi B3aHMHO OJHO3HAYHOE COOTBETCTBHE. DTO COOTBETCTBHE
€cTb H30MOp(H3M.

JleficTBUTeNNbHO, YKa3aHHOE COOTBETCTBHE COXpaHsieT OT-
HOlIeHHe TIpHHajMeXHocTH. Jlanee, Kak TOKasbiBaercs B
aHaJIUTHYECKOH TeOMeTpHH, CjelOBaHHe TOYeK Ha NpsIMOi
BbIpaXkaeTcsi yepe3 KOOPAMHATHl TOYEK B TOYHOCTH TaK, Kak
3T0. 6bLIO TPHHSTO HaMH NPH NOCTPOEHHH JAeKapToOBOil pea-
ausauud. HakoHen, ABH:KeHHUSI aHAJHTHYeCKH 3afaroTcs ¢op-
MyJiaMH

’

x' = xcos¥ —eysind + a,
Yy = xsind 4 eycosd + b,

T. €. TaK, Kak 3To GbLIO omnpejeseHO B JEeKapTOBOH peaJi-
3alUH.

Takum o6pasoM, Kaxnaasi peasu3alHsi CHCTEMBI aKCHOM
3BKJIMIOBON TreoMEeTPHH H30MOpPQHA JeKapTOBOH  peasnaa-
uud. M caenoBaTenbHO, 3Ta CHCTEMa akCHOM moJgHa. Teopema
JIOKa3aHa.

§ 4. He3aBuCHMMOCTb aKCHOMBI HenpepbIBHOCTH

Axcuoma a kakofi-n1u6o0 Teopun T C aKCHOMATHYECKHM
NOCTPOEHHEM HAa3bIBAeTCsl He3a8UCUMOL, €C/IH OHA He MOXKET
6biThb MOJY4eHa KaK CJEACTBHE OCTajbHbiXx akcHoM 7. O6biu-
Hblf MpHEeM O0Ka3aTeNbCTBA HE3aBHCHMOCTH TOH MJIH HHOH
aKCHOMbl @ 3aKJI0YaeTCsi B TOM, 4TO CTPOSIT peajH3anuio R
cucteMbl akcuoM T 6e3 akCHOMBI @, B KOTOPOH aKCHOMA a
He BbmoJHsiercs. EcaM Takyio peanusanuio yjaercd mo-
CTPOUTb, TO AKCHOMa @ HE3aBHCHMA. ‘
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~ HeftctBHTeNbHO, - eci Obl @ TMoOJyyajach Kak CJeNCTBHE
OCTaNbHBIX AKCHOM, TO B R Takxe Obl10 Gbl CIpaBefIHBO
yTBepXKJeHHe @, HO 3TO NPOTHBOPEUHT NocTpoeHHio R.

HIMEHHO TaKUM NyTeM Mbl JOKaXeM He3aBHCUMOCTb aK-
CHOMbI HENPEPHIBHOCTH B 3BKJIHJOBOH T'€OMETpPHH.

Teopema 48. Axcuoma wenpepvisrocmu resasucuma. To
ecmov oHA He moxcem Obimb noayweHa Kak caedcmsue ocmanb-
HOIX QKCUOM 36KAUO060L 2eomempulL.

Hoxaszameascmeo. O6osunauuM (G COBOKYNHOCTb BeIIECT-
BEHHBIX YHCeJ, COJepXKaillyil0o BCce palHOHAJbHbIE YHCHaa, a
T4KXe BCe YHCJA, KOTOpble MOJyYaloTcs M3 PalnHOHAJNbHBIX
nyTeM NpHMEHEHHs] B KOHEYHOM YHCJIEe OMepPalHil CJIOXEHHS,
BbIYMTAHHS, YMHOXEHWs, JeJeHHs H H3BJIEUEHHs1 KBaJpaT-
Horo KopHsi. OueBUJHO, CyMMa, pasHOCTb, NpPOH3BEIEHHE,
yacTHOe ABYX uucen u3 (G, a Take KOpeHb KBaJpaTHbIi H3
Jaoboro uyucaa, npuHapiexamero G, CHOBa ecTb yuciao G.
HM3BectHo, yTo uucnamu u3 G He HCUEpNBIBAIOTCS BCe Bellle-
cTBeHHBle uHcaa. U paxe Gosee Toro, MHOXecTBO uHcesn G
He GoJiee yeM CUETHO.

Ilonpo6yeM nOCTPOUTH AE€KapTOBY peaH3alHi0 CHCTEMBI
aKCHOM 3BKJIMJIOBOH TreOMETpHH MO TOMY Xe crnocoly, Kak
u B § 1, HO nosnb3oBaTbcsi OyieM He BCEMH BelECTBEHHBIMH
YHC/IAMH, a TOJIbKO 4YHcaaMH H3 G.

Takum o6pasoM, TOuKo#l Mbl 6yJeM HasblBaTb Napy 4YHCen
(x, y) u3 G, nNpPSAMOH — COBOKYMHOCTb TOYEK, YHOBJIETBO-
pAomMUX JI000My JUHEHHOMY YypaBHeHHIO ax -+ by + c=0
¢ koapduuuentamu ‘U3 G. OTHOLIEeHHe TOPsSIiKA ISl TOYEK
Ha TIpPSIMO ONpeZesHM, KaK M mnpexie. A JBHxeHHs 3aja-

anM ¢GopMmynamu
x'=mx—ny-+a Yy =nx+my-+b,

KO3(pHLMEeHTEl KOTOPbIX NpHHaAnexxaT G H, KpoMme TOro,
YAOBJIETBOPSAIOT ycaoBuio: m? 4 n® = 1. T dopMyJbl HHYEM
HE OTJIHYAIOTCS OT TeX, KOTOPbIMH MBI TNOJb3OBAIHCh PaHb-
e, TaK KaK BCerja MOXXHO MOJOXHTb m = cos &, n = +sin 9.

OnpelesMB TOYKH, TpPsSIMble H OCHOBHbIE OTHOLIEHHS MeX-
Iy _HHMH, Mbl MOXeM MNpPHCTYNHTb K TpOBepKe BHINOJHH-
mocty akcuoM. Ilpu 3TOM Bce paccyxaeHHs, HPHBEAEHHbIE
HaMH B § 2, 37ecb MOryT ObITb NOBTOpEHbl, C HEOOMBLIIHMU
H3MEHEHHSIMH H TOSICHEHHSIMH. TOJIbKO aKCHOMY HenpepbiB-
HOCTM HaM JAOKa3aTb He YyJaeTcsi, TaK Kak OHAa Boobuie He
BBITIOJIHSIETCA .
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JeAcTBUTENBHO, TYCTh & — YHCJO, HE COJAepikalleecss B
G. Kak ykasaHo Bhlllle, TaKHe 4HCJA CyllecTBYIOT. PasoGreM
MHOXECTBO Touek npsmoii y = 0 Ha JBa KkJacca, OTHOCS
B NepBbIA KJjacc Te ToukH (x, 0), y KoTopeix x < a, a BO BTO-
poil Bce TOYKH, y KOTOpbIX x > a. OueBHAHO, KaxKiasi TOYKA
NPUHAJJIENKHUT OAHOMY M3 KjaccoB (Toukd (a, 0) HeT Ha mpsi-
MOH) M KaxJblii H3 KJIaCCOB HE MYCT.

Kaxpgas Touka MepBOro KJiacCa B CMbIC/IE TNPHHSITOTO
onpefieNieHUs] OTHOLUEHHS CJEJQRAHHSA TNPENLIeCTBYET KaXK-
Joi Touke BTOporo kJsacca. Ilo akcuoMe HenpepbIBHOCTH,
eCNH OHa MMeeT MecCTo, JoJiKHa ObiTh Touka (B, 0), mpo-
u3BoAsas pa3bueHne Ha KJaaccel. UYucao B obnapaer
cBoiicTBamMu: x < B, ecau (x, 0) mepBoro kJsacca, # B < x,
ecau (x, 0) BToporo kJsacca. Ho mo onpezesieHHIO KJacCOB
TaKHM CBOHCTBOM 06J1afaeT TOJbKO 4ucao B =a. A («, 0)
He sBJsercss Touko#d mnpsiMmoil. U cienoBarenbHO, akcHoMa
HeMpPEepLIBHOCTH HE BBINONHAETCH.

Uro KacaeTcsi OCTa/lbHbIX AKCHOM, TO NOYTH JOCJOBHBIM
NOBTOPEHHEM JOKasaTeJqbCTB § 2 MOXHO YO6eIHTBCH B HX
BbI[IOJIHHMOCTH.

Takum o6pasoM, Mbl TNOCTPOHJIH peEANH3AUMIO CHCTEMb
BCeX AaKCHOM 3BKJHAOBOH TreoMeTpHH, KPOMe AaKCHOMBbI He-
NPEpLIBHOCTH, KOTOpasi B 3TOH “peajH3allH HE HMeeT MecTa.
OT0 ¥ J0Ka3hbiBaeT HE3aBHCHMOCTb AKCHOMBI HENPEpPBIBHOCTH
OT OCTaJbHbIX AKCHOM 3BKJHIOBOH I'€OMETPHH.

JlokasaHnHasi TeopeMa IO3BOJISiET MPHBECTH -COJAEPIKATENb-
HbI{ TIpUMEp HEMOJIHOH CHCTeMbl aKcHOM. lIMeHHo, cHcrema
aKCHOM 3BKJHIOBO{I reoMeTpuH 6e3 "aKCHOMbI HEINPEPLIBHOCTH
SIBNSIETCSl HEMOJIHOH. DTa CcHcTeMa MoxKeT ObIThb MOMNOJHeHa
HOBOH AKCHOMOMH (aKCHOMOI HempepbIBHOCTH), He BbITEKaloleil
M3 OCTaJIbHbIX AKCHOM H He NpPOTHBOpedalleil HM.

§ 5. He3saBucumocTb akcHOMBI mapaielbHOCTH

Teopema 49. Axcuoma napasresvHocmu 98Kaudosoli 2eo-
mempuu resasucuma. Ona He moxcem Ovime 6vigedena u3 oc-
MANbHBIX AKCUOM.

Cornacuo oOlweMy TnpHeMy JOKas3aTesibCTBA HE3aBHCH-
MOCTH aKCHOM, YKa3aHHOMY B § 4, HaM JOCTaTOYHO MOCTpO-
HTb TaKYIO peajn3alui0 CHCTEMbl AKCHOM 3BKJHJOBOH reo-
MeTpuH 6Ges aKCHOMBI NapaJJieJbHOCTH, B KOTOPOH aKCHOMa
napaJies»HoCTH He BbinosHsercs. Cefiyac Mbl MOCTPOHMM
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TaKyl0 peaju3alHio, NpuYeM JJsi MPOCTOThl H3JOXEHHs orpa-
HHYHMMCS TJIOCKOH CHCTEMOH aKCHOM.

Iloa Ttoukofi Mbl 6yleM MOHMMATD :/IOGYI0 TOUKY 3BKJH=
JOBOH TMJIOCKOCTH BHYTPH €IHHHYHOIO Kpyra

24yt <l,

noj mnpsiMoil — Jo6yI0 XopAy 3Toro Kpyra. OTHOLIEHHE MpH-
HaJJIeXKHOCTH U Mopsfika OyleM MOHHMATb B CMBICJIE 3BKJIH-
IoBoii reomeTrpuu. Haxone, ABHXeHueM OyleM Ha3bBaTb
JI00YI0  KOJUIMHEAUH!o, (epeBOJAWYI0  OKPYXKHOCTb X% -+
+ y2 =1 B ceba.

B sToii peamuszauuu, Ajas KpaTKOCTH Mbl ee OGO3HAYMM
K, TpuBHambHBIM 06pasoM BLINOJHSIOTCA AKCHOMblI MNEPBbIX
JBYX TpyNH H aKkCHOMa HenpepbiBHOCTH. Takum o6pasom,
HaM OCTaeTcsl MPOBEPHUTb AKCHOMBl  [BHXKEHHS H aKCHOMY
napaJiiesbHOCTH.

Haunem ¢ akcuoM ABHKeHHS.

3ameTuM, 4TO 3BKJHAOBH BpAllleHHSI  OKOJO  [eHTpa
Kpyra x> 4+ y% < 1, a Takxe 3epKajibHble OTPAXKEHHA B €ro
JAnameTpax CyTb ABHXKeHHS B peajusauuu K.

Hanee, npeobpasoBanue, 3afaBaemoe (HOpMYyJamn

L _xVT=B S y+8
Y= Ve BISY
ecTb asuxkenne B K. Jlins npoBepkH MOCJEIHEro COCTaBHM
x'? + y’% Jlerko y6emutbcs, yto mpu x% 4 yP=1 x'? +
-+ y'?2=1. 310 npeoGpas3oBanue, Mbl 6yaem o603Havats ero Hp,
nepesoaut touky (0, 0) B Touxky (0, B).

Akcuoma I11,. [BHKeHHs COXPaHSIIOT OTHOUIEHHE TpPH-
HAJJIEXKHOCTH.

Ata akCHOMA BBINOJHSETCS TPHUBHAJNbHBIM 00pasoM.

Akcuoma Ill,. JIBHXKEHHs1 COXPaHSAIOT OTHOIIEHHE [IO-
psdka. )

JleficTBHTENbHO, NYCTb JABUXKEHHE TIEPEBOJAUT XOpAy da
B xopay b. Ilycte masi onmpenenenHoctH obe XopAbl He na-
pajsienbHbl OCH y-oB. Bbipasum abcuuccy x’ TOuKH b uwepes
aGturccy X COOTBETCTBYoLIEeH TOUKH a. Tak Kak KoJlIHHea-
[IMY -~-33JAI0TCS  APOGHOJHMHEHHBIMH (opMyJaaMu, TO x’ Gyner
JApo6GHONIHHEAHON (DyHKUHEH OT x

I___ax+B
Tt
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drta QyHKUHS, KaK Jerko BHJAETb, MOHOTOHHA W HE CBOAMTCS
K NOCTOAHHOM, TaK Kak Toria y' Obwio 6Gbl MOCTOSIHHO, YTO
HeBO3MOXKHO. Tak Kak x’ MOHOTOHHAsi (pyHKLHSI OT X, TO, Oue-
BuaHo, akcuoma III, neiictBuTenbHO BhiNonHseTcs. Awnano-
rMYHO pacCMaTpUBAlOTCSl CJIyYyad, Korja ojiHa HJau obe xop-
Jbl MapajsesibHbl OCH Y.

Akcuoma I11;. [IBuxenus oGpasytor rpynmy.

OueBHAHO, TaK KaK BCe KOJUIMHealHH obpasyloT rpymmy.

Axkcuoma III,. Ilycte a u b — e npsimbie, A u B —
TOYKM HA 3THX NpsiMbiXx. Toraa cyuiecTByeT ¥ HPHTOM €IHH-
CTBEHHO® [BHXKEHHEe, KOTOpOe MepeBOAMT 3aJaHHYI MOJY-
MJIOCKOCTb, ONpefieNisieMylo NPsSMOH a, B 3aJaHHYIO MOJY-
MJIOCKOCTh, ‘ONpefensieMyio npsimofi b, 3agaHHylo nosaynps-
MYI0O a B 3aJlaHHYIO Nosynpsimyio b u Touky A B Touky B.

C noMmomblo 3BKJHAOBbIX BpauleHHH W JABHeHHs Hp
Toukd A ‘H B coBMewmawTCsi C LEHTPOM Kpyra. 3areM Tpe-
GyeMoe IBHXKEHHE COCTABJSIETCS] M3 BpAUIEHHs OKOJO LEHT-
pa Kpyra H, MOXeT ObiTb, 3epKaJbHOIO OTpPaXKeHHsl B JAHa-
metpe. Ilocse uwero Touka B Bo3BpallaeTcss Ha CTapoe MECTO
oOpaTHbIM JBHXKeHHeM. TakuMm oOpasoM, ABHXKEHHE, O KOTO-
pPOM HIET peyb B aKCHOME, AEHCTBHTENBHO CYLIeCTBYET.

A Temepb eIHHCTBEHHOCTb €ro JOCTaTOYHO J[OKa3aTb AJs
OUeHb CMEelHaNbHOTO Cjyuyasi, MMEHHO, Koraa Touku A u B
COBMAJAOT C HAyajJoM KOOpIUHAT, MOJYNpsIMble — C OTpe3-
koM 0 < x < | monoXHTebHOH MOJYOCH X-OB, @ MOJYIJIO-
CKOCTH — C MoJaykpyrom y > 0.

Obwas KoJsuHeanus 3ajaercsi GopMy/amu:

g = Wt by t+a r_@x+ byt
T ax+by+c’ T ax+by+c

Tak xak npu y = 0 momkHO ObiTh ' = 0, T0 @, = ¢, = 0.
Tak Kak KoJasHHealusi COXPaHsieT TPH TOUYKH mpsiMoll y = 0,
umenno (0, 0) (1, 0) u (—1, 0), To oHa coxpaHneT BCE TOYKH
31"014 npsmo#, T. e. npu y = 0 gomxHo 6biTh x* = x. OTciona

= 0, a = 0. Takum oGpasoM, (opMynbl NPUHHMAIOT BHJ

r __X+1y y By
¥ e T4 Y T T

Tak kak npu x24+y* =1 x?+y2=1, 10

(Ti;i) T ( iyﬁy)z =1
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JBOMKHO GbITb 3KBHBaseHTHO x% 4 y? = 1. OTciopa Aerko sa-
KJIOUHTD, ytofp =0, 1=0, a 8=+ 1. Tak kak npu y >0
y >0, To 8=+ 1. Y enuncTBeHHOCTb JOKa3aHa.

Akcuoma I11,. Ecnu npu auxkeHun nosynpsmas h, Kak
esioe, U ee HavajibHasi TOYKA OCTAIOTCA HEMOABHKHBIMH, TO
BCE TOUKH MOJYNPSMOIl A OCTAIOTCS HENOABHXKHBIMH.

Konnuneauusi, sajamoulasi yKasaHHOe B aKCHOMe JBHKe-
HHE, OCTaBJsIeT HEMOJBHXKHBLIMH KOHLBI XOpAbl. A TaK Kak
TPH TOYKH NPSMOH HEMOABHXKHBI NPH KOJJIHHEAlHH, TO He-
MOJABHXKHBI BCE TOUKH.

Axcuoma 111, CymecTtByer ABHXKEHHe, KOTOpoe Iepe-
cTaBjsieT ABe JaHHble TOukH A u B.

Ecan o6e TOYKH HA OCH Yy MU CHMMETPHUYHO PAacCMOJIOXKEeHb
OTHOCHMTEJIbHO Hauyajla KOOpJMHAT, TO JABHXXEHHE, O KOTO-
pOM HJET peub, €CTb 3epKajbHOE OTPa)KEHHE OTHOCHUTENBHO
ocd x. YUtoObl OOUIHH cayyall CBECTH K 3TOMY 4acTHOMY,
JIOCTaTOYHO YMeTb JBHXKeHHeM mepeBecTH ToukdH A u B B
yKasaHHOe pacmoJioxeHue, 1o clenatb Hetpyano. CHauana
ToukH A U B nepeBoAsiTcs Ha OCb Y KaKMM-HHOYIb ABHKe-
HHEM, HO TaK, 4YToObl HH OJHA M3 HHUX He Momaja B HayaJo
KOOpAMHAT. A notoM mnpuMensieM JBuxenue Hj, mogoGpas 3
Hajyiexalum obpasoM.

Akcuoma Il CyuwecTByer ABUMKEHHE, KOTOpoe Mepe-
cTaB/isieT Jyud h 4 k, HCXOJISIILIHE U3 OJHOH TOUKH.

Ecnu nyun A v k HCXOAST M3 LEHTPA Kpyra, TO 3TO ABH-
JKEHHe eCTb 3epKaslbHOE OTpaxKeHHe OTHOCHUTEJNbHO OHCCek-
Tpuchl obGpasoBaHHOro WMH yraa. OG6wui ciayyaii CBOAHTCS
K 3TOMY YacTHOMY C mHoMollbio akcHombl II1,.

Hrak, BCce akcHOMbl JBHXKeHHs B peanusauud K neficTeu-
TEJIbHO BHINOJIHAIOTCS.

Ocranocb paccMOTpeTb AaKCHOMY MNapaiJelbHOCTH. 3Tta
akcioMa B peanusauud K He BbinosHsiercsi. [leficTBUTENBHO,
yepe3 TOYKY BHe XOpJAbl MOXHO MpPOBeCTH OecyucieHHOe MHO-
JKECTBO XOpJ, ee He MepeceKalolluX.

[MocTpoenne peannsauud K H JOKasblBaeT HE3aBHCHMOCTb
aKCHOMBI NapaJsJIeIbHOCTH.

§ 6. O 3aBHCHMOCTH HEKOTOPbIX AaKCHOM JIBHXEHHS

B stoM naparpage Mbl HOKa)xeM, YTO NPHHATYIO HaMH
TPyNny AaKkCHOM [BHXKEHHS] MOXHO 3HAUHTEJbHO COKDATHTb.
ViMenno, MoxHO orpanuuuTbcsi akcHomamu III,, II,, III
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u IIl,. Ocranbubie Tpu akcuombl auxkenus 111, III; u Illg
SIBASIIOTCS CJIEACTBUEM YKA3aHHBIX YeTbipeX aKCHOM, aKCHOM
Nopsiika H aKCHOMbl HENPEepPbIBHOCTH. l'IpnBeueM LioKasaresb-
CTBO 5TOTO YTBEPXKIEHHsl B cjyuyae IJOCKoH reomerpuu. Ha-
YHEM C JOKasaTeJbCTBa CJELYIOLIEH JIEMMBbI.

Jlemma. Ilycms AB — samkuymewi ompesok u f — omob-
pasieHue amoeo ompeska Ha cebs, YydosaemBopAIOUWee YCAO0-
susam:

Omob6paxcerue [ 00HO-00HO3HAUHO, MO ecmb pPA3AUdHbIE
MmouKu nepesoOum 8 pa3Au4Hble;

2. Omobpaxcenue [ coxpansem omuouwleHue nopadka, mo
ecme ecau 8,00Hom u3 Osyx Hanpasaenuti X <Y < Z, mo
8 00Hom u3 Osyx nanpasaenui f(X) < f(Y) < f(2).

Toz0a na ompeske AB cyuwjecmeyem HenoOBUNCHAA MOMKA
omHocumensro omobpancenus f, mo ecms maxas mouxa X*,
O0as komopoti f(X*) = X*,

Hoxasameascmeo. Bribepem na npsimoit AB To HanpasJe-
Hue, B KotopoM A < B. Ilyctb Insi onpefeseHHOCTH B 3TOM
ke wnanpaeneHud f(A) < f(B) (Hac O6yzer HHTepecoBaTb
HMeHHO 3TOoT cayuyail). Ecan yTBepIeHue HEBepHO, TO BO
BcsikoM ciayuae A < f(A) u f(B) < B.

Pa3o6reM MHOXKecTBO Touek npsimoii AB Ha aBa Kaacca.
K nepsoMy kaaccy Mbl OTHeceM mpexie BCero Touky.A H Bce
ToukH, npeauectBytomwne A. [lanee Kk nepBoMy KJjaccy OTHe-
ceM BCAKVIO Touky X oTtpeska AB, eciu ANsi KaXAOH TOYKH
X’ otpeska AX X’'<f(X’'). OcraibHble TOUKH OTHECEM. KO
BTOpOMY KJjaccy. OueBHAHO, KaXIbli M3 KJacCOB HE MNYCT.

[Tokaxem, uto Kaxkmass Touka X MNepBOro kKJjacca npef-
IIECTBYeT KaxJo#l Touke Y BToporo kijacca. JleficTBUTeNbHO,
ecsid Touka X NPHHAANEKHUT K NMEPBOMY KJaccy, TO BCaKas
Touka Y, mpeawectBytomas X, Toxe NOPHHALIEKHT K NEPBOMY
knaccy. Otciona ciefyer, 4To KakAasi TOYKa MEPBOro KJjacca
NpellIecTBYeT KaxIOH TOUKe BTOPOro KJjacca. TakHM oGpa-
30M, Haule pas6ueHue Touek npsmoir AB Ha aBa Kjacca yaoB-
JIETBOpSIeT YCJOBHSIM aKCHOMbl JleneKHHJa.

Cornacuo akchoMe [lefekuunia, cyuectsyer Touka C,
Npou3BOJASILASA JeJeHre Ha KJacchl. YTBepxaaeM, uto f(C) =
= C. JonyctuM, yTBepxaenue HeBepHo. Toraa suGo f(C) <
< C, aubo C < f(C). PaccMoTpuM KaxKIYI0 H3 3THX BO3MOXK-
HOCTeH. v ‘

Tak kak oToGpaxenue f cCoXxpaHsieT OTHOIIEHHE NIOPAAKA, TO

f(A) <F(C) <[(B). *)
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Ecmn f(C) < C, 10 Ha otpeske (f(C), C) Hafizercsi Touka
X’ ‘takasi, uro
fC) < X' <f(X).

Orciona, npuHMMas Bo BHHMaunue (*), monmyuaem
F(A) <F(O) < F(X").
C apyro#i CTOpOHBI, 1O -BbIGOPY TOoukH X’
A< X' <C,

a 3TO NPOTHBOPEYHT TOMY, YTO OToGpaskeHue f cOXpaHsieT OT-
HOIUEHHe MOPsIKa.

Ecau f(C) > C, 10 Ha otpeske (f(C), C) Haiizetcsa Touka
X’, nns xoropoit f(X') < X’. Uunaue Touka C He Gbuia Obl
TOYKO#, NpousBofsilell aenenue. st Touku X' Gyjem HMeTb:

C< X'< B;
F(X') <[(C)<[(B).

M Mbl cHOBa NpHXOJAUM K NMpPOTHBOPEYHIO.

JleMma pokasana.

Jloxazameaocmso axcuomsr 111,. Axcuomoir III, yTtBep-
JKAAETCsl, YTO ecqu ABHXKeHHe [1 coxpauser noaynpsimyio a’
npsIMOH @, Kak Lesioe, TO OHO OCTaBJISIET HEMNOJABHXKHBIMH BCe
TOYKH MpsSMOH a.

IMycts o’ u a” — ABe MOJMYNJIOCKOCTH, ONpejessieMble npsi-
mo#i a. OTHOocHTeJIbHO ABHKeHHs H MoryT GbITb ABa mpeamno-
Jgoxenusi: aubo Ha' = a’, 6o Ha' = a”. B nepBom cayuae
akcuoma III, Beitekaer u3 akcuomnl IIl,. IeilicTBHTENBHO,
TOXKJIeCTBeHHOe oToGpaxkeHne H° o6najaeT cBOHCTBaMH [IBHU-
xkenusi H, a cnefoBatenbHo, no akcuome 111, H = H°. Bo Bro-
poMm cJayuyae paccMoTpuM ABu:KeHue H2. Tak kak H%a' =a’,
H?a' =o', T0 no fokasanHoMy H? gBJsieTcs TOXKAeCTBEHHBIM.
HonycTHM, BONpeKH yTBepXKAEHHIO aKCHOMbI, YTO AJSI HEKO-
Topo#t Toukn X mpsimoit a HX s X. Torza B ofHOM U3 ABYX
HanpaBJieHH# J1HOO

'™

O<HX <X, -
160
O0<X<HX.

O6a cnyuasi paccMaTpuBaioTcs aHajoruyso. M mnosromy Ml
orpanuyuMcs nepBbiM M3 HuX. HTak, nmyctb

O< HX < X. (**)
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Honsepras Touku O, HX n X nsuxenuto H, nomyunm JuGo
HO < H*X < HX,

100
HO > H*X > HX‘.

Tak kak HO = 0, H*X = X, 1o B JioGoM cayyae Touka X
nonyuaetrcss mexay O u HX, a s3to nporuBopeunut (**).

Akcuoma 111, nokasana.

Tlokazameascmeo axcuomer 111;. Axcnomoit 111, yrBepxkna-
eTcsl CyIIECTBOBAaHHE [BHXKEHHsI, [MEPEecTaBJISIIOLEro Jiobblie
JIBe JaHHble ToukH A u B.

Iycte ¢ — npsimas, coeauHsiiomass Toukn A, B n o’ —
OllHa M3 MOJYIJIOCKOCTeH, onperensieMbix npsiMoii ¢.. OGosHa-
yuM H JBUN.€HH2, YIOBJETBOPSIOUIEE YCJIOBUSIM:

HA =B, HB < B, Ha =ua'.

CyuiecTBoBaHHe TaKOro [BHXKEHHsSI OGeCrneydBaeTcsi aKCHO-
mo#t 111,. Eciiu HB + A, 10 nu6o A < HB, nu6o HB < A.
He orpanvuusas o6uIHOCTH, MOXHO cuuTaTh, uto A < HB.
PaccMOTpuM Temepb YeTblpe TOUYKH Ha NMpSIMOi C:

A, HA = B. H?*A = HB u H®A. Tak kak
A < H*A < HA,
TO Ju60
. HA < H3A < H?*A,
Jaubo g ’
HA > H3A > H?A.

[lepBasi BO3MOXHOCTb HCKJIOUAETCS, TAK KaK BJEYeT 3a Co-
6ot HA < H?A, u, cnenosatesbHO, octaetcs Bropas. Ho
TOrJa paccMaTpUBaeMble Y4eThipe TOUYKH Ha NPsAMOH ¢ pacroJa-
ralorcsi B CjefyiolleM MOpsiake:

A < H?*A < H?A < HA.

Otpesok (A, HA) nBuxenwem H? nepeBoauTcss B CBOIO
yacTb — otpe3ok (H2A, H3A) Tlo nemme neuxeune H?
OCTaBJIIET HEMOABHKHOHA HeKkoTOpylo Touky X* oTpeska
(A, HA) 3ta touka npuHaAneXHT Takke oTpesky (HZ2A,
H3A), kotopeiii siBnsietca ofipasom ortpeska (A, HA) upm
asmxennn H? Tak kak nBuxenue H? octaBnsier Touky X*
HEMOABHXHOW, a Toukn A u HA npunainexar omHOH mony-
npsimoél  ¢’, onpesensieMoll 3TOH TOYKOH, .TO OHO MEPEBOAUT
3Ty nonynpsimyio B cebs.
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Hrak, neuxenve H? ob6nafaer CleNyOMHMH CBOACTBaMH:
1) H%' = a', 2) H3X* = X*, 3) H%' = ¢'.

Orciona no pokasannofi akcuome III, sakmiouaeM, uto
H? aBasieTcs TOMKIECTBEHHbIM, H, CJaefoBaTenbHo, H24 = A,
9T0 mpotuBopeyut A < HZA.

Akcuoma I11; nokasama.

HoxazarenbcTBo akcHombl Illg o cymiecTBoBaHHH ABHXKe-
HHs, MEpecTaBJSIOMEro JYYH, HUCXOASUIHE H3 ONHOM TOUKH,
OCHOBAHO HAa TeX e COOOpaXKeHHSIX, UTO W JOKa3aTeJbCTBO
akcuomnl [II;. Tlostomy bl ero npuBoAHTE He OyaeM.



r1ABA IV
FEOMETPHSI JIOBAYEBCKOI'O

§ 1. Hekotopble npepioxeHHsi aGCOJMIOTHON reoMeTPHR

B mnpenviayweii rnaBe ObL10 JOKa3aHO, YTO aKCHOMAa mna-
paNNeNbHOCTH HEe3aBHCHMA OT OCTaJbHbIX aKCHOM 3BKJHAO-
Boi reometpuu. OTCiofia Clie[lyeT, 4TO, 3aMEHHB 3Ty aKCHOMY
ee OTPHLIAHHEM, Mbl MOJYYHM TaKXe JIOTHYECKH HEeNpOTHBO-
peunByio cucreMy. ['eoMeTpusi, ocCHOBaHHAsi Ha 3TOH cHCTeMe
aKkcuoMm, HasbiBaetcsi eeomempueli Jlobauesckoeo. B HacTosi-
el rjaBe Mbl JOKa)eM IOJHOTY CHCTEMbl aKCHOM reoMeT-
puu JloGaueBcKoro M H30MOP(H3M BCeX ee peanusanuii. 1o
NO3BOJIUT TeopeMbl reomeTpuu JloGaneBCcKoro mosyyaTb B
JI000H M3 ee peanHsalMi.

Cefiuac Mbl pPacCMOTPUM HEKOTOpble  BCIOMOTraTe/bHbE:
NIPEVIOXKEHHsI, OTHOCSIIIIHECS K' TaK HasbiBaeMod abCcoJoT-
HOH reoMeTpuH, ITO MpeANOXKEeHHS, KOTOpble BbIBOASATCS Ha:
OCHOBE MepBbIX YETbIpeX TPYNI aKCHOM 3BKJHIOBOH TreoMeT-
pHH H, TaKHM 0Opas3oM, HUMEIOT MeCTO KaK B 3BKJHJIOBOH reo-
MeTpHH, TaKk H B reometpuu JloGaueBckoro*.

UYetblpexyronbiukoM CaKKepH Ha3biBaeTCsl TaKOH UeThl-
PeXyroJibHHK, Y KOTOPOTO JBa CMEXHbIX YyIrJja npsiMble, a.
NPOTHBOMNOJIOXKHbBIE CTOPOHbI, MPHUJErawliie K 3THM Yrjam,
paBHbl. Bymem HasbiBaTb CTOPOHY ueTbipexyrosbHuHka Cak-:
KepH, COEIHHSIOULYI0O BepLUHHbI MpPSIMBIX YIVIOB, HHXXHHMI
OCHOBAaHHEM, a CMEXHble C Hell CTOPOHbI — GOKOBBIMH CTO-
poHaMmu.

* 3amerum, urto TeopeMnl 1—39 ra. III oTHocsTcs K a6comoTHOM
reometpun. B HX Jo0Ka3aTeJbCTBe MBI He MOJIb30BaJHCh aKCHOMON na-
PaJiesIbHOCTH.
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Jlemma 1. Yeaor npu eepxrem OCHOBGHUU HembLpexy2oAb-
Huka Cakkepu pasuol, U KaxcOeul u3 Hux He Ooablue NPAMOLO
yeara

PaBeHCTBO YIJIOB MpH BepXHEM OCHOBAHHH CJiefyeT H3
CHMMETPHUH UYETHIPEXYTOJIbHMKA OTHOCHTEJbHO MeprneHauKy-
Jspa, NPOBEJEHHOrO uepe3 CepellHY HHKHEro OCHOBAHHS.
Eciu npenmosiokuTh, YTO Yriibl NPH  BEPXHEM OCHOBAaHHU
Tynble, TO NO KpaiHeHd Mepe OAHWH U3 TPEYTOJbHHUKOB, Ha KO-
TOpble YeTbIpeXyroJibHHK pasOuBaeTcsl AHAroHasblo, HMeeT
CYMMY YTrJIOB GoJibllle ABYX NPSIMbIX, YTO HEBO3MOXKHO (rJ1. [
§ 2). YTBepxkmeHue ROKasaHo.

Jlemma 2. Ecau npamoyzorvueui mpeyzorenux ABC
UBMEHAEMC MAK, 4M0 e20 CMOPOHbL OCMAIOMCA MeHblle C,

. U2 o
a ocmpeil yeon B ocmaemcs menome < —e, mo ocmpeud

yeon A npu smom ocmaemcs Goavue Hexomopozo & >0,
3a8ucAuee0 om e u C.
[MocTpoum npsiMoyrosbubiii TpeyroabHuk AB,C,, y Ko-

toporo karer AC, paBeH ¢, a yron B, Goabue %—e

(uept. 13). Taxoit TpeyronbHHK cTpouTcss Ge3 Tpyna.

8,
A A Co

Yepr. 13;

8o
D

c G

HMeHHo, CcHayajia CTPOMM MpPSAMOYTOJIbHBIH TpeyroJbHUK
A’'B,C, c runorenysoii A’'B,, paBHo#l ¢, u yriaom B, pas-
HbIM -;——e. A 3arem GepeM TOoukKy A Ha NpOAOJKEHHH
karera C,A’ Tak, uro6el AC, = c.

Yteepxnaetcsi, uto yron A tpeyronbHnka ABC He MeHb-
we yraa B,AC, [Jonyctum, yTBepxkienue HeBepHo Toraa
npomosxenne AB nepecekaer ortpesok B,C, B HekoTopoH
Touke D

Tax kak cymma yraoB uerbipexyroabunka CBDC, He
GoJiblie 4eTbipex npsiMbiXx, To yroa ABC He MeHbile yraa
BDC,. A no Tteopeme O BHeLIHeM YyTrJie TPeyroJibHHKA YroJ
BDC, Gonbuwe yrna AByC, Taxum obpasoM, yron B Ttpe-
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yronbuuka ABC Gonbue / AByC,y, 4TO HEBO3MOXHO. YTBep-
XJeHHe JNOKa3aHo.

Jlemma 3. Buccexkmpuca yeaa A mpeyzorsnuxa ABC pas-
6usaem npomusonooscryio cmopory BC na ompesxu BD u
DC. Ecau yeon B mensbe yeaa C, mo DC < BD (uept. 14).

TNoctpoum na AB Touky C’ Ttak, uto6nl .AC = AC’ ¥Yroa
BC’D 6oabie yraa ABC. Orciopa BD > DC’ = DC.

A D
£
C’ H

8
Ji) A
Yepr. 14. Yepr. 15.

Jlemma 4. Ecau cmoponer mpeyeosvruka ABC ocmarom-
CA 02PAHUMEHMbIMU, Y204 0. NPU Gepuiune A HE02PAHUYEHHO
yboigaem, a yeon npu eepuune C 3akaroden 8 npedeaax
e, n—e(e >0), o BC/AC — 0 (uept. 15).

OrtaoxuM Ha npsmoii CB otpesok CD, pasubii AC Tak,
yto6bl yron ACD 6bini He MeHble npsimoro. Ilo semme 2
B NpHUMEHEHHH K npsiMoyronbHoMy Tpeyronbuuky ACE
yron DAC Goablie Hekotoporo e’ > 0. [Tlposesem u3
Toukn A snyun AB’, AB”,... obpasyoure Apyr ¢ APyrom
yrabl, paeuble a. Ilo gemme 3 BC < B'B < B"B’ < ...

Orciona CD/BC = AC/BC > <~ — 1.

12
W tak kak a0, To BC/AC — 0. ch
Jlemma 5. Ecau mpeyeorenuk ABC 9 ‘
UBMeHSAeMCA maK, 4mo e2o CmopoHsl A ; ¢
AB u AC ocmarwomcs 6oavwe ¢ > 0, ° )
a cmopora BC neoepanuyenro y6oi-
UYepr. 16.

saem, mo yeoa A mpeysoabHUKQ mooice
HeoepanuuenHo Yyboieaem.

JonyctuMm, 119 HeKOTOPOH MNOANOCJENOBATENbHOCTH Tpe-
yroabiukoB ABC yroa A 6Goablue ao > 0. IToctpoum nyu h,
o6pasyouuii yroj ao co cropooit AC (uept. 16), u Touky D
na AC, orcrosimyio oT A Ha ¢. Onyctum u3 touek C u D nep-
MeHAHKYJAsIpbl Ha Jayy h.

CC’ ue menbwe DD’, Tak Kak B NPOTHBHOM CJIydyae yroJ
E uetbipexyronbuuka Cakkepu D’ECC’ Gbin Gbl Tymnoi, Kak
BHELIHUA Yyros TpeyronbHuka EDC ¢ Ttymeim yraom D.
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Tak kak BC 6oabwe CC’, To BC > DD’. 1 Mbl nmpuxoaum
K nportuBopeunio (BC — 0). YTBepxIeHue NOKasaHO. ~

Jlemma 6. Ecau mpeyeoasrhuk ABC usmensemcsa max, umo

KancOoul u3 eeco Yyza08 ocmaemcs 6oaslie &, MO OMHOWEHUE

CMOPOH OCMACMICA 8 NOAOHCUMENbHHIX NPEOLAAX, 3ABUCALYUX OM €.

£ » Ilycte AB — Goabwass, a BC—

MeHblllasi H3 CTOPOH TPeyroJibHUKa.

OrpasuM TpeyrosibHHK 3epKaJbHO B CTO-

4 pore AC (ueprt. 17). INonyuennyio ¢u-

Typy OTpasuM 3epKasbHO B AD u T. 1.

A B 10 Tex nop, moka yroj, ob6pasyemblil

Uepr. 17. KPaHHUMH OTDE3KAMH MpH BepuIHHE A,

He craHer Tynoil. [lonyuennas ¢urypa

]
COCTOHUT H3 HEKOTOpOoro 4ucjna, He 6GOJIbILIETO e TPEYroJib-

uukoB, pasubix ABC.
Tak xkak EB Goabiie AB (yron EAB tynoii), a nomanas,

coenunswomas E u B, umeer aauHy He GOJbIIYIO -’:—BC, TO

AB/BC < . YTBepX/eHHe JOKA3aHO.

Jlemma 7. Ecau npamoyeoasusui mpeyeosvriuxk ABC ¢
npamoim yesom C U3MeHsemcs mak, 4mo €20 CMOpPOHb. ocma-
10MCA  02PAHUdeHRbIMU, a ocmpeili yeon A Heoepawu4enHo
Yyboisaem, mo

¢
AB—AC .
—sc 0
Tposenem Beicory CD w3 npsMoro g / | 8
yraa C (uept 18). U3 nxemmbl 2 cie- D
AyeT, 4To yroa B cTpemutcs K 1;— Yepr. 18.

A TaKk KaK CymMMa yrIJIOB TPeyroJbHHKA
He Gosble w, 10 yron C Tpeyronbuuka BCD ctpemurcs
K nymo. M no nemme 4 BD/BC - 0, a BD > AB — AC.

YTBepxkIAeHHe H0Ka3aHo.

§ 2. Hekotopbie BcmomoratedbHble (yHKLHH

[Mycrs (I, k) — ocTphiit yron c¢ BepunHo#t O. Bosbmem
Ha Jy4ye [ NPOM3BOJBHYIO TOYKY A H ONycTHM H3 Hee nep-
nenaukyasip AB (uept. 19). Mbl Gynem paccMaTpuBaTh TpH
QYHKLUHH:

s(B) = OB, h(A) = AB un a(A) = LOAB.
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Jlemma 8. Kaxcdas uz mpex ¢pynxyuii s(B), h(A) u a(A)
nenpepoigra. DPyurxyuu s(B) u h(A) moHomoHHBL U  6bi-
nyKasi*,

[Tycte Tenepb a — mnpousBosbHasE MNpsiMasi, Ha KOTOPOH
BEIOpAaHO KaKoe-HUOYAb HanpabjeHue (uept. 20). Ilycrb
A — mpousBojibHas TOYKA HAa TNpsiMOfl, a Touka B — BHe
npsamoil. Mel  6yzeM paccmaTpuBaTh eme  ABe (hYHKIHH
¥ (A, B)— yroa, koropuiii o6pasyeT orpe3ok AB c noJoxH-
TeJbHBIM HanpaBjieHHeM Ha npsMoil @, u p(A)—epaccros-
Hue oT B n A.

ad < A D' DAPA a
5 !
h
8 5
Yepr. 19. Yepr. 20. Yepr. 21,

Jlemma 9. Pynxyusn ¥ (A, B) Henpepoisra no oboum apey-
MEHmam, cmpozo MOHOMOHHA npu uxkcuposanHom B u usme-
Haemes 8 npedesax om Hyan 00 w. DPynxyua p(A) Henpe-
PbIBHQA, BbINYKAQ, uUMeem HenpepouleHyto nepsyro npoussod-
Hywo, u sma npoussoOHas 3asucum moavko om ¥. Ecau A —
OCHO8AHUE NEPNEeHOUKYAAPA, ONYULEHHO20 HA NpAMYlO A, Mo
p’(A)=0. lTpu A— o p’'(A)— +1.

HauneM c¢ JokasatesnbcTBa JsieMmbl 9. HenpepbiBHOCTB
CJeJye€T H3 HepaBeHCTBAa TpeyroJibHHKa (Teopema 33).

lp(A)—p(A))| < AA".

JokaxeM HenpephuiBHOCTL ¢, OT/0XHM OT mnpsiMoil a
B Touke A yroa % (A, B)—e, rae e — MaJsoe NnoJioxKHTeNbHOE
uyhcao (uept. 21). Ha cropone A atoro yrsia u otpeske AB
BO3bMeM OJiH3KHe K A paBHOOTCTOsIIHE OT TNpPSIMOM @ TOYKH
H TIOCTPOHM paBHble TNPSIMOYTOJibHbIE TpeyroJbHHkd C’D’A
u CDA’. Tak kak yron DAC 6Gonbe yrna DA'C, To A —
mexay D u A’. Tenepb ans nwoGoé Touku P orpeska AA’
no TeopeMe O BHEIIHEM YIjle TPEYroJbHHKa MNOJyYaercs

%(A, B)—e< (P, B)<d(A, B).

* Mol cTaBMM B KauecT3e apryMeHTa TOYKY, NOApasyMeBasi pac-
CTOfAHHe ee OT TouKH O.
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Orciofa HenpepbBHOCTb % NpH (PHKCHPOBAHHOM I0JIOXKe-
Huu B cnpaBa or A. HenpeproBHOCTb cneBa oT A ycraHnas-
JuBaeTcsl aHaJjoruuno. Jasbiue 3akao4aeM O HempepbiB-.
HOCTH TO oGouM apryMeHTaM A M B c momoubio JeMMbt 5.

Monotounocts ¥ (A, B) npu ¢uxcHpoBaHHOM B oueBua-
HbIM 00pa3oM cJeiyeT H3 TeOpeMbl O BHEUIHEM YTJie Tpe-
yroJbHHKa. '

8

Yepr. 22, Yepr. 23.

Jokaxem Tenepb BbINYKJAOCTb (yHKUHH p(A). Bosbmem
Ha T1npsMoii a paBHooTcrosiume oT A ToukH A’ um A’
(uept. 22). Ha mpoposmxkenun orpeska AB 3a Touky A ot-
JoxuM otpe3ok AB’, paBubiii AB. Tak kak B’A’ = p(A”),
BA’ = p(A’), a BB’ = 2p¢A), TO no HepaBeHCTBY Tpe-

yroJibHHKA
20 (A) <p(A) +p(A".

A 310 Mocne TOro, Kak HenpepulBHOCTb (PYHKLUHH p YCTaHOB-
JieHa, TapaHTUpYeT ee BhINYKJIOCTb.

HokaxeM nuddepenunupyemMocts p. Tak Kak ¢yHKuus p
BBIIYKJ1asi, TO OHA HMeeT MNpAaByl0 H JIeBYIO NPOU3BOJHLIE.
[loBropuM mnoctpoenne ueprexka 22 (ueprt. 23). Ilpemen ort-
Howenuss (A’'B + A’'B’ — 2AB) /A’A mpu A’ - A pasen
pPasHOCTH npaBoft H JeBoil mpousBoAHOH p B Touke A. Iloka-
JKEM, YTO 3TOT mpefes paBeH Hymo. Onyctum u3s A’ nepnen-
Iukyasip Ha BB’. Toraa paccMaTpHBaeMoe OTHOILEHHE MOXKHO
NpelCTaBUTb TaK

BA'—BD | B’A’—B'D
AA’ + AA’ :

3nech Kaxjoe U3 cjaraemblx iipu A’ — A crpemurcs k HyJIO
no yiemme 7. Takum o6pa3oMm, npaBasi U JieBasi IPOH3BOAHBIE P
paBubl. Otciofa HenpepoiBHAsH Au¢depeHIHpyeMOoCTh p.

To, uro mpousBOAHAst p’ 3aBHCHUT TOJBKO OT & — yria,
o6pasyemoro oTpeskoM AB ¢ npsMo#i @,— H He 3aBHCHT OT
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paccrosiuusi Mexxay A W B, ycTaHaBIHBaeTcss TOYHO TaK e,
KaK paBeHCTBO MNPAaBOH H JIeBOH INPOM3BOAHOH .C TOH JIHILb
pasuuuelf, yro Touka B’ Ha npolo/KeHHH oTpe3ka BA Ge-
percs NpOH3BOJLHO.

Ecimn A — ocHOBaHHe NeprneHAMKYJspa, ONMYIIEHHOrO H3
B na mpamywo a, to p’(A)=0. Tlpuy A—> op’(4) - +1.
OGa 3TH yTBepXKJEHUS JIEerKo CJEAYIOT H3 JeMMBbl 7.

Yepr. 24. Yept. 25

Hoxkazameavcmeo neMmbl 8. Bo3bMeM HAacTOJbKO OJIH3KHE
ot A touku A’ u A”, uto6el yraw ¥ (B, A’) u ¥(B, A") orau-
yaJuch He GoJjiee, 4eM Ha e OT a (A) (uept. 24). dTO rapan-
THpyeTcsl HenmpepbiBHOCTbIO (pyHKuMH ¥. Ilo Teopeme o BHem-
HeM yrJie TpeyroJbHHKa Ajd Jo6oii ToukH X otpeska A’A”
¥(B, A')>a(X)>98(B, A”), UTO U JOKAa3LIBAET HEI PephIB-
HOCTb (yHKuHH a. O6paTuMcs Temepb K GYHKUHMAM S U A.
Bosbmem Ha syue ! aBe Touku A u A” Ha pacCTOSIHHH €
ot A no pasHble ctopoHsl oT A. OnycTHM M3 HHX MepneH-
nukyaspsl A’'B” u A’B”. Torpa anas awo6oit ToUkH X oTpes-
ka B’B” 6ynem umetb |s(B) —s(X)| < e U caenosartenbHo,
S HenpephIBHA.

Hokaxem HenpepbiBHOCTb h. BosbMeM Ha ayue [ Tou-
€
2
porel oT A (4epT. 25). OnMycTHM H3 HHUX NepPHEHAHKYJISPhI
A’'B" uw A’B”. BosbMem Teneph Ha orpe3kax BB’ u BB’
tToukd C’ u C” TaK, 4ToGbl OHHM GOblJIH HA PACCTOSIHHHU MEHb-

KH A’ 1 A” Ha pacCTOSIHMH - OT TOYKH A 1O pasHbie CTO-

€
meM Pl oT B, H BOCCTAHOBHM MNEPNEHANKYJAPHl B 3THX TOY-

Kax C'D" u C"D". Tenepp aas kaxnuo# Touku X oTpe3Ka
D'D" |h(A) —h(x)| <e. B caMoM jaese, o CBOHCTBY JA0OMa-
HOH M ee 3aMblKalollel

XX'<X'B+BA+ AX <BA +e.
73



AHasnorHuHo
BA < X'X +e.

Orciopa [k (A) —h (X)| < e, T. e. HenpepuIBHOCTb (hyHKUHH h.
OueBnano, uto ¢yHKIHS S(B) MOHOTOHHO BO3pacTaouiasi.

n

A’ l
A l
D
0 | & 0 _k
8 8 B 8 8
Yepr. 26. UYepr. 27,

Hokaxem MoHOTOHHOCTb h. BosbMem Touky A’ sa Tou-
ko#t A Ha ayue [ (uept. 26). YTBepxkjiaeM, uto A’'B’ > AB.
B nporuBHOM ciiyuae Ha BA ectb Touka D Takasi, uto BD=
= B’A’. U B uerbipexyroavuuke Cakkepu BDA’B’ Gyner
yron D Tynoii, 4TO HEBO3MOXKHO.

JlokaxkeM BBINYKJAOCTb (PyHKUHH S. BosbMem Ha k paBHO-
orcrosiide oT B Touku B’ m B” W BOCCTAaHOBUM MNepeHMH-
Kyaspel B’A’ u B"A” (uept. 27). IlocTpoum TOUKy C TaKk,
yto6bl B’A’ = B"C. Tak kak yron ACA”
paBen yray OA’B’, a 3TOT yros He MeHb-
we AA"C, T0 o CBOHCTBY CTOpPOHBI Tpe-
YroJbHHKA, Jexxalel MOpoTUB OGoJibLIero
yraa, AA” > AC = AA’. Orciopa cie-
ayetr, uto s(A’) 4 s(A") > 2s(A), uro
H YKa3blBaeT Ha BBINYKJOCTb (YHKUHH S.

HokaxeMm BHINYKJIOCTb (GYHKUUH h.

Yepr. 28. BosbMeM paBHooTCTOsIIME OT A Touku A’

H A” M OnycTHM M3 HHX mepHeHIu-

Kyaspsl A’B’ u A"B” (uept. 28). IlomosiHUM Tenepb yepTex
N0 CHMMETpUH OTHocHTeNbHO ToukH A. Toraa CB Gynet o6-
MM NEePHeHAMKYASpOM ABYX NpsAMbiX. PaccyxpuenueM, mHo-
JOGHBIM TOMY, KaK MNpH JOKa3aTeJbCTBE MOHOTOHHOCTH f,
JIEFKO 3aKJII0YaeM, YTO OH He JJIHHHee J1I060ro Apyroro mnepneH-
JUKYAfpa, ONYIMIEHHOTO H3 TOYKH OJHOH NpSIMON Ha APYTYIO.
Tem Gosmee Jomanasi B’A’C”" wue wmenbwe BC. Orciona

h(A) + B (A7) > 2.(4),

YTO B CHJIy HENpPEpLIBHOCTH A HaeT BBHIMYKJOCTb. JleMma jfo-
KasaHa.
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§ 3. Teopema Ilugaropa «B Majom»

CorsiacHo Jsiemme 9, npousBojHasi (GYHKUHS p NPeACTaB-
JaseT co6oif HekoTopylo ¢yHKuHIO ¢ (3) yraa ¥, Tak kak
p— BbIIyKJasi (GyHKIHUS, TO ee NPOU3BOAHAsi — MOHOTOHHAsI
¢yukuusa. A tak kak % (A4, B) sBisercs CTpOro MOHOTOHHOM
¢yHkuuell npu ¢ukcHpoBaHHOM B, TOo ¢ (}) — HenpepniBHAas
MOHOTOHHasl (YHKIHA. BHIICHUM BHA 3TOH (QYHKUMH.

Jlemma 10. Pynxyua ¢ (3) = +cosd.

Hoxasameascmso. BosbMeM TNpoH3BOJIb- L
ot yron (I, k), ¢ BepwuHo#t O u mpous- X
BOJIbHYI0O TOYKy B, He coBnapatomyio ¢ O
(uepT. 29). 0 Y &k

VMeeM TOXIecTBO

CPX)=p )+ (¥)—p (X)) +
+ (@ (0)—p(Y)=0. A
[IpuMensass K kaxXao# ckoOKe TeopeMy O
CcpeiHeM, TNOJYYHM Uepr. 29.

0X¢ (8)) + XYo (%) + YO0p (93) =0,

* * *
rie ¥, ¥, U; —3Hauenns 9, oTBevaoliHe HEKOTOPHIM
Toykam oTpe3koB OX, XY u OY coorsercrBenHo. Orciojia

0X XY 0X
o7 ¢ O + 5% - o7 ¢ 82 + ¢ (¥ =0.

Tak xak ¢yHKUHH S H h BHINyKJble (Jemma 8), TO
Kaxjoe u3 otHoumenuil OX/0OY u XY/OX crpemutcsi K omnpe-
JenenHomy npeneay npu X — O. B cuny semmbl 6 3TH npe-
JeJibl OTJIHYHBI OT HYJIfl.

V3 HempephIBHOCTH ¢ H HeNpephiBHOCTH GYHKUMH o
crenyer, uro mpr X —>O0¢(d) > ¢ (@), ¢ @) ¢(0,),
¢ (8;') — ¢ (03), rme ¥, 9,, ¥, — yral, 06pasoBaHHbEIE OTPE3KOM
OB c l, k v nepneHAMKYJNApOM K Kk COOTBETCTBEHHO. TaKuUM
o6pasoM, B mnpefejse npu X — O mnosydaetcss chaepyouee
COOTHOILIEHHE

A (B) + 1 (D) + 9 () =0,
rjae

)\—limoi( p—]imﬂ'o—x

= oy ©v=lox "or:
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Ecan Mbl oTpesok OB noBepHeM Ha yroJ t, TO NpHAEM
K COOTHOILEHHIO

A+ )+ pe@+1)+ 9@ 41)=0.

Tak kak ¢yHkuus ¢ (3) HempepelBHa H MOHOTOHHA, TO
ee MOXHO pasjioXuTb B psf Pypbe

¢ (8) = Yo,

[logcraBiss 3TO pasjioKeHHe B COOTHOLIEHHE, MOJYYEHHOe
BbIlle, MOJIYYHM .

C"eim: ()\ein}), + Peim‘}z + et‘n\‘),) =0.
OTciola B CHJIy NPOHU3BOJBHOCTH T
)\e[rﬂ). + P.eim‘}, + et’m‘}. =0,
O6o3HaunM a, =4, —9,, o, =%, —9%;. ¥Yroa a, ¢ ToU-
HOCTbIO [0 3HaKa npeicTaB/seT coboit yroa cmexHwiii ([, k),
T
a a,= t+ 5. BBoas Bmecto 9y H 9, a; M a,, moMyUHM

Neines - peinas 4 | = 0,

OTgensiss B 5TOM COOTHOIIEHHH MHHMYIO YacTb W MOACTaBJisist
kg ,
ay = 5, GyleM HMETb’

Xsinnal-{—psin';—n——-o.
Tenepb yTBepKAaeTCss, U4TO B Pa3jIOXKEHHH GYHKIHH ¢ (D)
Bce KoaduuHeHTH ¢, npu |k|>1 paBHbl Hymo. [Tokaxem

. . km .
3TO CHayaJsa JJis 4eTHHX k. Tak kKak sin 5 =0, To A sin Ra;=0.

Ho A+ 0, a a, npou3BO/JIbHO, U Mbl NPHXOAHM K NPOTHBO-
peuHio.

[ycTe Tenepb ¢y #+0 M ¢ =0, mpuueM |R'| = |k |—
o6a. HeuerHble. Torma Asink’a; + p=0. Asink”a; + p = 0.
Orciona sink'a; = + sink”a;, YTO HEBO3MOMKHO NpH IPO-
M3BOJIbHOM Q.

Hrak, B pasnoxeHud ¢(yHKHUH ¢ (¥) MoryT OHITH OT-
JIMUHBIMH OT HYJISi TONbKO Cp, Cp H C_j, NPHYEM R HeYeTHO.
Orclopa cJaenyer, 4To

¢ (%) =c + asinkd + bcos kY.
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Tak kak ¢ynkuus ¢ (3) monoronna B uHTepBate (0, ),
To B He MOXeT ObiTb GOJIblIE€ €AUHHIb, a CJeL0BATe/NbHO,
paBHO €JHHHLE.

Tak Kak cp(%—l—x):—cp(%—x), cp(-’25)=0, npH
P—-0le®)|—>1, 10

¢ (¥) = tcosd.

Jlemma pokasana.
OGpaTtuMcs Tenepp K JONpPeeNbHOMY COOTHOIIEHHIO

0Xo (37) + XY (¥;) + YOp (¥3) = 0.

BosbmeM Touky B pocraTouHo fasneko oT O, a TpeyrosbHHK
OXY manbim. Torpa 3HaueHuss 4 Ha KaxJAOH H3 CTOPOH Tpe-
YroNbHHKA M3MEHsIoTCs Majo. LIMEeHHO, MOXHO CuHTaTh,
UTO HA Ka)KHo# cropoHe TpeyrosbHHKa |¢ (}')—o@(3")|<e,
€C/IH CTOPOHBI TpPEYroJbHHKa MeHblle HeKoToporo &. 310
C/ieflyeT M3 HenpepbiBHOCTH (yHKUHH & mo o6ouM anryMeH-
Tam.

[Myctb Tenepp Touka B JeXXUT Ha MNPOJOJXKEHHH Ka-
teta XY. Torna cp(%}:) =—1, |o(®)|<s |o(¥})| —cosa] <,
Tlle o — YroJ TpeyroJbHHKa, NMpoTHBoJeXamul karety OY.
Takum o6pa3oM, MB TNPHXOJHM K CJEAYIOUEMY COOTHO-

LLEHHIO
OXcosa—OY 4+ ¢'0X =0,

rae ¢’ — CKoJib YroJHO MaJjio, €CJTU MaJjibl CTOPOHBI TPEYroJib-
HHKA.

Ananoruudo, Gepsi Touky B Ha NpOROJIKEHHH JAPYroro
KaTeTa, MOJIy4HM COOTHOLIEeHHE

OXsina— XY 4 ¢0X = 0.

M3 3THX ABYX COOTHOILEHHH MOJyyaeTcsl cjefyioulasi Teo-
pema.

Teopema 50. B KaxcOom npamoyeorbHoOM mMpeyzorbHUKe C
npamoim yeaom C

AC? + BC?® = AB? + ¢AB?,

npudem € CMpeMumcsa K HYyamo emecme ¢ 2unomenysol mpe-
YeONbHUKA.
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§ 4. JluHeAHbIH 3JeMEHT MJOCKOCTH

BBefieM Ha MJOCKOCTH MOJISIPHblEe KOOpAHHATH «, U CJe-
AywomuM o6pasoM. M3 mpousBosibHO# Toukn O Hauaja Koop-
JHHAT MPOBEJEM JIyd h M CONMOCTaBHM KaxJoH Touke A mjoc-
KOCTH JBa 4HcJa 4 — paccrtossHne TodkH A oT ToukH O H
v — yroJ, KoTophlii o6pasyer moaynpsmasa OA ¢ h B 3ajpaH-
HOM HamnpaBJieHHH. BbipasuM paccrosiHne Mexay AByMs
6aU3KHUMH ToYyKaMH (4., v) U (u + Au, v +4Av) B casuc
3THM PacCMOTPHM HEKOTOPble CBOHCTBA OKDYXKHOCTH. ‘

JInMHON OKPYXKHOCTH HasblBaeTCsi Npejen JIHH, BIHCAH-
HbIX B Hee JIOMaHbIX NPH YCJOBHH, YTO 3BEHbS JOMaHbIX He-
orpanuyeHno yObiBaloT. Mbl He OyleM INOBTOPSATb XOpOLIO
M3BECTHBIX PACCYXKIEHHH, YCTaHABJHBAIOIHX CYLIECTBOBaHHE
JUTHHB OKPYXHOCTH B 3TOM CMBbICTIE. '

Jlemma 11. Jauna Oyeu oKpyscHOCMU SKBUBAAEHMHA CMA-
eusarowjeti ee xopOe. [lAuHa OKpYscHOCMU — 8bINYKAAR QYHK-
yus paduyca. ‘

Jloxasameavcmso. BosbmeM naBe 6ian3kue ToukH A u
B na okpyxHoctd (uepr. 30). Korma Touka B — A

/. COB -0, cnenosatessto, / ABO — % u £/ CBD-0.

_
[To nemme 7 BD/CB -1, a AB < AB < AC + CB. Orcioaa
5KBHBAJIEHTHOCTb AYTH OKPYKHOCTH CTATHBAIOLiel ee XOpJIe.

JokaxeM BBINYKJOCTb AJHHBI OKPY K-
HOCTH Kak (yHKUMH paauyca. DBosbmem
TPH KOHLEHTPHUYHblE OKPYXHOCTH &, R,
U ki c paguycamu p,, p, H Ap, 4+ (1 —
— M) pa (0 < A < 1). Tlpoenem u3 nentpa O
OKDY2KHOCTel n Jiyyell NoJ PaBHLIMH yrJia-
MH W BIHIIEM B KaXIYI0 OKpYKHOCTb
NPaBUJIbHBIH A-YTONbHUK C BEpLIMHAMH HA

Yepr. 30. 3THX Jayuax. O6osHauuM a,, a, U ax JJIH-

Hbl CTOPOH MHOTOYTOJIbBHHKOB.

B cuny cBofictBa BuimykJoctH GyHKuHM A (nemma 8)
CTOPOHBI @;, @; M @) MHOTOYTOJbHHKOB CBfI3aHbl HEpaBeH-
CTBOM

/)

ax <)\a, -+ (l ——)\)az.

YMHOXasi 3TO HepaBEeHCTBO Ha N U Mepexons K Mpeleny MpH
n — oo, NOJIYYHM COOTBETCTBYIOLLEE HEPABEHCTBO MEXKAY AJIH-
HaMH OKpYXKHOCTeH

E(hoy 4 (1 — M) pa) < M(py) + (1 —A) L (py).
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A 5T0 u yKasblBaeT Ha BHIIYKJOCTb [ (p) AJHHBI OKPYKHOCTH
KaK (yHKIHM paauyca.

O6osnauuM )/ G(u) ANMMHY AYTH OKPYXKHOCTH, OTBe-
qaioell LEeHTpalbHOMY yrJy B OAHH paauad. Toraa yray Av
GyzeT cooTBetcTBOBaTh Ayra Av J/ G (), a AJMHa Beell OKPy K-
HocTH 2n V G (u).

Uro6bl HallTH paccTosiHHe MeXJay ToukamuH A (u, v),
B(u + Au, v+ Av), coefMHHM 3TH TOYKH C HadaJioM KO-
opaurar O u onycTHM H3 ToukH A
nepnespukyasip AC na OB (uepr. 3l).
[lo Teopeme 50 AB?= BC?+4 AC?>+
4 AB2%; wujgu, 4YTO TO 3Ke CaMmoe,
AB? = BC? 4 AC? + ¢,BC?*+ ¢,AC?. Tlpu-
HMMas BO BHHMaHHe, uto jayra AC’
sKBHBajseHTHa orpesky AC, a oTpesok
CC’ man B cpaBHenuu ¢ AC, MoXeM 3a- Yepr. 3l.
nucatb AB? = AC’? 4 C’'B?4-¢’' AC"? 4
+4-¢’C’B2. Otciona Aasi paccTosiHusl As Mexay OJH3KUMH
Toukamu (u, v), (¢ 4 Au, v+ Av) noayuaercs ciaeayromas
¢dopmyania:

As? = Au? + GAv? 4 e(Au? 4 Av?),
npuueM ¢ — 0, koraa Au, Av—0.
3ameTHM, 4YTO, KaK 3TO cJelyeT H3 BbIBOAA, NPH MaJibixX
Au, Ay B KOHEYHOH 4YacCTH IJIOCKOCTH € PaBHOMEPHO MaJo.
KBagparuunyio ¢opmy
ds? = du® + Gdv*

Mbl- GylleM HasbiBaTb JIMHEHAHBIM 3JIEMEHTOM IJIOCKOCTH.

Ecay anvHy KpHBO# onpefesdTb Kak npenen AJIHH JiO-
MaHbiX, BIUCAHHBIX B 3TY KPHBYIO, NIPH YCJIOBHH, YTO 3BEHbS
JIOMaHbL)X HEOTPaHHYEHHO YOBLIBAIOT, TO A/IS AJHHB KPHBOMH
u = u(t), v= v(t) nonyyaercs u3BecTHass H3 MH(depeHun-
anbHOP reoMeTpHH (opMyJia

s= | VaT+Gordt,

Coctasum auddepenunanbHoe ypaBHeHHe NPSMOA. Ml
8HaeM  aTO TNPOH3BONHAN OT u IO Ayre mMpsiMOH paBHA Ko-
CHHYCV Vyraa, 06pa3yemMoro JaydoM, HCXOASIIMM H3 Hayana
KOOpAWHAT B TOYKe TNEPecedyeHuss C MNpsMOii
du 1

COsSY = ———— = ——————,
Vdu* +Gdvd V1 + Gou's
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Orciona ciefyer, 4To B KOOpPAMHATaX #, U NpsAMasl JHHHSA
ABAsIeTCS MIafKOH (v’ — HempepbiBHAsI QYHKLHSA).

Tak kak npsiMble — KpaTyailliie JHHUH, TO OHH fBJIS-
I0TCSL SKCTpeMasisiMu (yHKIHOHana

1= {VT¥Gudu.

IMombinTerpanbHasl QyHKIMS He 3aBHCHT OT 0, MO3TOMY
9KCTpeMaJii 3aJlaloTCsl ypaBHEHHEM

Gv’
V1+Go
310 U ecTh auddepenHatbHOe ypaBHe-
HHE, KOTOpOMY YIOBJIETBOPSIOT MNpsMble

aunnd. C nomotnbio opMyasl  aas cos &
€ro MOXHO npeo6pa3oBaTh K BHLY

= const.

sin® » G = const.

Yepr. 32.

Io cux nop Me o dyukuua VG
3HaeM TOJIbKO, YTO OHAa IOJIOXKHTE/bHA,
BbIYKJIa, a cJeloBaTeNbHO, HenpepbiBHA. Cefiuac Mbl moj-
BeprHeM ee jajbHeHIleMy HCC/IeJOBaHHIO.

Bosbmem Ha Jyue v =const gaBe" Touku A(u, v) H
B (u + Au, v) unocTpouM paBHOGeApeHHbIH Tpeyronbuuk ABC
c yrjaamMu npH ocHoBaHuH e (uepT. 32). Ilyctp o — yrod,
CMeXKHBIIl yray TpeyrosbHMka npu Bepuune C. Paccmor-
puMm npefen w/e npu ¢ — 0. YpaBHeHus npameix CB u CA
COOTBETCTBEHHO

sin® VG = V' G(A) sin(—e),
sin® VG =1 G(B)sine.

M3 3THX ypaBHeHH{l HeMeJJeHHO MOJyyaeTcs, YTO

limE = V—(_;(_A), lim 2 = VG®)

e+0 € VG\(_Z) 0 & VG(C‘)’

rie C —cpenuna mexay A u B. Orciona

VEW + VB _,

lim= = T2
¢ V6@



3aMeTuM, YTO A 3aBHCHT. TOJbKO OT PAacCTOSIHHS MeXAy TOY-
kamu A W B, T. e. ToabKO oT 2A.

Monoxum ans kpatkoctd V G(u) = g(u). Torza g(u)
yJOBJIETBOPSIET KOHEYHO-Pa3HOCTHOMY YyPaBHEHHIO

g(u+2h)—rg(u+h)+gu)=0. *)

Tak kak ¢yHKUMS g BBIMyKJas, TO

gu—+2h)+g(u)>2g(u+h)

H, cJeJoBaTeJbHO, A > 2,
3 TeopHH KOHeYHBIX~Pa3HOCTeHl H3BeCTHO, 4TO Hempe-

peiBHAasi (QYHKUHS g, YAOBJeTBopsiiollas ypaBHeHHO (¥),
HMeeT BHJ

g=cu-+c, ecan k=2,
g = €1€°* + c,e%, ecan A > 2.

Tak xak npu u—->0 g(u)—0, To B mepBoM cJyyae
g=cu, a BO BTOpOM g = c (e’ —e—°%). BrisicnuMm, uemy
paBHBl NOCTOSIHHBIE ¢ B 3THX (popMy.Jiax.

BosbMem Manblii  nmpsiMoyrosibHbii  TpeyroJbHuk  AOB
C MajeiM ocTpeiM yraoM- Av B BepuwnHe O (uept. 33).
Vmeem .

AB ~gAv, OA=u. Ho AB~ OAsinAv

(cM. npeapiaymuii maparpad). Ortcioaa A
gAv = usinAv. 8
CnepoBaTeibHO, NpH MalblX U g=U.
[lostomy B nepBoM cayuae c=1, a Bo 0
BTOPOM € = 5-. Yepr. 33.
(o]

Takum™o00pa3oM, Mbl NPHXOAMM K CJIEAYIOUIEH TeopeMe.
Teopema 51. Jlunednoui asemenm naockocmu umeem 00Hy
us caedyrowux gopm, aubo

ds? = du? 4 u?dv?, nu6o ds? = du? 4 (Sh w) do?,

3amerum, uTo mepBasi ¢opMa JIMHEHHOTO 3JeMeHTa Io-
JyyaeTcsi U3 BTOpPOH B mpefeste, Korga ¢ — 0,
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§ 5. INMoanora cuctembl akcuom reomeTpuu JloGaueBckoro.
H3omopdu3m Bcex ee peannsaumii

Tenepb, koraa HaiijeH KospduuneHT G JuHEHHOro 3Je-
MelTa IJOCKOCTH, MOXHO TNOJYYHTb YpaBHEHHe TIpPSMbIX B
KoHeuyHoM Bufe. JludbepeHuHasbHoe YypaBHEHHE NPSAMbIX,
KaK MOKa3aHo B NpelblaylleM Naparpage, HMeeT BHJA

Gv’
VIi+aGoz
Brosb mpsiMbiX, He NPOXOASAIIHX Yepe3 Hayaao KOOpJH-
HaT, MOXKHO paCcCMaTpHBaTb U KakK prHKU.PIlO 0. IIJ'Iﬂ TAKHX

npsMbIX AuddepeHUHalbHOE YypaBHEHHE MOXHO 3alHcaThb
B BHJe

= const.

u'? 1
<= + ¢ = const.
Tenepp BBelJeM HOBYIO HeHW3BeCTHYIO (YHKUHIO A, mo-

2
sh 2cru A = cthou.
[+

1
aaras npu G = u? A=—, a npu G=
Torga noayyuMm cJjepyloulee ypaBHeHHe IJs1 A
A2 4 A* = const.
ﬂ,uqxpepeﬂuupya 3TO ypaBHeHHe, noayyum A’ (A" 4 A) =
Tak kak u’, a ciefoBaTesbHO, A, oGpauiaetcsi B HYJIb TOJ]bKO
B OfHOH TOuKe, TO A" 4+ A = 0. Oémee pellleHHe 3TOro ypaB-
HeHHS, KaK H3BECTHO, A = ¢,COSU - ¢, sinv. TakuM oGpasom,

MBIl 1I0Jly4aeM ypaBHEHHe BCeX MNpSIMbIX, He NpPOXOASALIUX
yepe3 HayaJio KOOpPAHHAT, B cjydyae G = u?:

= C,U COS U -} cou sin v.

[IpsiMble, mpoXoAsimiHe uYepe3 HayaJO KOOpAHHAT, 3aLal0TCH
ypaBHeHueM v = const. Ortciofa cJjenyer, 4To Bce NpsiMble
Ha NJOCKOCTH B cayyae G = u® 3ajal0Tcsi ypaBHEHHEM

U cosv + cou sinv 4¢3 = 0.
DyKkBa/JIbHO TaK Xe HHTerpHpyeTcsl ypaBHeHHe B CJyuae
1 2
G=— sh®ou u oflee ypaBHeHHe TMpSMBIX MOJYyYaeTcs
B BHJe
¢, thoucosv+ cythousinv 4 ¢, = 0.

BBenem Temepb BMeCTO u, U KOOpAHHATH X H Y, . IO-
Jarasi B TNepBOM CJyyae X =uCOSU, Yy =usinuv, a BO
BropoM x = thoucosv, y=thousinv. B nepsom cayuyae x
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M Yy MOryT NPHHUMAThb JioOble 3HAueHHsi, BO BTOPOM e
cJyyae, TaK Kak | ﬁlcul <1,

x4+ yt=thteu <.

B o6Goux cayyasix mnpsMble 3aJaloTcs JHHEHHBIM YpaB-
HeHHeM C;x + oy + ¢ = 0.

OueBHAHO, B TNEPBOM cJydyae BHINOJNHSAETCS aKCHOMa Ma-
pajeNbHOCTH DBKJIHAA, a BO BTOPOM — aKCHOMa  TnapaJ-
JejqbHOCTH Jlo6GaueBckoro.

Kak Bbipaxkaercss B KOOpJAMHATaX YCJIOBHE CJI€JOBaHHUf
TOUEK HA MpPSIMOA B TOM HJIM JAPYroM HanpasJIeHHH?

B cnyuae nosnsipHbIX KOOpAMHAT u, U JJs TNpPSIMOH, HE
npoxojsuled uepes Hauajso O, ciefoBaHHe TOYEK B TOM HJIH
JpYroM HanpaeJeHHH BbIpAXKaeTcsi, OYEBHAHO, B MOHOTOH-
HOCTH U, a AN NPSAMOii, NMPOXOAsiLed uepe3 HAYaJO KOODIH-
HAaT, B MOHOTOHHOCTH 4. Ec/M NpHUHSATD BO BHHMaHHe CBfI3b
MeXxAy U,V H X,jy, TO MOXHO NOKa3aTb, YTO B KOOpAHMHATaXx
Xyy CJellOBaHHEe TOYeK B TOM HJIH JAPYIrOM HaNpaBJeHHH Bbl-
pa)kaeTcsi B MOHOTOHHOCTH X H Yy, NOJAOOHO TOMY KakK B J€Kap-
TOBOH peaju3aluH. .

Kakue npeo6pasoBaHHsi KOOpAMHAT X,y 3aJalOT JABHXKe-
HHS B IIocKocTH JloGaueBckoro?

Ecnn  conocraBuTh TOYKe mjockocTH JloGaueBckoro ¢
KOOPAHHATAMH X,y TOYKY 3BKJHAOBOH IJIOCKOCTH C TeMH e
JeKapTOBbIMH KOODAMHATAMH, TO peub HAeT O mpeobGpaso-
BaHHAX Kpyra x® + y?> < | B cebsi, mpH KOTOPbIX MpsiMble
nepexoidaT B npsiMble. M3BecTHo, uTO Bce TakHe mnpeoGpaso-
BaHMs SIBJSIIOTCA NpPOoeKTHBHbIMH. Ho Bcsikoe M Takoe mpe-
o6pa3oBaHue SIBJSIETCS ABHXKEHHEM?

[Tyctb S — Kakoe-HHOGYAb NpPOEKTHBHOE MpeoGpasoBaHHue,
nepepoasiuee Kpyr x* 4 y? < 1 B ce6s. OHO nepeBOAUT TOY:
Ky (0,0) B HekoTOpylO TOuky A, nosynpsMyo x > 0y = 0 —
B MOJIYNPSIMYI0 @ M MNOJMYIJIOCKOCTb Y > 0 — B HEKOTOpYio
nonymiaockocts a. Ilo akcuome III, cymectByer aBuxkenwe,
T. €. NPOEKTHBHOE mNpeoOpasoBaHHe, o6sajaiolee yKasaH-
HBIMH CBOMCTBaMH S. A KaK NOKa3aHO NpH NOCTPOEHHH pea-
Jusauvd K B § 5 ron. 111, S epuncrBenno. Orciona caenyer,
4TO0 S — ABHXKEHHe.

Tak Kak npu BBEJEHHH KOOPJHHAT X,y Mbl He KOHKpPETH-
'3MPOBAJIM peasin3alHio reoMeTpur JIo6ayeBCKOro, TO Bhillie-
H3JIOXKEHHOE TMO3BOJISIET 3aKJIOUHTb, YTO KaXKjas peanusa-
unsi reomerpuu JloGayeBckoro HusomoppHa ee K peanusa-
uxd. Ota peanusauus Obwia ykasana ®. Knelinom. Taxk' kak
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ABe peayU3alHH, H30MOP(pHBIE TpeTbed, H3OMOP(HBI JAPYT
Ipyry, TO Mbl JOKasajH, TaKuM o0pasoM, CJEAYIOLLyio Teo-
pemy.

Teopema 52. Bce peaausayuu cucmembl aKcuom nAocKod
eeomempuu  Jlobawesckozo  usomop@rer. H  caedosameirsHo,
cucmema axcuom eeomempuu Jlobavesckoeo noaxa.

§ 6. Bakneiimine uHtepnperauud reometpuu JloGauesckoro

Yacro peanusauuio cucreMbl akcuoMm reomerpuu JloGa-
YeBCKOIO HasblBAIOT TaKXKe HHTepnperauueii reomerpuu Jlo-
6aueBckoro. C oJHOH M3 HHTEpNpeTalUHHd Mbl MO3HAKOMH-
aucb B § 5 ra. IIl. 310 unrepmperauna Kaeiina. Ceiuac
Mbl DacCMOTPHM ellle ABe HHTepmperauud. OQHa U3 HUX TpH-
Haanexxut bBeabrpamu, a jpyras — Ilyankape.

Kak u3BecTHO, Ha noBepXHOCTH F NOCTOSHHOH OTpuLa-
TeJIbHOH TrayccoBOH KpHBH3HBI K MOXHO BBECTH TaKyiO KO-
OpJHHATHYIO CeTb &, U, YTO JIHHEHHBIH 3J€MeHT ee Oyler

HMETb BHJ
—_—\ 2
shV=Ku
ds?® = du?® - (—:K—) de?.
V —K
B TouHOCTH TakKoOH Ke JIMHEHHBIH 3J€eMEeHT HMEeT H ILJIO-
ckocTb JloGaueBckoro mnpu o2 = —K. ComocTaBHM TOYKe

naockocTd Jlo6aueBCKOro ¢ KOOPAMHATAMH U, U TOYKY TO-
BepxHocTH F ¢ TeMH e KoopAHHaTaMH. Tak Kak npsimbie
SIBASIOTCA KpaTYaHlLIUMH JIMHHSIMH, TO HM Ha TOBEPXHOCTH
F B cuny u30oMeTpUH YCTaHOBJIEHHOTO COOTBETCTBHSI OYyAyT
COOTBETCTBOBATb reofieanueckue. Tak Kak JBHKEHHS] coXpa-
HSIOT AJHHBI OTPE3KOB, TO Ha MOBEPXHOCTH F MM COOTBeT-
CTBYIOT H30METpPHUECKHE OTOOpa*KeHHsi, NMPHUYEM Kaxioe H30-
MeTpHueckoe OTOOpa)keHHe COOTBETCTBYET HEKOTOPOMY ABH-
JKEHHIO.

Tak Mbl NoJyyaeM HHTEpPHPeTalHio IJOCKOH TIeoMeTpHH
JloGaueBckoro.” dra uHTepnperauuss Obia ykasaHa besbt-
pamu. HejpocratkoM ee sIBJSieTCA TO, YTO B 3BKJHAOBOM IIpO-
CTPaHCTBE He CYLIeCTBYeT {IOJIHOH NOBEP XHOCTH NOCTOSIHHOU
OTpHUATEJNbHOH KPHBHU3HB, He HMeloulell OCoGeHHOCTel Ha
KOHEUHOM pacCTosiHiH. TakuMm oOpasoM, B 3TOH HHTepIipe-
TaUMH MOXHO NpEeACTaBUTb TeOMETPHIO He BCeH IIOCKOCTH
Jlo6aueBCKOro, a TOJIBKO €e YacCTH.

IlpeumyiecTBOM JaHHOH HHTepIpeTauMH Tepex ApYrH-
MH SIBJISIeTCS -TO, YTO H3MepeHHsi OTPe3KOB H YIJIOB B Heil
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6nuxe HALUMM HATJSAHBIM NPEACTaBNIE€HHSAM, 9eM B JDYrHXx
HHTeprpeTauHsax. 3[ecb pacCTOsiHHe MexJy TOYKaMH — 3TO
JAJHHA OTpe3Ka TreoJe3HYecKoH, COENHHSIOMEH 3STH TOUKH,
a yron Mexay NpsIMBIMH €CTb He YTO HHOE, KaK YroJ Mexiy
reoJIe3H4eCKHIMH B CMBHIC/Ie JH(pdepeHIHalbHOH T[eOMETpHH.
IlepBoe oueBuaHO, a BTOpOE CJIE/yeT H3 elIHHCTBeHHOCTH yraa,
ycTaHaBjuBaeMoii Teopemol 39.

Hurepnperaunsi Ilyankape nosnyuaercs u3 uHTepmpeTa-
uun Kneitna caenyromuM obpasom. Kpyr x? + y2 < | npo-
ekTHpyeTcsi Ha nonycoepy x2 4 y* + 22 =12 > 0, a noay-
chepa — u3 nogtoca (1,0,0) Ha maockoctb yz (cTepeorpacdu-
yecKas npoekuusi). B nepBom mpoekTHpoOBaHHH XOpAbl Kpyra
nepeiiiyT B MOJYOKPY’KHOCTH Ha cgepe, NepneHAuKy.Jasp-
Hple 3kBatopy 2 = 0. A mpu BTOPOM NPOEKTHPOBAaHHH 3TH
NOJYOKPYXKHOCTH NepedAyT B IMOJYOKPYXKHOCTH HJH MOJY-
npsiMble MOJYIVIOCKOCTH y2 2z > 0, neprneHJUKYJsipHbE OCH Y
(npu  cTepeorpadHyeckoM NPOEKTHPOBAHHH YTIJbl COXpaHsi-
IOTCA H OKPYXKHOCTH NEPeXOAsiT B OKPYXKHOCTH HJIH TpsMbIe),

Takum o6pasom, B unrtepnperauuu Ilyankape npsmble
Jlo6aueBckoro wu300paxKaloTcsi NOJYOKPYXKHOCTAMH H MoOJy-
NPSAMbIMH  TIOJYIJIOCKOCTH y2 2z > 0, nNepneHAuKyasipHbIMH
ocH y. [BnxeHusaM B maockocTH JloGaueBCKOro COOTBETCT-
BYIOT npeoOpa3oBaHusl Nogaymockoctd z > 0, B ce6Gs nepe-
BOASIHE TONYOKPYXKHOCTH M MOJYINpsiMble, NepneHAHKYAsip-
Hble OCH Yy, B MOJYOKPYXHOCTH H moJaymnpsiMble. Bbisicuum,
4TO NPeACTaBASAIOT COO0H 3TH npecOpasoBaHHS.

OueBuaHo, npeoOpa3oBaHHsi  HHBEPCHH  OTHOCHTENBHO
LeHTPOB Ha OCH Yy, NpeobpasoBaHHsl NMOAOOHS OTHOCHTENLHO
TOYeK 3TOil OCH, 3epKaJjibHble OTPaXKeHHS! B NPSMbIX, HepeH-
AHKYJSPHBIX OCH Y, H CABHTH BJOJb OCH Yy SIBJISIIOTCS IIpe-
00pa3oBaHHAIMH, MEPeBOASUIMMH  TOJiyNpsiMble M TNOJYOK-
PYKHOCTH, MeprneHAMKYJspHble OCH Y, CHOBA B  TMOJYINpsIMble
HJIH NOJNYOKPYXHOCTH, NeprneHAHKy.asipHble ocH y. Kaxjioe
Takoe mnpeoOpasoBaHHe H HX KOMOGHHALHS COOTBETCTBYIOT He-
KOTOPOMY JBHXEHHIO B MJOCKOCTH JloOaueBcKoro, Tak Kak
€My COOTBETCTBYeT KOJJiMHealHsi B HHTepnperauun Kueiina.
Ho Bcsikoe aiu BH>KeHHe N0J1yyaeTcsi OAHHM M3 YKa3aHHBIX ClO-
co6oB? Jlng Toro 4roObl OTBETHTb HAa 3TOT BONMPOC YTBEPAH-
TeJNIbHO, HAaJ0 MOKa3aTb, YTO 3THX NpeoOpa3soBaHMH JAOCTATOu-
HO, 4TOObl YAOBJIETBOPHUTbL TPeOOBAHHIO CYIIECTBOBAHHS JBH-
XeHHs, colepxkaiuerocsi B akcHome I11,.

Ilycte A, B — nBe TOYKH, @ # b — noaynpsiMble U a, B —
NOJNYIJIOCKOCTH, O KOTOpbIX MAeT peub B akchome -I11,. Ha-
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JI0 yKasaTb ‘JIBUXKEHHe, KoTopoe nepeBogutr A B B, a B b u
a B B. IlokaxkeM, uyTo yKasaHHbIX MNpeoOpa3oBaHHi JOCTa-
TOYHO, 4TOGbl 3TO OCYILECTBHTb B HHTepnperauuu I[lyanka-
pe. Ecin a — 4acTb MONYyOKPYXKHOCTH, @ He MNOJYNpPSIMOH,
TO MBI IIOBepraeM ee HHBEPCHH OTHOCHTEJIbHO OJHOTO H3 KOH-
IOB TNOJYOKPYXHOCTH H TakHM o0pa3oM INepeBOAHM B MOJY-
npsiMylo, nepneHAHKyaspHYio ocH y*. To ke jenaeM u c b.
Tenepb CABHrOM H 3epKa/lbHbIM OTpa)KEHHEM COBMeLlaeM
nonynnockoctd a u B. M HakoHeu, nogoGueM OTHOCHTEJBHO
KOHLA TOJNYNpsIMOH, Ha KOTOPOH JiexaT a u b, coBMelaeM
A u B. CremoBatenbHO, YKa3aHHbIMH  BHile __Apeobpa-
30BaHUSMH M HX KOMOMHAUMAMH  HCYEpNBIBAIOTCS  BCe
JBHXKeHHs1 mockocTd JloGaueBckoro B HHTepnperauuu [lyaH-
Kape.

3aMeTHM, YTO BCe INepeyHCJIeHHble Npeo6pa3soBaHHUs: WH-
BEpCHH, CIBHTH, 3epKajbHble OTPa)KeHHs1 H INOAOOHSA CYTb
KoHpopMHBble npeobpasoBanusi. Orcioja cjeiyeT C  IOMO-
INbIO YTBEPXKAEHHS €AMHCTBEHHOCTH MJs1 Mepbl yrsa (Teo-
pema 39), uto B HHTepnperaund Ilyankape wepa yrJaa.B
cMbiciie reoMeTpud JIoGaueBCKOTO  COBMajaeT C Mepoil  ero
B 3BKJHJOBOH TI'€OMETPHH.

[Tokaxkem, uto B mHTepnperauuu Ilyankape OKpyKHOCTH
Jlo6ayeBCKOro H300pa)kaloTcsl 3BKJHAOBBIMH  OKPYXHOCTS-
Mu. JlefiCTBUTEJIbHO, OKPYXHOCTb  OTJHYaeTcs  TeM, 4TO
OHa MepeceKaeT MOJA MNpPSMbIM YIVIOM BCe MpsiMble, NPOXOJs-
mue yepe3 ee HeHTp. Tak Kak Nyuky npsmbix Jlo6aueBCKOro
COOTBETCTBYeT B HHTeprperauud IlyaHkape mnyyok OKpyxX-
HocTeff, a OpTOTOHaJbHble TPAeKTOPHH NYy4YKa OKPYXKHO-
CTefi, KaK H3BECTHO, OKPYXKHOCTH, TO Mbl H 3aKJIO4aeM, 4TO
okpyxHocTaM JloGaueBckoro Ha mnosymaockoctd Ilyankape
COOTBETCTBYIOT OKPYXKHOCTH DBKJIHJA.

N3 wunrepnperaunu I[lyaHkape Ha NOJYIIOCKOCTH MOX-
HO TOJIYUHTb HOBYIO HHTEpIpeTaluio, NMOJABEPrHyB 3Ty IMO-
JYIJIOCKOCTb NpeoGpasoBaHHI0 HHBEPCHH OTHOCHTENBHO Ka-
KOH-HHOYb TOUKH JOMOJIHHTENbHOH mnoJymirockocT. [lpu
3TOM TNOJIYNJIOCKOCTb NepeijeT B HeKoTopbld Kpyr x. Ilps-
MbIM . JIo6aueBCKOro B 3TOH HHTepNpeTalHH COOTBETCTBYIOT
OKPYXKHOCTH H TMpsIMble, TNepNeHJUKYJSIPHblE OKPYIKHOCTH
Kpyra %. JIBHXKEHHSI OCYILECTBJSIIOTCS HHBEPCHSIMH OTHOCH-
TeJbHO OKPYXKHOCTEi, NepNneHAUKYJSPHBIX OKDYXKHOCTH %,

* IIpH HHBEPCHH OKPYMHOCTH OTHOCHTE/JBHO OAHOH H3 ee TOueK 3Ta
OKPYKHOCTb MEPEXOAHT B NpPAMY!IO,
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3epKaNbHbIMH OTPa)KEHUSIMH B JAHAMeTpax 3TOil OKpYXKHO-
CTH M BpAalUleHHsIMU OTHOCHTeNBHO Kpyra. B 3roii uHTepmpe-
TalUMH TaK e Mepa yrja B CMbiC/ie FeOMeTpHH JloGaueBckoro
COBMAajaeT C 3BKJHA0BOIl Mepoii yrua.

OnucaHHyI0 HHTEPNpETalHI0 MOXKHO ObUIO Obl TOJYYHTb
H HenocpeACTBEHHO H3 HHTepnperauuu Kieiina, Geps crepeo-
rpaduueckyio mpoekiuioo He U3 moJoca (1,0,0), a u3 mosroca
(0,0 — 1) na naockocts xy. Orcloga cieayer, Yto B HHTep-
nperauun KreliHa B LeHTpe Kpyra Mepa yrJjia B 3BKJIHAOBOH
reoMeTpud H reoMeTpuH JloGaueBCKOro coBmajaer.

Tenepb etle HeckoNbKO CJIOB 06 H3MEpEeHHH OTPE3KOB
u yrnoB B uHTepnperaunu Kaeiina. Ilycte A m B — age
TOUKH- IJIOCKOCTH JloGaueBckoro B HHTepnperauuu Kieiina,
C u D — KOHUB XOpAbl, HAa KOTOPOH JEXHT OTpe3oK AB.
Jlerko BHAeTb, uTO (YHKUHSI AJS OTPE3KOB, onpejensemas

¢opmy ok
w(AB) = k[In(ABCD)|,

rae (ABCD) o6Go3HaueHO aHrapMOHHYECKOe OTHOLIEHHE TO-
yek, oOsajjaeT CBOKCTBAMH Mephl MJs OTPe3KOB, MepeuHc-
JeHHbIME B TeopeMe 38. B camom Jese i — MOJIOXKHTENbHA.
OHa HMHBapHaHTHA OTHOCHTEJbHO MABHXXEHHH, TaK KaK HH-
BapHaHTHO AHrAPMOHHYECKOE OTHOLIEHHEe OTHOCHTEJbHO IpO-
eKTHBHbIX npeoOpasoBanuii. Y HakoHel, oHAa  ajNHTHBHA,
TaK Kak ecnd Touka X Mexay A u B, 1o (ABCD) =
= (AXCD) (XBCD). B cuny yTBepKIAeHHSI €IHHCTBEHHOCTH
yIOMSIHYTOH TeopeMbl W moJyudaercsi, uto p(AB) ecTb Mepa
JJIHHBL.. '

AnanornyHo ¢yHKUHS, ompejeisieMas Aas YrJoB ¢op-

MYyJIoi

Y (h, k) = k|In(hkaB)|,
rie h, B — CTOPOHE! yIJIa, 2 a | B — kacaresbHbIE K OKPYX-
HoctH x® + y® = 1, npoBefieHHble M3 BepLIHHbl YIJa, €CTb

Mepa LISl YIJieB. Ilnﬁ TOro 4toGbl NPSIMOMY YIJy COOTBET-

CTBOBAJIO 3HauyeHHue Haao0 B3ATb k=

T
2 P

B 3akJjioueHHe 3aMeTHM, YTO CYILECTBYIOT HHTEpIpPETaLHH
Kneiina u Ilyankape Ans npocTpaHCTBEHHOH [eOMETpPHH
Jlo6aueBckoro. ‘B unrtepnperaunu Kiefina toukm JloGaues-
CKoro u3oGpaxaioTcsl Toukamu wapa x% + y? + 22 < 1, npa-
Mble — OTpe3KaMH 3BKJIHIOBbIX MPSIMBIX BHYTPH Iluapa, a
MJOCKOCTH — KYCKaMH 3BKJHJOBBIX IUIOCKOCTEH, COAepiKa-
mHuxcsd BHYTpH wapa. [lopsaok Touek B CMbIC/e reOMeTpHH
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JloGaueBckoro coBmajaeT C MOPSIAKOM HX B 3BKJHJ0OBOM
cMbicaie. JIBHXKEHHSI NPEACTaBASIOT cOGOi NPOEKTHBHbIE Mpe-
0o0pa3oBaHHs, COXpaHsIOUIHe OrpaHHYHBalOMYy0 map cepy
x4+ y* + 22 = 1, Kak ueJoe.

§ 7. Hekortopbie ¢akTh reometpuu JloGaueBckoro

Tenepb, korza JokaszaH H3oMOpGhH3M BCeX peayH3alHi
reomeTpHn JloGaueBCKOro, HCTHHHOCTb KaKOro-iu6o yTBep-
XKJeHHs 3TOH reoMeTpHH JOCTATOYHO YCTAaHOBHTb B KaKoOM-
HUOyIb W3 ee uHTepnperauuii. Mbl paccMoTpuM ceifyac He-
CKOJIbKO TPHMEpOB.

CosokynHocms npaMblx HA NAOCKOCMU, NPOXOOAUWUX He-
pe3 mouky A u He nepecexarouyux NpAMyr a, 3anoaHsem 06a
gepmuxarbrox yeaa. Cmoponer amux yeao8 moosie npuradae-
Ham K HucAYy 9MUX NPAMbIX.

YTBepxJAeHHe OYeBHIHO, JOCTATOYHO OGPATHTLCS K HH-
teprnperaund Kuneina. CropoHbl 3THX BepTHKAJbHBIX YIVIOB
Ha3bIBaOTCS hapaisesamu Jlobauesckoeo. OfHa W3 HUX YCJIOB-
HO HasblBaeTCs NpaBoH, JApyras — Je€BOH.

[MapaxnenbHocTh mnpsaMbix, no Jlo6aueBckomy, obGJsanaer
CNeNyIOIUMH CBOJCTBAMH, JIETKO YCTaHABJIHBAeMbIMH C  MO-
Mollbio HHTepnpertaunn Kieiina.

Ecau npamas a — napaaseasna b, mo b — napaaiens-
Ha a; ecau b — napaasesdbHa a, u ¢ — nAParIesbHA a 8 MOM e
Hanpasrenuu, mo b — napaiiersHa c.

Jns Toro uytoObl MOMYYUTb JanbHeiillide cJeICTBHd, Ja-
UM TPOEKTHBHYIO XapaKTEPUCTHKY YCJIOBHS NeprneHIuKy-
JIIpPHOCTH Npsivbix B HHTepnperauuu Kaeiina. Ilycte B nen-
Tpe Kpyra Kuefina nepecekaiorcs npsiMble a u b moj mps-
MBIM YIJIOM B cMbicie DBKJauAa. Toraa oHu mepecekarorcs Nojg
NpsSIMBIM YIJIOM H B cMbicjie JloGaueBckoro. [leficTBHTeNBHO,
3epKajibHoe OTpa)keHHe Kpyra B OAHOH H3 CTOPOH yrJya nepe-
cTaBjisieT cMexkHble yraibl. [IpsiMble, nepecekarouiyecsi B LieH-
Tpe Kpyra nojJ MNpsIMbIM YTJOM, NOJSIPHO CONPSi2KEeHbl OTHO-
CHTEJIbHO OKPYXHOCTH Kpyra. Tak Kak aBHkenusi Jlo6aues-
CKOTrO CyTb MNpPOEKTHBHble INpeoGpasoBaHHs, COXpaHsiioUiHe
OKPYXXHOCTb Kpyra KueiiHa, To 3TUM CBOACTBOM NOJSPHOH
CONpSIXKEHHOCTH 00JaflaloT Jio0ble NepneHANnKYJspHbIe MNpsi-
Mble.

Orciona cnenyer, 4To AJisi TOrO YTOGbl MPOBECTH NepIeH/n-
KyJsip H3 JaHHOK TOYKH A K JaHHOH mMpsMOH @ B HHTepIpe-
tauud KoeiiHa, Hajlo coefuHUTb A C TmOJIOCOM NpSMOH a.
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Ecau Ose npamole a u b nepecexaromcs, mo oHu He umeron:
obugeeo nepnendukyaapa. JleHCTBHTeNbHO, NepNeHAHKYJsIp:
JOJIXKeH NPOXOAHTb yepe3 MNoJioC @ M nomwoc b, HO TOr-
Jla OH sBJIsieTCS MOJsIpOH TOYKH mnepeceyeHus a u b. Tak
KaK 3Ta ToYka BHYTPH Kpyra, To ee Mojsipa He nepecekaer
KpYT.

Ecau Ose npamele a u b He napaasresbHel U He hepeceKa-
romes  (makue npsamble HA3LIBAIOMCA  PACXOOAUWUMUCA), MO
OHU UMerom u npumom oOur obuyuti nepneHduxyassp. B uutep-
nperauud KaefiHa 3TOT mepneHAMKYJsip eCTb MOJsipa TOUYKH
nepeceueHus a u b.

Mapaaresvrole npamoie a u b ne umerom Hu 00HO20 06-
weeo nepnendukysspa. B uHtepnperauun KiefiHa mnpsmas,
coe/UHsiIONAs TOJIOCBI @ H b, Kacaercs OKpPYXHOCTH:
Kaeiina.

Ilycms a u b — Ose at0bvle npsamele 8 naockocmu Jloba--
4eckoeo. Toeda He 6CAKAA NPAMas, nNepneHOUKYyAspHas a,
nepecexaem b. JlefictBuTenbHO, B wuHTepnpetanun Koefina
He BCsIKasi NpsiMasi, NPOXOAsLIasi yepe3 MOJIOC @ H nepece-
Kamwollasi Kpyr, nepecekaer npsamyio b.

Ecau a u b — Ose napaareavrvie npamete Jlobadesckoeo,
MO OHU HeoePAHUHEHHO COAUNCAIOMCS 8 O0OHOM HANPABACHUL:
U Heo2paHuveHHo YOaAoOmca 8 OpYyapM.

[lepnenankyasippl K @ TPOXOAAT ue-
pe3 noatoc A* 3Tol mpsiMoii (uepT. 34).
OueBHjHO, Koraa npsiMas ¢ npuGJIH-
xKaercs K OpsMOM ~ u, aHrapMonHuye-
ckoe oTHoueHue (ABCD) -1, Tak Kak
AC/BC -1 wu AD/BD 1. Cneposa- -
teabHo, p(AB)— 0. Koraa xe npsmas
C npubauxaerca K v, BD/BC -0, a
AD/AC ctpeMHTCSl K OTJHYHOMY OT HYy-
as npeneay. Otciopa p(AB) - oo.

AHanoruyHo JoKasblBaeTcsi, 4TO pacxolsujuecs u nepe--
CeKarouyuecs npamole HeOZPAHUMEHHO YOAAAIOMCS 6 oboux Ha--
NpasaeHUsX.

B unrepnperaunn Ilyankape nyyok mnapanneneii JloGa-
YeBCKOTO H300paxkaeTcsi MYUKOM MOJYOKPYKHOCTei, Kaca-
IOIHUXCA B KONUEBbIX TOYKAX, HJH NYYKOM TNapaJesbHbIX.
NON VTP AMbIX.

KpuBas B mnaockoctn Jlo6aueBckoro HasblBaeTcss opu-
{uKkaomM, €CIH OHa TMepeceKkaeT MOA MNPSAMBIM YIVIOM Iy4yoK
napasjesbubiX npsameix. OueBHaHO, 8 noaynaockocmu I[Tyan-
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«ape yz z > 0 opuyuka npedcmasasem coboll aubo OKpYyic-
HOCMb, - KAcarowyroca kpas noayniockocmu — npamoti z = 0,
Aubo npamyro z = const.

[Ipamas u opuyuks aubo He umerom obuyux mouek, AU6O
«acaromes, aubo nepeceKaromcs 8 08YX MOHKAX NOO PABHbIMU
yeramu, AubO nepeceKaromca 8 OOHOU mMo4Ke Nnod NPAMbIM
Y2A0M.

B wunrepnperaunu I[lyankape 3TH yTBepXKAeHHs JocCTa-
TOYHO OUEBHJHHI.

Bce opuyukast konepyenmror. JleHicTBUTENbHO, NOAOOHEM,
«JBHIOM H HHBepcHeH B HHTepnpertauuu [lyankape amiwobble

- JBa OpHLMKJA Jlerko coBMewaiorca. bBogee
TOrO, MOXHO Ja)<e NpH 3TOM COBMECTHTb
JaHHYIO TOUKY OJHOrO OPHIHKNA C AaHHOM
TOYKOH Jpyroro, JaHHOe HAaNpaBjeHHe Ha
OJlHOM OpHIHKJE C AAaHHBIM HampaBjleHHEM
apyroro.

C Jxsuducmanmoti TPAMOH a HasbiBaer-
Uepr. 35. Csl reoOMeTpPHYECKOe MECTO TOYeK IJIOCKOCTH,
paBHOoOTCTOSIUUX OT a. Ecau a ssarsem-
ca Ouamempom Kpyea 6 uwmepnpemayuu Kaetina, mo axeu-
oucmanma npedcmasasiem coboil  NOAOBUHY BAAUNCA, KO-
Mopas noAy4aemcs u3 NOAYOKPYICHOCMU CHCAmuem ee OHHO-
cumeabro Ouamempa a. B camom genme, nepneHIUKYJspb a
OyayT meprneHAMKyJsipaMH B cMbicye IBkauaa (uept. 35). U
tak kak AC/AD = 1, 1o nocrosiictBo p(AB) ykasbiBaeT Ha
flocTOSIHCTBO ~ oTHowenuss BD/BC. Orciola  NOCTOSIHCTBO
AB/AD. U yrBepxpaenne pnokasano. asi moGolt ZApyroi
NpAMOH a SKBHAMCTAHTA NOJIyuyaeTCsl COOTBETCTBYIOIIEH KoJ-
JiuHeauueli. Bo scakom caywae smo Oyea saaunca, Kacarowasncs
£pyea 6 KOHUesblx MOYKAX. ,

PaccMoTpuM HekoTopble mNpeoxeHHsl reoMerpuu Jloba-
4eBCKOro B mnpocTtpancTtBe. [Ipu stoM mbl 6yaeM mnpednosa-
TaTh JOKa3aHHbBIM H30MOP(HH3M BCeX peanu3auuil NMpoCTpaH-
CTBEHHOH CHCTEMbl AKCHOM.

Opucgepoti HasbiBaeTcs NOBEPXHOCTb, Iepecekatolas
noJ, NpSIMbIM YIJIOM CBSI3KY NapajiebHbIX NPSIMBIX B CMBIC/E
Jlo6auesckoro. ,

B npocrpancrBenHoit uHTepnperauud Ilyankape cBas-
Ka napaJjejeii Jlo6aueBCKOro COCTOHT JM60 M3 CBfI3KH NO-
JIYOKDYKHOCTEH, KacalolUuxcsi ApPYyr Apyra B KOHUEBBIX TOY-
Kax, aub0 M3 BCeX NPAMbIX, MepHNeHAHKYJAPHBIX TPAHHYHOH
mosynjockoctd. Otciona caenyert, uto opucgepa npedcmas-
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asem cobod aubo cgepy, Kacarowyroca 2parudHol NAocKocmu,
Aubo naockocms, ell NAPAIIEAbHYIO.

OueBHIHO, Kax0as nAOCKOCMb, NPOX00AWAs Hepe3 Nps-
My ceasku, onpederawowieti opucepy, nepecexaem opucgepy
no opuyuxay.

Opucgepy moocro Osueame 6 cebe ¢ maKum e NPOU3GO-
A0M, ¢ Kakum Osusxcemcs 8 cebe naackocme. Ilpu amom opu-.
yukael O6yoym nepexoOume 6 opuyuksst. JleHCTBHTENbHO,
Bo3bMeM opHctepy B uHTepnperauuu Ilyankape B BuAe mJjoc-
KOCTH, NapaJjlieJibHOH IpaHHYHOH MJIOCKOCTH. B 3tom ciyuae
cBsi3ka napajeneli JIo6auyeBCKOro COCTOMT M3 BCeX Mpsi-
MBIX, NepNneHJHKYJSIpPHBIX TpaHHYHOH mJyockocTH. Kaxioe
3BK/IHJAOBO JBHXKEHHe, NpPH KOTOPOM TIpaHHYHas MJOCKOCTh
nepexoAuT caMa B cebsi, eCTb B TO XK€ BpeMsl [BHXKEHHE B
cMbicsie reometpun  JloGaueBckoro. OHO nepeBOAMT Hally
opHcepy B cebsi H OPHUUKJB B OPHLHUKJBI.

Ha opucgepe pearusyemcs naockas ceomempus Iekau-
0a, ecau no0d npamuimu NOHUMAMbL OPUYUKAbL, NOPACOK mMO-
4ex onpeleaums 4epe3 nopadoK NPAMbIX 8 hydke napaiie-
aet, onpedersrouem OpUYUKAL, @ OBUNCEHUEM HA3bIBAMb maKue
Osusicenus 6 npocmpancmee Jlobauesckoeo, Komopsie hepe-
8o0am opuchepy 6 cebs.

B wunrtepnperaunn Ilyankape ¢ mnomomblo YCTaHOBJEH-
HbIX Bblllle CBOMCTB OPHUHKJIA H OpUChepn 3TO YTBepKie-
HHe Jerko mnpoBepsiercsi. MMeHHo, mpoekTHpoBanHe opHcde-
pbl z=const Ha NJOCKOCTb Xy NpPSIMbIMH, TNapaJJie]bHbIMHA
OCH 2, H YKa3aHHOe BblIlle COOTBETCTBHE JBHXKEHHIH ecTb H30-
MopduaMm.

Dra uHTepmpeTauusi reoMeTpHH OIBKJHJA B IPOCTpaH-
crBe JloGaueBcKoro aHajioriyHa HHTeprnpeTauHu benbrpa-
MH, B KOTOpOH peajHsyercs reomeTpus Jlo6aueBCkoro Ha Io-
BEPXHOCTH 3BKJHJAOBA NPOCTPAHCTBA.



ri14BA 'V
OCHOBbl MPOEKTHBHOH TEOMETPUH

§ 1. Axcuombl cBsizu. Teopema Jlesapra

BosHHKHOBEHHEe NPOEKTHBHOH TEOMETPHH OTHOCHTCS K
nepBoii nmosipBuHe X1X BeKa U CBf3aHO C MMeHeM (paHLy3-
ckoro reometrpa Ilonceme (1788—1867 rr.), kKoTtopblii omnpe-
Jenus OOBeKT H3Y4YeHHs] B TNPOEKTHBHOH TreoOMeTpHH — CBOH-
cTBa QUryp M CBSI3aHHBIX C HHMH BEJHYHH, HHBapHaHTHbIE
OTHOCHTEJILHO JTI000TO NPOEKTHPOBAHHS.

MHOrouHC/IeHHBIMH  (paKTaMH  0GOraTHJH  TPOEKTHBHYIO
reometputo Ulanp (1793—1880 rr.) u Ulrefinep (1769—
1863 rr.). Baaromaps pa6oram lrayara (1798—1867 rr.)
NPOEKTHBHASI reoMeTpHsi Oblia OCBOOOXKAEHA OT UYIKAOro ek
MOHSTHS METPHMKH W TNpeBpaTHJAachb B AMCUHIJHHY, H3ydaio-
IYI0O TOJbKO CBOHCTBA B3aUMHOTO pPacloJIOXKEeHHS reoMeTpH-
yecKux (uryp.

[IpoekTuBHAsi reoMeTpHsi CTPOMTCSI Ha CHUCTEME aKCHOM,
KOTOpasi 'COCTOMT M3 TpeX TPYNN: aKCHOMbI CBsI3H, AKCHOMBI
nopsiika ¥ aKCHOMa HENpPepLIBHOCTH.

B rpynmne akcHOM CBsI3H peub HJET O CBOHCTBaX B3aHMHOTO
pacrnoJIOXKeHHsT TOYeK, MPSMbIX H TNJIOCKOCTEH, BbIPaXKaeMblX
CJIOBOM «TNIpHHajJIexaTb». [IpH 3TOM ocTaloTcsi B CHJe corJa-
wennss o0 3KBHBAJEHTHOCTH BbIPAXKEHHH, YKa3aHHbIX IpH
BBEJEHHH aKCHOM CBSI3U 3BKJIHJOBOI IeOMeTpHUH.

Akcnoma 1. Kakosor 6ot wu Goiaw mouku A u B, cyuwe-
cmeyem NpAmas, npoxodawyas depes mouku A u

Akcuoma l,. Kakoselr Gor Hu 6orau Ose mouku A u B, cywe-
cmeyem He 6Goaee 00HOU npPAmod, npoxodaujeli 4epe3 MOo4KU
A u B.
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Akcuoma ls. Ha kascdoti np;moﬁ umeemca He meree mpex
mouek. Cywecmeytom no kpaired mepe mpu MO4KY, He Aexa-
wiue Ha o0Hol npamod. i

Akcuoma l,. Yepes xamcdoie mpu mouku A, B, C, e ze-
acauyue Ha 00HOU npamod, npoxodum HeKOMopas NAOCKOCMb
a. Ha kaxooii naockocmu umeemcsa no kpatineli mepe odHa
mouKa.

Akcuoma. I,. Yepes kascdvle mpu mouku, He aexcaujue HQ
00Hod npamod, npoxodum He 6oaee O0OHOU NAOCKOCHU.

"AkcHoma lg. Ecau Ose mouku A u B npamoii a sexcam Ha
naockocmu «, Mo Kaxcoas Mo4KA Mol Npamoli Aexcum Ha
naockocmu a.

Akcuoma l,. Ecau dse naockocmu umetom obwyro mouky,
Mo OHU umelom ewje no KpaudHel mepe 00HY OOWYIO MOHKY.

Akcuoma . Hueemcs He meHee uemoipex mouek, He Aexca-
wux 8 o0HoU naockocmu.

Akcuoma 1. KaxcOvie Ose npsmese, pacnoxzowce/-u-tbze 8 00-
HOUl naocKocmu, umerom obuyyro mouKy.

Mbl BMAHMM, 4YTO CHCTEMa AaKCHOM CBSI3M TNPOEKTHBHOM
reOMETPHU CONEPIKHUT B ceGe CHCTEMY aKCHOM CBSI3H 3BKJIH-
JIOBOI TreOMETPHH H OTJIHYAETCS OT Hee TOJIbKO aKCHOMOil Is,
rie Tpebyercs CYIIeCTBOBaHHe Ha MNpAMOH MO KpafiHell Me-
pe Tpex Touek, H akcuomoii Iy, rie yTBepkAaercsi, yToO JIO-
Oble J1Be TNpsMble, JeXxaliHe B OJHOH INIOCKOCTH, Ilepece-
KaloTcsl.

Orcloga 3akJjioyaeM, 4TO BCE CJIEACTBHSI AKCHOM CBSI3H
3BKJHAOBOH TIeOMETPHH BEpHBl TaKe B IMPOEKTHBHOH reo-
MeTpHH. AKCHOMH I; U Iy MO3BOMISIIOT PaCIIMPHTB COBOKYM-
HOCTb 3THX CJIEACTBHH, B YaCTHOCTH JIETKO JIOKa3bIBaeTcs,
yTO

1) npamas u naockocme 6cez0a -umerom obUYO MoUKY,

2) Jse naockocmu umetom obwyro npamyro,

3) mpu naockocmu umerom oOWYrO MouKy.

BaxkHeHIUUM M3 CJIEICTBHI AaKCHOM CBSI3H TPOEKTHBHOI
reoMeTpHH sBJIsieTcst TeopeMa Jlesapra O mNepCHEKTHBHOM
pacHo/IOKEHHH TPEXBEPLUHHHHKOB.

Tpexsepuiunnukom HasbiBaeTcss  ¢Gurypa, COCTaBjeHHAs
U3 TpeX TOYeK, He JeXalluX Ha OJHOH mnpsIMOH  (BeplUHH
1pexBepLIMHHHKA) H TpeX MpSIMbIX, MONAapHO COEeJUHSIOLHX
3TH TOYKH (CTOPOH TpexBeplIWHHHKA). [OBOpAT, uTO Tpex-
BepiHHHUKH ABC n A’B’C’ uMeloT ueHTp NepCneKTHBHI S,
ecmu BepuiHbl A u A’, B u B’, C u C’ nexaT Ha npsiMbIX,
NpPOXOASAIIUX uepe3 S. Tpexsepumm—mxu ABC u A’'B’C’
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HMEIOT oCb TNepCHeKTHBH S, ecid ctoponsl AB u A’B’, BC
H B’C’, AC u A’C’ nepecekarorcsl B TOUKax, JIEKAIIHX HA S.
Teopema 53. Ecau mpexsepuunnuku ABC u A’B'C’ ume-
10M 0Cb NepCneKmugbl, Mo OHU UMEIOm YeHmp NepcneKkmusbL.
O6pamno, ecau mpexsepuluHHUKU UMEOM YeHMp nepcheKmu-
8bl, Mo OHU umerom oce nepcnexkmusst (4epT. 36).
Jokasameascmeo. Bo-nepBbiX, 3aMeTHM, YTO €CJIH Y Tpex-
BEPIUMHHUKOB COBNAjalOT JBE COOTBETCTBYIOLUIHE BepIUHHBI
HJIH CTOPOHBI, TO YTBEpPXKAEHHE TEOPEMbl JOCTAaTOYHO oOue-

S
A,
8
s c
8
ﬂl
Yepr. 36.

puano. IloaToMy B JOKas3aTeNbCTBE MOXKHO  OTPAHHYHTHCS
c/lyyaeM, KOrja COOTBETCTBYIOL{HE BepIUMHbl H COOTBETCT-
BYIOIH€ CTOPOHbI TPEXBEPIUHHHHKOB Pas3JIHYHbI.

INpeanosiouM CHayaJjia, 4TO MJOCKOCTH ¢ H ¢’, B KOTO-
pbIX JIeXKaT TpeXBepIUMHHUKH, pasjuuHbl. Torga 3TH mJo-
CKOCTH TlepeceKaloTcsi Mo NpsiMoi S, NMpPHYEM TOYKAMH § HC-
uepnbIBalOTCS Bce O6lHEe TOUKH NJOCKOCTEH 6 H o,

[lycTb TpexBepIIHHHHKH HMEIOT OCb MepcrneKTHBHL. Tak
Kak cToponsl AB u A’B’ nepecekaioTcsi, HO pasJiMuHBI,
TO CYILECTBYeT H NPHTOM eJHHCTBEHHAs IJOCKOCTb 7Y, Npo-
XOoAfUlasi yepe3 STH CTOPOHB. AHAJIOTHYHO ONpejessioTcs
NJOCKOCTH a H B, npoxoisuixe uyepe3 ctopoHsl BC u B’C’,
AC u A’C’ coorBetcTBeHHO. Tak Kak TMJIOCKOCTH ¢ H o
pasjiMyHbl, TO BCe MJOCKOCTH a, B, | PasjMuHbl, NpHUEM &
u B nepecekatorcs no CC’, puy—mno AA’, ayua—no BB’.
Ortcioga cJjepyer, Yto Touka S, ofiias A/s BCexX IJOCKOCTeH
a, B, 1, AABJSIETCS LEHTPOM IMepPCHEeKTHBbI TPeXBePIIHHHHUKOB.

IlycTh TpexBepLIHHHHKH HMEIOT LEHTpP NepclneKTHBh. Tak
Kak npsimeie AA’ u BB’ nepecekatorcs, To A, A’, B, B’ ne-
Kat B ofHoH miockoctd. Orciona caeayer, uyro npsimbie AB
# A’B’ mepecekaiorcsi, a TaK Kak IJIOCKOCTH ¢ H o’ Tpexsep-
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IUMHHUKOB PasjiHuHbl, TO TOYKAa MNepeceueHHss MNpsMbXx AB
H A’B’ npuHaANeXKHT NpsIMOil §, MO KOTOPOH INepecekarorcs
NJIOCKOCTH 6 H o’. AHAJIOrMYHO TNMOKAa3blBAETCH, YTO CTOPOHbL
AC u A’C’, BC u B’C’ toxe nepecekaiorcsd Ha s. M cueno-
BaTeJbHO, TPEXBEPIUHHHHKH HMEIOT OCb NEepPCNeKTHBBl S.

[Tycte Tenepb o6a TpexBepLIMHHMKA JieXKaT B OJHOMN
IJIOCKOCTH ¢ KW § — OCb MNEepPCNeKTHBbl  TPeXBepPIUHHHHUKOB.
[lposenem uepes s miIockocTb o, oTaHuHylo oT o. Takas
MJIOCKOCTh cyulecTByeT. B camom jpese, no akcuome III, cy-
IecTBYeT TOYKa P, He Jexamas Ha MJIOCKOCTH ¢, MO aKCHO-
me I, cymecTByior 4Be ToukH Q, R mHa s. [linockoctb ¢’ mpo-
xoduT vepes P, Q u R. OHa OTiHYHA OT ¢ B CHJIY aKCH-
ombl Ij.

BosemeM Tenepn Touky O BHe niockocteil ¢ u o’. Ta-
Kasg Toyka cyuiecTByer. J[lefiCTBHTeJNbHO, CYLIECTBYIOT 4Ye-
Toipe Touku K, L, M, N, He Jjexamide B OAHOH MNJOCKOCTH.
ITo kpaiiHeii Mepe, oJHA H3 TOUEK He JIEXHT B IJIOCKOCTH 3.
ITyctb 310 O6ymer N. CnpoexktupyeM K, L u M u3 uentpa N

Ha miockoctb o. Ilonyuennble mpu 3ToM Touku K, L, M
He Jexar Ha ojuoii npsimoii. CielloBaTesibHO, B MJIOCKOCTH
6 €CTb TOYKA, He Jiexauasi Ha npsmoii s. TouHo Tak ke Joka-
3bIBaeTCsl CYIIECTBOBAHHE TAKOH TOUYKH Ha MJIOCKOCTH o,
[psmas, coenuusiiolasi 3TH TOYKH, HMeeT elle 1O KpaiHedr
mepe oaHy Touky O (akcHoma Is). Dta TOUKa JIeXKHT BHE
IJIOCKOCTeH 6 H a’.

CnpoekTupyeMm TpexBeplIHHHHK A’B’C’ Ha mJocKocTb 6~
13 Touku O. Ilpu stom nonyunM TpexsepwHHHUK A”"B"C”.
IMpsimass s pas TpexBepunnuukoB ABC u A”"B"C” sBisiercs
ocblo mepcnekTuBbl. CliefoBaTesbHO, MO JOKa3aHHOMY OHH
uMelor ueHTp mnepcnektusbl S. Ilycte S — mpoekuus S us.
ueitpa O Ha NJIOCKOCTb 6. YTBEpKJAaeM, u4To S eCTb LEHTP:
nepcrnekTHBbl TpexBepiunHHuKoB ABC u A'B'C’.

HefictButenbHo, npsimeie AA”, BB”, CC" nepecekalor-
ca B S. A sunauur, ux npoekuuu_AA’, BB’, CC’' na mjoc~
KOCTb G IlepeceKkaloTcsi B TOUYKe S.

ITycte Tenepb TpexBepLIMHHHKH PacloJOXeHbl B OAHOM
IJIOCKOCTH ¢ H HMEIOT LeHTp nepcnekTHBbl S. BosbMeM BHe:
o Touky O. Ha npsimoit OA- mafinetca Touka A, oTiMyHas OT
A u 0. CoepuunM ee ¢ S npsamoit g. CnpoektupyeM Ha g u3 O

Touky A’ w 0603HauMM npoekuuio ee A’. Jlns TpexpepLIHH-
HUKOB ABC un A'BC Touka S — ueHnTp nepcnektHsbl. Ilo-
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NOKA3aHHOMY 3TH TPEXBEPIUHHHHKH HMEIOT OChb EPCNEKTHBLI § .
Tlpoekuusi 3Toil OCH S Ha IJIOCKOCTb o fIBJsieTCS OCbIO Nep-
cnekTuBbl TpexBeplunHHHKoB ABC u A’B’C’. Teopema no-
KasaHa.

§ 2. F'apMoHHYecKHE HETBEPKH TOYEK

YemoipexsepuluHHUKOM Ha3biBaeTcsi (QUrypd, COCTaBJ/IeH-
Hasl U3 YeThipeX TOYeK MJIOCKOCTH, H3 KOHX HHKaKHe TPH He
JIeXKaT Ha OJHOH TNpsIMOH, M IUECTH MNPSMbIX, MONAapHO CO-
©JUHAIOMHUX 3TH TOYKH. CTOPOHBI YeThipeXBepLIHHHHKA, He
MMeIOllHe OOLIMX BEpIIHH, Ha3biBAIOTCS NPOMUBONOAOHNCHOIMU.
‘ToykH nepeceyeHHs] MPOTHBOMOJOXHBIX CTOPOH HAa3bIBAIOTCS
OUAROHANbHUIMU MOYKAMUL.

»

A C 8 D

YepT. 37.

Mol 6yneM roBsopHTb, 4yro mapa Touek C, D Ha mnpsiMoit
TapMOHHYECKH comnpsikeHa nape touek A, B, ecau cyuiecr-
ByeT YeTbIPEXBEPLIHHHHK, JJIs KOTOPOro ToukH A u B sB-
JISIIOTCSI JHaroHaJibHbIMH, a Touku C ¥ D nosayuwaiorcs B Ie-
peceuenun npsimMofi, coemuusiomelt A W B co croponamy,
CXOASILIUMHCST B TpeTbeH JAHaroHajbHOH TOuke (uepT. 37).

M3 Toro, uro B uyeTbipeXBepIUHHHHKE HHKAaKHe TPH Bep-
IUMHBl He JieXXaT Ha OJHOH MNpsiIMOii, clefyeT, 4TO 8 2apMo-
Huueckol epynne mouek A, B, C, D ece mouku pasaru4tol.

Teopema 54. Ilyctb Ha npsimoit g nanbl Tpu Touku A, B, C.
Torpa cyuiecTByeT He Gosiee OfHOH TOYKH D Takoi, uro mapa
C, D rapmonunyecku comnpsikena A, B.

Jokasameabcmeo. [lomycTHM, CYILECTBYIOT JABE  TaKHe
Toukn D u D’. Toraa cyuecTByeT JBa yeTbipexBepIIHHHHKA
PQRS u P’Q'R’S’, ¢ mMOMOIIBIO KOTOPHIX yKa3aHHbIM BbILLIE
crnocoboM MoJyyaioTcst 3TH TOYKH (uepT. 38).

[IpsiMass g sBJseTCs OCbIO NepCNeKTHBH AJs1 TpexBep-
wuHHEKOB PSQ u P’S’Q’, QSR u Q'S’R’. Orciopa no Tteo-
peme [le3apra cjefyer, 4To KaJAasi M3 yKa3aHHbIX Map Tpex-

96



BEePUIHHHHKOB HMMeeT LEHTP MNepcrnekTHBbl. Tak Kak Tpex-
BeplIMHHUKH PSQ u QSR wumetor obuiyio napy BeplidH Q
H S, a tpexBepuwnHHukH P’S’Q’ u Q'S’R’ umetor napy o6-
mux BepunH Q' u S’, To o6e napbl TPeXBepIUMHHHKOB HMe-
10T obuiuit uentp nepcnektuBbl O. Orcioga cjenyer, 4TO
TpexBepWHHHUKH PSR u P’S’R’ Toxe HMEIOT LeHTp mep-
cnekTuBel — Touky 0. Tlo Teopeme [lesapra 3TH TpexBep-
IIMHHHKH HMMEIOT OCb mnepcrnekTHBbl. OueBHIHO, OHAa COBMA-
JlaeT ¢ g u, caegoBatesnbHo, D = D’. Teopema nokasaua.
Teopema 55. Ceolicmso 2apmoHuteckoll conpsaxiceHHocmu
nap modeK COXPAHAEMCA NPU  NPOCKMUPOSARUL. To ects,

q
)

R
3

A c 8 D
Yepr. 39. Yepr. 40.

.

ecan Toukd A, B, C, D npsiMoii g TPOEKTHPYIOTCS B TOYKH

A, B, C, D npsamoii g u3 Hekotopoii Touku O, nexauieil BHe
STHX. npsiMbiX, W ecad napa C, D rapMoHHYeCKH CONpsikeHa

nape A, B, To napa C, D conpsixena nape A, B _
[oxasamesscmsgo. Tycts chavana C=C wau D =D

(uept. 39). IlpoBenem npsmbie BA u BA. Ouu mnepecekyrcs
B HekoTopo#l Touke E. B cuny eauHcTBeHHOCTH ToukH C
npsimasi OC npoxoaut yepes E. Ilapa Touek C, D rapmonu-
yecKH conpsikena mape A, B (coome'rcmylomun yeThbipex-
epuunHuk OAEB). Oéumu cayyail CBOAMTCSI K 3TOMY 4acT-
HOMY TNyTeM NPOEKTHPOBAHHS HA NPOMEXKYTOUHYIO NPSIMYIO,
coeauusitomyto Toukd D u C. Teopema jpokasaHa.

Teopema 56. Cgoticmso capmoHuteckoli  ConpAaXceHRocmu
nap mouex e3aumro. To ecmeo, ecau napa C, D eapmoruye-
cku conpsxcena nape A, B, mo napa A, B eapmonuuecku co-
npsxcena nape C, D.

Hoxazameascmeo. Tlycrb conpsixerHocts mapel C, D mo
otHoleHHi0 K A, B ycTaHaBiHBaeTCsl yeThipeXBepIIHHHUKOM
PQRS (uepT. 40) Oueuano, napa K, M conpsixena mnape
SD (ueTbipexBepLIHHHHK APRB) A Tak KaK NpH MNPOEKTH-
poBanuu u3 Toukd Q ToukH K, M, S, D nepexoast B A, B,
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C, D coorBercTBeHHO, TO A, B rapMOHHYeCKH COMNpsiKeHa
C, D. Teopema nokasaHa.

Ilycts uepea Touky O Ha IJIOCKOCTH MNPOXOAAT ueThbipe
npsimele a, b, ¢, d. Mel O6yieM TOBOPHTb, UTO -lapa NPSMbIX
¢, d rapMOHHMYECKH CONpsKeHa nape a, b, ecaH B mnepeceye-
HMH C KakoH-HHOYAb MpsiMOii mapa Touek nepeceuenuss C, D
rapMOHHYECKH CONpsxKeHa MNape Touek nepeceveHus A, B.
B cuay TeopeMbl 55 CBOHCTBO TapMOHHYECKOH COMpsKeH-
HOCTH JJifl NPSIMBIX HE 3aBHCHT OT BbiGOpa CeKylledl MNpsMoH.

Bce nokasanHble B 3TOM mnaparpacge TeopeMbl OTHOCST-
Cfl K TPOEKTHBHOH reoMeTpuH Ha mjockoctd. HMx jpoka-
3aTeIbCTBA TaKXKe MpoBeleHbl 0e3 BbIXOAA H3 INJIOCKOCTH.
[MpaBna, npu 3ToM Mbl onupanuch Ha Teopemy [esapra, mo-
Ka3aTeJbCTBO KOTOPOHl B HAIleM H3JI0XKEHHH TpeAnoJaraer
NpocTpaHCTBeHHble Noctpoenusi. CrpaluuBaeTcs, HeJb3s JIH
TeopeMy [lesapra JoKasaTh, ONHPAsiCb TONBKO Ha IJIOCKHE
aKCHOMBI CBSI3H. DTOT BONPOC BO3HHKAaeT B CBSI3H C MOCTpoe-
HHEM TMPOGKTHBHOMH IEOMETPHH Ha MJIOCKOCTH.

 TunbbepT JoKasan, yto Teopema Jlesapra He MOXKET ObITb
00KA3aHA C NOMOWbIO MOAbKO nAaockux axcuom cessu. U pns
IIOCTPOEHHS] NPOEKTHBHOH TreOMETPHH HAa IJIOCKOCTH CHCTEMY
NJIOCKHX aKCHOM CBfI3H HAajl0 MOMNOJNHHTb TeopeMoli [lesapra
KaK aKCHOMOH.

§ 3. Akcuombl nopsigka. AQHHHas MIOCKOCTb

AKcHOMBI TIOpSiIKA YCTaHABJIMBAIOT CBOHCTBA B3aHMHOTO
pacnosioxkeHHsi TOYEK Ha MPSAMOI.

Mbl noJsaraeM, 4YTO Ha MpsIMOil €CTb JBa B3aUMHO MPOTH-
BOINOJIOXKHBIX HANpaB/ieHHs] H N0 OTHOIUEHHIO K KaXAOMYy H3
HHX KaxJas TPoOHKa TOYEK HAXOAMTCS B H3BECTHOM OTHOLIe-
HHH, KOTOpPOE BHIPAXKaeTCsl CJOBOM 1_(C/IEZI0BATL?, NPHYEM Bbl-
MOJIHSIIOTCS] aKCHOMBI:

Akcuoma Il1. Cuedosanue mpoiiku ABC 6 o0wom Hanpas-
NeHUW UCKAIO4aem C1eQ06aHUe ee 6 NPOMUBONOAONCHOM HA-
npasienuu.

Akcuoma lla. Ecau mpoiika ABC caedyem 6 o0wom Ha-
npagrenuu, mo mpouku BAC u ACB caedyrom 6 npomusono-
NONCHOM HANPagAeHUU.

Akcuoma 1l3. Ecau mpoiiku ABC u CDA caedyrom e 00-
HOM Hanpasaenuu, mo mpotika BCD caedyem & mom e Ha-
npasiexHuu.
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Akcuoma lla. [Ias kaxcoodi naper mowex A u B naiidymca
mouku C u D makue, umo mpotiku ACB uw ADB caedyrom 8
RPOMUBONONONCHBLX HANDPABACHUSX.

Akcuoma lls. ¥Ynopadowennocme mouek npamod Coxpaws-
emcs npu NPoeKmuposaruu. STo 3HAQYHT, YTO eciH NpsiMasi g
CPOEKTHPOBAHA HA NPSMYIO g u t— OnHO 3 Hal‘lpaBJIEHHH
Ha g, TO HAa g’ MOXHO YKasaTh TaKoe Hanpassenue t’, 4TO
Kax bl pas, Koraa Ttpoiika ABC Ha g ciaelyeT B Hamnpas-
JIEHHH ¢, COOTBETCTBYlowas el Tpoiitka A'B'C’ Ha g’ cienyer
B HanpasJeHHH f'.

U3 akcuombr 112 BHAHO, uTO Tpomm touek CAB u BCA
CJENYIOT B TOM ke Hanpasienud, uto H  ABC, a Tpoiika
CBA — B TpOTHUBOMNOJIOXKHOM HanpaBJIEHHH.

Ecau Ttpoiiku ACB u ADB cienyioT B NPOTHBOIOJOX-
HbIX HamnpasjieHHsiX, TO Mbl OyleM roBopHTb, uyto napa CD
pasdeasem napy AB.-CBoicTBO pasfesneHHs Nap B3aHUMHO,
T. e. ecqau CD pasjienger AB, to AB paszgensier CD. [eii-
CTBUTE/IbHO, TPOHKH ACB v BDA CJIeflyloT B OJIHOM Hamnpas-
nenud, a tpoilku BCA w ADB B apyrom. Ilo akcuome I3
tpoiiku CBD u CAD cnenyor B NpOTHBONOJNOXHBIX Hanpas-
JeHusix, T. e. napa AB pasgeasier napy CD.

Ilycte Ha npsivo#i umeeM gase Touku A u B. CoBokyn-
HOCTb BceX ToyeK X, AJsi KOTOphiX Tpoiikn AXB caenyior B
ORHOM HaNpaBJieHHH, Mbl OyjeM HasbiBaTb ommpeskom. Oue-
BHAHO, Ha npsiMod mapa ToueK A u B ompenensier aBa or-
pe3ka. Mbl OyfieM HasbiBaTb UX OONOAHUMEAbHOIMU.

ITycte Ha naockocTH umeeM Tpu Toukd A, B, C, ue neé:
’Kaupe Ha  OfHOH npsiMOH. PHUrypy, COCTaBJEHHYIO H3 Tpex
otpeskoB AB, BC u AC, Mbl OyleM HasbiBaTb mpeyzosbHu-
KOWM, eclH CYLeCTByeT NpsiMasi, TepeceKaiolmass KaKIpli u3
TpeX JONOJHHTENbHbIX OTPe3KoB. J[lisi TPeyroJbHHKOB Ha
NPOEKTHBHOH IJIOCKOCTH HMeeT MecTo Tnpeajoxenue Ilama.

Teopema 57. Ecau npamas g nepecekaem cmopony AB
mpeyeorbnuka ABC u He npoxoOum Hu 4epe3 oOHy u3 eeo
eepwiun, mo ona nepecexaem aubo cmopony AC, aubo BC.

Hoxasamenscmeo. O6osnauum AB, BC, CA otpesku, fo-
NOJIHUTE/IbHbIE CTOpOHAaM TpeyrosbHHKa. Ilycte S — Touka

otpeska AB u h — npsiMas, mpoxojsuias yepes 3Ty TOUKY,

nepeceKaromiasi KaxJIblii H3 ABYX ApYyrux orpeskoB BC u CA.
Ilycts rtenepp k — mobas npsiMasi, npoxoasmas uyepes S,

nepecekaiomasi BC. YTBepxiaercsi, uTo OHa nepeceKaer
u CA.
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ITo akcuome -1I; mpoektupoBaune u3z S (uept. 41) nepe-
BOAUT oTpe3kH mpsivoii AC B orpesku npsmoii BC. Tak kak
npsivasi h nepecekaer BC u CA, To NpH 3TOM NMPOEKTHPOBA-
nuu BC cootsercteyer CA (a me CA). Ortcioma caenyer,
yto mnpsivasi k, nepecekas BC, noskHa nepecekaTb W CA.

Tenepp nerko BHAeTb, uyTo ecau mnpsMas h nepecekaer
Tpu orpeska AB, BC, CA, a npsvas k — nBa otpeska AB
u BC, 10 ona mepecekaer u Tpetuit (CA). Jlna Aokasaresib-
CTBa JIOCTaTOYHO BOCMOJIb30BaThC BCMNOMOraTe bHOH IpSi-
Mol [ (uepT. 42). Hcnonb3ysi mpeblAyIHil BbIBOA, 3aKJIO-
YaeM CHayaja, yto npsivas [ nepecekaer BCe TPH OTpe3kKa,

a 3aTeM MNPHXOJAUM K TOMY € BBIBOAY OTHOCHTEJNbHO Ipsi-
MOH k. ’

Yepr. 41. Yepr. 42.

IMpeanonoxuM Teneps, yto mnpsiMast g MNepeceKaeT Cro-
poHy AB TpeyronbHHKa H He INepeceKaeT HH OJHOH H3 ero
apyrux cropoi AC u BC. Torma oHa nepecekaeT JOMOJIHH-

TesbHble oTpeskn B AC, BC W 1No J0Ka3aHHOMY JOJIKHA Tle-

pecekatb AB, uro HeBo3MOXHO. Teopema JoKasaHa.

[lycts g — mpsMas, ¢ u ¢ — JBa NPOTHBOMNOJOXKHBIX Ha-
npaBjieHHsT Ha 3Toii mnpsiMol. PuKcHpyeM Kakyro-HUOYAb
TOYKy A Ha MpsIMOil U YCTAaHOBHUM OTHOLUEHHe MopsjKa s
K0 Mapbl TOYEK, OTJHYHBIX OT A cjefylomuM o0pasoM.
Mubl 6yneM roBopuTb, uto B mpeawectByer C B HampasJe-
uun ¢ (t), ecnu tpoiika ABC cienyer B HanpaBieHuu ¢ (1).

TpuBHasbHBEIM 00pa3oM TpoBepsieTcsi, 4TO onpedessemoe
makum 00pasom omHowerue Nopadka 0AR modex pas3pe3am-
Hoti (8 mouke A) npamot ydosiremsopsem 6cem AUHELHbIM
aKcuomam nopaoka 3eKaudo8ol eeomempuu.

Teopema 58. Ecau nape: movex AB u CD na npamoti eap-
MOHutecku conpaxcerst, mo ABC.u ABD caedyrom 8 npomu-
B0NOAOKCHBIX HANPABACHUAX. '
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JlBa npoeKTHpOBaHHS, BBHINOJHEHHbIE ONHO 33 JAPYTHM —
npsimoit AB na mpsamyio PQ u3 Touku R, a 3aTeM npsiMoii
PQ na npsmyio AB u3 touku S, ocraBasiior Toukd C u D
HENOJABHXHBIMH, a TOYKH A W B nepecTaBjasiioT MeCTaMH
(uept. 43). D10 3HAUMUT, 4TO ecaH 0003HAUUTL H pesynbraT
JBOHHOrO npoekTupoBanus, 1o HA = B, HB = A, HC = C,
HD = D.

dukcupyeMm Touky C Ha NpsIMOH M BBEJEM OTHOLUIEHHE CJe-
JIOBaHUs JUisl map ToyeK npsiMoi, paspesanHod B C, Kak
yKasano Bbille. Torja yTBepxKJAeHHe TeOpeMbl COCTOHT B TOM,
yro D Haxoautcsi Mexay A u B. [lonycTuM, 3TO HeBepHO.
Torna B oaHoM u3 JABYX Hampas-
aenuit A <D u B <'D. Orciona
HA < HD u no akcuome I; Touku
A, B u touku HA, HB J0JXKHBI
HAXOAUTLCA B OJHWHAKOBBIX OTHOLUE-
HUAX, T. e. au6o A<B, HA<HB,
an6o B < A, HB < HA. Ho uu

TO HM JIPyroe HEeBO3MOXHO, TaK Kak ~g . cC8 D
HA = B, a HB = A. Mol npuuuu

K mnportuBopeunio. Teopema goka- Yepr. 43.
3aHa.

dukcupyeM Tenepb Ha IWIOCKOCTH @ KaKylo-HHOyAb nps-
Myl g.. HasoBeM 3Ty npsmyio Geckoneuto ydarenHod, a ee
TOYKH OeCKOHeuHO yjaneHHbIMH Toukamu. Ilmockoctb a, pas-
pesaHHylo no npsmMoii g,, Mbl OyleM HasbiBaTb aguHHOU
NAOCKOCHbIO.

Jlerko . y6eauTbCSl, UTO HA ApUHHOU NAOCKOCMU 6bINOAHSA-
I0MCA NAOCKUE AKCUOMbL C8A3U 368KAUO00LE ceomempull.

Kak Oblo yKasaHO Bbillle, JJsi TOYEK NPAMbIX adHHHOH
IJIOCKOCTH BBIMOJIHSIIOTCS JIMHEHHblE aKCHOMBl NOPSJAKA 3B-
KaugoBoii reometpuu. IlokaxeM, uyTO mJjockasi akcHoma Io-
PAAKA TOXE BLINOJHAETCS.

Teopema 59. [Ipamas g pasbusaem aguHHYIO NAOCKOCHb
Ha 0se noaynaockocmu max, 4mo ecau X u Y — mouku o0Hou
noaynaockocmu, mo ompesok XY He nepecekaem g, ecau e
X u Y npunadaexcam pasHoim NOAYNAOCKOCMAM, MO OMPE3OK
XY nepecexaem g.

[TycTe A — TOYKA NJIOCKOCTH, HE JieXalliasi Ha NPsIMON g.
OtheceM K mepBOil NOJNYMJIOCKOCTH TOUuKY A H Bce TOukH X
takue, yto AX He nepecekaer g. A Ko BTOpPOH MOJYIJIOCKO-
CTH OTHeceM Takue ToykH X, JJsi KoTopbix oTpe3ok AX ne-
pecekaer g.
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[lycte X u Y — faBe TOuku NepBOH MOJYIJIOCKOCTH; MO-
KaxieM, 4To oTpe3ok XY He mnepecekaer g. YTBepxKIeHHE
OUEBHJHO, €CJH oJHA H3 Touek coBnagaer ¢ A. [anbie pac-
cmaTpuBaeM fABa cayuasi: 1) Touku A, X, Y He nexar ua of-
Hoit mpsmoii, 2) touku A, X, Y nexar ua npsamoit. B nepsom
cnyuae, Tak kKak AX u AY He nepecekaioT g, Io Teopeme
57 XY He nepecekaer g.

PaccMoTpum BTOpOil ciyuait. lonmyctuM, oTpe3sok XY ne-
pecekaeT npsiMyio B Hekotopoit Touke C. Torma, ecnu A je-
XKuT Mexay X u Y, 1o C npunagjexur au6o AX, au6o AY
(reopema 7). Eciu X nexur mexay A u Y, to C npunauie-
xKHUT AY. Hakoneu, ecau Y jexur mexny A u X, o C npu-
Hajgiexutr AX (teopema 6). M Bo Beex cayuasix nosydaetcst
nporuBopeure, u6o orpesku AX u AY He mnepecekawor g.

JokasarenbcTBo TOro, 4to OTpe3ok XY mnepecekaer npsi-
Myt g, ecau Toukd X U Y NpHHAAERKAT pasHbIM MOJMYILIOC-
KOCT$IM, aHAJIOTHYHO.

Takum o0pasoMm, Ha aguHHOL nAOCKOCMU BbINOAHAIOMCA
8ce aKcuombl NOPAOKA 36KAUOOBOL 2eoMempuu.

Tak kak Ha adUHHOM NJOCKOCTH BBIMOJHSIOTCH AKCHOMBI
CBSI3M M AKCHOMbI TOPsIAKA TeOMEeTpHH IBKJIWAA, TO HA Hel
HMEIOT MEeCTO H BCE CJIE[CTBHsI, BbITEKAIOUIHME H3 ITHX AKCHOM.

Bynem HasbiBaTb JBe MpsiMble adHHHOH - MJIOCKOCTH . na-
pasnesbHbIMU, €CIH OHH He Tepecekaiotcss. DTO 3HAYMT, UTO
COOTBETCTBYIOUIHE HM MpsSIMble MPOEKTHBHOI IJIOCKOCTH Iepe-
cekaioTcsi B GECKOHEUHO YyJAjJ€eHHOH TOUYKe,

[Mapannenbubie MpsiMble OGJAJAIOT CJEAYIOUIMM OUYEBH/-
HbIM CBOHCTBOM. Ecau npamete a, b napaarireasust u npamsie
b, ¢ napaaseavHol, mo npamoe a, ¢ nApPareAbHOL.

Jlerko BuZeTb, UTO 048 NPAMbIX HA aguHHOU haockocmu
BbINOAHAEMCA AKCUOMA NAPAANEABHOCU  38KAUGOB0UE  2eomem-
puu.

§ 4. BekTtopnl Ha aduHHOH mJIOCKOCTH

Bexmopom B aduHHO!l nmockocTH Mbl OyjneM HasbIBaThb
nanpaejenusiii otpesok AB. Touky A Oynem HasblBaTh Ha-
yajgdM BeKTOopa, a Touky B — KouuoM. [lnsi BEeKTOpoB, Jexa-
IUMX Ha OAHOH MpPAMOH HWJHM HA NapaJyieJbHBIX MpPSMBIX, MBI
onpejesisieM TMOHSITHE PAGEHCMAA CJAENYIOUIUM 06pa3oM.

Ecnu Bektopsl AB u CD nexat Ha mapaJiesbHbIX Nps-
MbIX, TO Mbl CYHTaeM HX PaBHbIMH B TOM CJyyae, €CJH Nps-
moie AC u BD napaanenvusi. Ecnu ke Bektopel AB u CD
JlexaT Ha OJHOH MpPSMOH, TO Mhl CYHTAEM HX PaBHbIMH, €CJH
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CYLIECTBYeT BEeKTOp, Napal/eibHblii HM OGOUM H PaBHBIH KaxK-
JoMy u3 Rux (uepT. 44).

Ilyctb AB — Bektop u C — TouYKka, Jexauiass BHe Mpg-
Mo#l, Toraa cyulectByer Bektop CD, paBubiii AB. [leiicTBu-
TeJIbHO, NpsiMasi, nmpoxojsmas uepes C, mapasmsenbHas AB,
u npsmasi, napanjensHas AC, npoxopsimas yepes B, nepe-
CeKaloTCsl 10 aKCHOMe MapaJjiie/IbHOCTH B HEKOTOPOil Touke D.
Ouesuano, Bektopsl AB u CD paBHHI.

Pagercmeo sexmopos ob6aadaem c80lCMBOM — MPAH3UMUE-
Hocmu, uMenHo, ecin AB = CD u AB = EF, to CD = EF.
B ciyyae, eciM BeKTOpBI JieaT Ha PasMYHbIX MapasJesb-

8 £
4 D
c D
4 8
_ A
Yepr. 44. Yept. 45.

ubix npambix ¥ Toukd A, C, E He ;nexar Ha ofHOH NpsIMOH,
OHO CJIeflyeT U3 TeopeMbl [lesapra B nmpuMeHEeHHH K TpPeXBep-
wunnakam ACE u BDF, KoTopble pacroJioxKeHbl INepcrek-
THBHO OTHOCHTEJIbHO GecKolieuHo yJaseHHOH Touku. Eciu ke
A, C, E nexar Ha OJHOH NpsIMOH, TO yKasaHHOe CBOHCTBO cCJie-
JyeT M3 akCHOMbI napaJeabHocTH. OOUHil ciyyail CBOAUTCS K
PacCMOTPEHHOMY YacCTHOMY CJyyaio NMyTeM BBeJeHHs PaBHLIX
BCIIOMOTaTe/IbHBIX BEKTOPOB OMHCAHHOH BbIllle KOHCTpPYKIUUedi.

Ecau Bektopsl AB u AE paBhbl, TO OHU COBNAJAIOT, T. €.
B = E. [eiictBuTenbHO, Ha npaMoil, napanjensioii AB, cy-
wectByer Bektop CD, paBubit AB, a cnepoBartenvno, u AE.
CoBnajenne Touek A u E ciepyer W3 eIHHCTBEHHOCTH Mpsi-
moil, napamienbnoit AC, mpoxoasiueid yepes Touky B.

BekTop BrosiHe XapaKTepH3yeTcsl CBOMM HAayajoM H KOH-
oM. [lostoMy ero MoxKHO Gbl10 Obl ONpeleNUTh TAK Ke, Kak
napy TOYEK, B3fATHIX B ONpeJejeHHOM IMOpsiAKe, HMeHYyeMbIX
HauajoM M KOHLOM BeKTopa. B cBsi3u'c onpeneneHueM omnepa-
UM CJOXKEHHSI M BbIUUTAHHA A/l BEKTOPOB LeJecooOpasHo
napy COBNAJaIOIIHX TOYEK CUHTATb TaKXKe BEKTOPOM. ITOT
BEKTOp Mbl Ha3blBaeM Hyiesoim. Bce HyJieBble BeKTOpHl paBHb
N0 onpefiesIeHHIO.

Cymmoti BektopoB AB u CD (AB + CD) wmbl Gynem Ha-
abiBaTh BekTop AE, KOHelw Kotoporo E ompegensiercsi yciao-
BueM BE = CD (uepr. 45).
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CnoxeHue BeKTOpOB oGsafaeT CJeLyIOMHUMH CBOHCTBAMHU:

1) Ecoua=a" vu b=0b', moa+ b=a"+b'.

2) (a+b) +c=a+ (b+ c) (accoyuamusrocme).

3) a + b= b+ a (kommymamusrocmeo).
JlokaxkeM 3TH CBOKHCTBaA.

Ilycts CD = C’D’. Tlokaxem, uto AB 4+ CD = AB -}
+ C’'D’. Tlo onpepenenuto AB 4 CD ectb BekTop AX, npu-
yem Touka X onpesensiercs ycaosieM BX = CD. Anano-
ruyHo, AB + C’'D’ ectv Bektop AY, npuuem BY = C’'D’.

g A D
YepT. 46. YepT. 47.

Hnsi Toro utoObl JOKasaTb IlepBOe CBOIICTBO, JOCTAaTOYHO
nokasatb, uto ecniu AB = A’B’, BC = B’C’, 10 AC =
= A’C’. Ecau npsimeie AB, A’B’ pasnuyubl u npsmbie BC
B’C’ toxe pasnuuubl, To npsimeie AA’ u BB’, a Takxe BB’
1 CC’ napanaenbusl. Otciona napanneabsocts AA’, CC’ u,
caefoBarenbro, paseHcTBo AC = A’C’ (uept. 46). B o6uiem
ciyyae Mbl GepeM TOuky Y, He Jexallylo HM Ha OJHOH H3
npameix AB, A’B’, BC, B'C’, u crpouM Toukn X W Z Tak,
yto6el XY = AB, YZ = BC. Toraa no jpokasanHomy AC =
= XZ, A’'C' = XZ. CaenoBareabno, AC = A'C".

B cuny cBoiicTBa 1) acCOUMATUBHOCTbL CJIOXKEHHUS MAOCTa-
TOYHO J0Ka3ath s BekTopoB AB, BC u CD. A ans takux
BEKTOPOB aCCOLHATHBHOCTb OUEBHJHA.

B cuny cBoiictBa 1) KOMMYTaTHBHOCTb JOCTATOYHO YCTa-
HoBUTb Aasi BekTopoB AB u BC. Ecnu BekTOpbl He jexar
Ha OAHOK TNpsiMOH, To moctpouM Touky. D (uept. 47). Toraa

AB + BC = AC = AD + DC = BC + AB.
[Mycts .Temepp Touku A, B, C ;nexaT Ha ORHOH NpsAMOi

(uept. 48). Bosbmem BHe 3TOi mpsivoil Touky E. Torma mo
JIOKa3aHHOMY

EC = EB + BC = BC + EB, AE = AB + BE =
= BE + AB,
AC = AE + EC = EC + AE.
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-Orciozna
AB + BC = BC + AB.

Tycme AB — gekmop, omaudnoui om rwyaa. Toeda wa om-
peske AB naiidemca maxas mouka C, umo AC = CB.

JHefictButenbHo, nocTpouM Touky C, TrapMOHHYECKH CO-
npsiKeHHY0 GEeCKOHEYHO YyJlajeHHOH Touke mnpsimoid AB or-
HocutenbHo Touek A, B (uept. 49). OueBuano, CB = C'B’.
Hanee, tpexsepuunHuku AA’C’ u B’BC naxousTcs B mep-
CMEKTHBHOM PacIoOJIOXKEHHH OTHOCHTeNbHO ToukH E. Ortcio-
Zia ClIellyeT, uTo mpsiMble AC’ u CB’ Napansenbhel, a cleo-
BateabHo, AC = C’B’. Tak kak,

Kpome Toro, CB = C’B’, To,AC— E
= CB. YTBepxIeHHe JOKa3aHoO. ”A

OmnpenenyM BbIYMTAHHE BEKTO- ) ¢

poB. Paswocmero BekTopoB AB H
CD (AB — CD) wmbl HasbiBaeM Uepr. 48.
cymmy BekTopoB AB u DC. Oue-
BuaHo, (AB — CD) + CD = AB, AB — AB = 0. B panb-
HeiileM, ecid a = AB — pauHblii BeKTOp, TO — @ Oyjler
o6o3nauatb BeKTop BA. DroT BeKTOp Mbl OYyZeM HasblBaTh
npomugonoaodxcHeim BekTOpy AB.

BBenem Tenepb MOHfITHE OAHHAKOBO HANpaBJIeHHBIX BeK-
TopoB. [IBa oTviMuHBIX OT HYJs Bektopa AB u CD, nexauue
Ha OXHOH TNpsiMOH, Mbl GyJeM Ha3blBaTb 0OUHAKOBO HANPAB-
seHHoimu, ecii A < Bu C<D um A > Bu C>D.

A ¢ 8
Yepr. 49. Yepr. 50.

OueBuaHo, csolicmeo 8eKmopos OGbime 00UHAKOBO HANPAB-
ACHHbIMU MPAH3UMUBHO, T. €. eCJIH @ U b OJMHAKOBO Hanpap-
JieHol 1 b M ¢ OJMHAKOBO HANpaBJIEHbl, TO @ H ¢ OJUHAKOBO
HamnpasJieHbl.

Pasnsie eexmopet AB u CD odunakoso Hanpasaerol.

HeiictBuTenbHo, Tak Kak BeKtopel AB u CD paBHbl, TO
cyllecTByeT mapaJuenbHblii BekTop A’B’, paBHbIH HM 06OMM
(vept. 50). ITyctp mna onpemenennocty A < B. Torga, ecan
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yTBepxkJeHue HeBepHo, To C > D. Ilpsamas AB pasbuBaercs
Toukod A Ha ABe moJaynpsimble h; U h,. Ilycts h; — Ta mno-
JIyTnpsiMasi, KOTOPOi NPHHAAMIEXKHUT Touka B.

Touka C He moxeT coBnajaTh ¢ A, Taxk kak torga D
coBnagaer ¢ B u, cregosatensio, C < D. Ilycte C u D
npuHagiexar h,. Torna A <D < C. Tlpamas B'D wue Mmo-
KeT nepecekaTb oTpe3ok A’A, Tak Kak Toria mnepecekaercs
otpe3ok B’D c npsamoit AA’, 4TO HEBO3MOXKHO, HGO TOYKH B’
U D pacnojioxkeHbl MO OJHY CTOPOHY 3ToH mnpsMoi. Ilpsmbie
A’'C u B’D He nepecekaioTcsi, Kak mnapaJuenbHble. HTak,
npsimasi B’D nepecekaer Toabko oAHy cropony (AC) Tpe-
yroneuuka AA’C, uto mpoTuBopeudT npejpnoxenuto [lawa.

Ilycts D coenagaer ¢ A. Torpa moaynpsimas A’C mpo-
xomuT BHyTpu yrma AA’B’ u, crefoBaTesbHO, MepeceKaer
0Tpe3oK DB’, 4yTo HEeBO3MOXKHO.

Cnyuait, Korjia Touka D npuHaanexut h,, a Takxke KO-
raa obe toukn C u D npunapnexar h,, paccMarpHBaeTcs
.aHAJIOTHYHO. ’

[Ba napajsiesibHbIX BeKTOpa Mbl GyjaeM HasbiBaTb 00uU-
HAKOBO HANPABAEHHbLIMU, €CIH PaBHbIE HM BEKTOPBI Ha OJHOM
npsiMOil OJHMHAKOBO HanpaejeHbl. CBOHCTBO BeKTOPOB OBITb
OJIMHAKOBO HAMpaBJIeHHbIMH HEe 3aBHCHT OT MpPSIMOH, HA KO-
TOpoil GepyTcsi paBHble BeKTOphl. OueBHIHO, JOCTATOYHO IO-
Kas3aTb, 4TO ecyid BekTopbl AB u BC 0ofMHAKOBO Harpab/eHbl
u A’B’, B'C’ COOTBETCTBEHHO paBHblE MM BEKTOpbI Ha Mapaj-
JejapHo# npsamoi, To A’B’ u B’C’ ofMHAKOBO HampasJ/eHbI.

[Tpsamele AA’, BB', CC’ napansenbHbl H3-32 paBeHCTBA
-COOTBETCTBYIOUIHX BEKTOPOB. A Tak Kak IpPOEKTHPOBaHHE
.COXpaHsieT MOpsIA0K TOYeK, TO H3 Toro, 4to B saxoaurtcs
mexay A u C, caepyer, uto B’ naxomurcs mexay A’ u C'.
Y1BepxkJeHue AOKa3aHo.

Jas ofMHAKOBO HAampaBJeHHBIX BEKTOPOB Mbl OINpeje-
JISIeM OTHOLUeHHEe «boabuie» U «meHbutes. VIMeHHO, Mbl OyleMm
roBoputh, uto CD < AB, ecau Ha oTpe3ke AB ecTb FaKas
Touka X, ytro AX = CD.

Ecsin Bektopsl a, b, a’, b’ o0unakoso Hanpagrenst u a < b,
a=4a b=1>b', mo a’ < b’. 10 HenocpeACTBEHHO CJEAyeT
M3 TOro, YTO paBHble BEKTOPbI MMEIOT OJHHAKOBblEe Hamnpas-
JIeHHs.

OueBuiHO, eciM @ U b OAMHAKOBO HamnpaBJeHHble Bek-
TOpbl, TO @ < a -+ b. Orciofa Jerko BLIBOJAUTCS, UTO ecau
a<buc<d moa-+c<b+d
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§ 5. AkcHoMa HenpepbiBHOCTH. YMHOXeHHE
BEKTOpA Ha YHUCJIO

Kak mokasano B § 2, ecid yRaauTb M3 TNPOEKTHBHOM
NpsIMOH KakKyio-HUOYAb TOYKY, TO /ISl OCTaJbHbIX TOYEK Ips-
MOH ecTecTBeHHbIM 00pa3oM YCTaHaBJIUBAETCSl OTHOLLUEHHe
CJeJIoOBaHHS M KaXJOH TNapel TOueK, YJOBJIETBOPSIOlIEe
aKcHOMaM TOpSiKa 3BKJIHJOBOH TI'eOMETPHH.

Axkcuoma IIl. Tpebyemcsa, umobor 0asn agpuunoli npamoii,
KOmopas noay4aemcs u3 NPoeKmugHod npamod npu yoaie-
HUW Kakoli-HubyOb U3 ee MOHEK, UMEAQ MeCHO AKCUOMQ He-
npepoisrocmu  [ledexunoa.

Kak nokasano B mpeapiayuiem mnaparpade, BEKTOPbI Of-
HOrO HamnpaBJieHHs1 OOJNafaloT BCeMH CBOHUCTBAMH 3BKJIHJO-
BbIX OTPE3KOB, KOTOpble ObIM HAMH HCIOJB30BaHbl NMPH ycCTa-
HOBJIEHHH Mepbl JuiHHBL. OTCIOAAa Mbl 3aKJIOYaeM, UYTO HMEET
MECTO CJIefyiollast TeopeMa.

Cywecmseyem u npumom eOUHCMBEHHASA (PYHKYUA 1, onpe-
OcaeHHA HA 8Cex 6eKMopax O0aHHO20 HANpasieHus, Yyoosaem-
B0PAOUAA  YCAOBUAM: g

1) Haa moboco eekmopa a, OmMauuHo20 Om HYaA,
w(a) > 0.

2) Ecau ¢ =0, mo p(a) = pu(b).

3) Ecau,c=a+ b, mo p(c) =p(a)+ p(b).

4) [Ias Hekomopoeo eekmopa a, 1 (a,) = 1.

Ha ocHoBaHuH 3TOH TeopeMmbl JIETKO AOKa3blBaeTCs CJe-
Jyiomiasi Teopema.

Teopema 60. Cywecmsyem u npumom eOUHCMBEHHAR
pynkyus N, onpedeseHHas HA BCeX -@eKmMopax OaHHOU nps-
MOU U naparseavublx el, YO00BAMBOPAIOUAA YCAOBUAM!

1) Haa eekmopos 00020 Hanpasaenus A >0, a 014 sek-
Mopo8 NPOMUBONOAONCHOZ0 Hanpasrenus A < 0.

2) [las nyaregoeo gexmopa A = 0.

3) Ecau a=0b, mo A(a) =\ (b).

4) Ecau c=a -+ b, 1o A(c) = A(a) + X (b).

5) [laa Hexkomopozo omau4HO20 OM HYAL 6eKmopa a,
A(ay) =1, A(—ay) = —1. .

Hokazameabcmgo. EQHHCTBEHHOCTb (YHKUHHM Henocpen-
CTBEHHO CJielyeT H3 TMpelblayilleil TeopeMbl, TaK KaK 3Ta
(DYHKUMSI YKa3aHHBIMH YCJOBHSIMH OJHO3HAYHO OIpejeJs-
eTCsl Ha BeKTOopax MAAaHHOTO HampaB/JeHHsT M Ha BeKTopax
NPOTHBOMNOJIOXKHOTO HanpasJjeHus. [lokaxeMm CyllecTBOBaHHe
GyHKUMH A.
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[TonoxxuM Ha BeKTOpax HamnpaBJeHHs a, A (@)= p(a),
a Ha BEKTOpPaX INPOTHBOMOJOMKHOIO HampaB/leHHsi A(Q) =
= —p(—a). YcaoBua 1, 2, 3 U 5 oueBHIHBIM 00pPa3oM
poinoJiHsiioTcsi. IIpoBepum ycsoBue 4.

Ecaim a w b ojpHoro HanpaBjeHHf, TO, OYEBHJHO,
A(@a-+b)=A(a) + A(b) mNO COOTBETCTBYIOLIEMY CBOHCTBY
¢yHkuun p. IlycTh BeKTOpPHl @ M b NpPOTHBOMOJOXKHO Ha-
npasJjeHbl. Torja OoAMH H3 HHUX HMeeT HanpaBJeHHe q,, Ha-
npuMep a. Ecam —b <a, 10 p(a)=p(—b)+ p(a-+b).
Otkyna A(a)= —A(b)+ A(a+b) wu, cJaenoBaTeJbHO,
AMa+b)=Ar(@) + r(®). Ecmu —b>a, 1o p(—b)=
= u(@) + v(—b—a), otkyma —A(b) = A(a)—r(a + b)
H, cJeloBateabHo, A(a -+ b)=A(a)+ A(b). Teopema po-
KasaHa.

@dyHkMsg A 3aBUCHT OT BhIfOpa eAMHHYHOIO BeKTOpa
a,. Ilyctb BMecTO @, B3SIT HEKOTOpbIi BEKTOp @, H A’
COOTBeTCTBYWOIIAs eMy GYyHKuusA. PaccmMoTpuM ¢yHKUHIO
A (@) N (x)/N (a;). Jlerko BuAeTb, 4YTO OHA YAOBJIETBOPSIET
BceM YycJ0BHSIM Teopemsl 60. CiienoBaTe/IbHO, OHA paBHa A (x).
Takum ob6pasoM, ¢ynkyuu A, coomsemcmsyroujue pPA3AUYHBIM
e0UHUYHBIM BEKMOPAM, OMAUHAIOMCA MOALKO MHONCUMENeM.

M3 cBOHCTB (pyHKUHH A JIEFKO CJEAYeT, 4TO ecau 0af
0syx eexmopos x u y A(x) = A(y), mo x=y.

[TpousBeneHreM BekTOpa @ Ha 4YHCJIO a Mbl OyjneM Ha-
3bIBaTh TAKOH BEKTOp aa TOH e MNpAMOH HJHM napaJiesb-
Ho#t, 4To A(aa)=ak(a). OueBuJHO, 3TO OmpejeJieHHE He
3aBHCHT OT €JHHHYHOTO BEKTOpa, KOTOpbIH onpeaesser
GyHKIHIO A,

" TIlycte a m b — napaasnenbHele BeKTOphl. Torza cyiect-
ByeT TaKoe YHCJIO a, 4To aa =b. B camoM jene, B3sB
a = A(b)/k(a), OGymem  uMeTb A(aa) = A(b), OTKYJAa
aa = b.

ITokaxcem, umo (a4 B)a=aa -+ Ba. [eilicTBUTEBHO,
3HaueHUss GYHKUHMH A 175 BeKTopoB (a -+ B)a u oaa 4 fa
oauHakoBbl. CJjieOBaTeJNbHO, BEKTOPbl PaBHBI.

Ananoeuuno noxaseisaemcs, umo «(Pa) = (af)a.

Lokaocem meneps, umo

a(a+ b) = aa + ab.

YTBepiK/eHHe OYeBHJHO, €CJH OJHH H3 BEKTOPOB HJH o6a
paBHbl Hymo. Ecau BekTOpbl NapajesibHbl, TO b BhIpa)a-
ercd uyepe3 a b=0Ba u obe yacTH paBeHCTBA B CHJYy YKa-
3aHHBIX Bbllle CBOMACTB paBHH « (1 4 f)a.
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ITycte Temepr @ u b — oTnHuHBIE OT HYJsl, HE mnapaj-
JieJIbHble BEKTOPbl. Mbl MOXKEM CUHTaTh, YTO OHH HMEIOT o0llee
Hayano O, a KoHusl ux A u B cooTBercTBeHHO (uepT. 51).
IMycte A’ u B’ — KoHubl BekTOpoB aa H ab. IlokaxeM, uro
npsimeie AB u A’B’ napassenbHbl.

PaceMoTpuM, mpoektHpoBanue npsimoi OA Ha mpsiMylo
OB nyukom mnpsiMbix, napajsenbHbix AB. Owno comocrae-
JsIeT KaXJaoMy BeKTopy x npsiMoii OA HeKOTOphiii BeKTOp
Hx npsimoit OB. YTBepxiaeM, uto ecau x = y, mo Hx = Hy,
015 a0boix eekmopos x u y H(x +y) = Hx + Hy.

YepT. 51. Yepr. 52.

IlokaxeMm chayana, yro eciH x =y, To Hx = Hy
(uept. 52). Tak Kak NpPOEKTUPOBAHHE COXPaHSET MNOPSAJAOK
caefoBanus ToueK, To Hx u Hy oAMHAKOBO HamnpaBieHsl.
[Npennosoxum, uto ToukH L M P Hayama BEKTOPOB X H Yy
orauunbl oT O. IlpoBeneM uepes Touky P mnpsimyio PR, na-
pamnenbuyio OB; a uepes Touky L’ mpsmyro L’S, napan-
aenvuyto OA. IIaa Toro ytoGbl YCTAaHOBHTb paBeHCTBO Hx =
= Hy, nocratoyHo- nokasath, uyto npsmeie PL’ u RM’
nap ajJebHbl.

Tpeyronbuuky PQR u L'SM’ mnepcrnekTHBHO pacmoso-
JKeHbl OTHOCHTEJbHO GeCKOHEeYHO yAaleHHOH mnpsimoil. A Tak
Kak x = y u, caenoBarenbHo, PL’ || SQ, to PL' || RM’.
3uauut, Hx = Hy. Ecnu L unu P coBmnagaer ¢ O, To BMeCTo
OB B 3TOM pacCyXJeHHH HaJO CHayaja B3fiTb Mapajeb-
uyto OB npsmylo, 4ytoGbl OHA He mpoxojuna yepes L u P.

Tenepp cBofictBo H(x +y) = Hx + Hy  jmocraTtouno
JOKasaTh AJs1 BEeKTOPOB x = PQ u y = QR. A mias Takux
BEKTOPOB OHO OYEBHJHO.

IMycte A, — dyHKuUA HA BekTOpax npamoit OA, Ay—
¢yHKuus Ha Bektopax npaMod OB u A, —dyHKuus Ha
BekTOpax mpsMoi AB, npuueM A (a) =1, A (b)=1,
A;(@a—b) =1, OnpegeauM GYHKUHMIO v HA BeKTOpax IpsMO#
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OA ycaoBueM v(x) = Ay(Hx). DT1a QyHKUHSA YAOBJIETBO-
psier ycJoBusM 1, 2, 3 u 4 Teopemnl 60. CienoBaresibHO,
v(x) = kA (x). Otkyna

e (Hx) _ 22 (Hy)

A (%) M(y) °

Hawa uenp Oblia J0KasaTb NapajilelbHOCTh MPSIMBIX
AB u A'B’, rpe A’ u B’ — KoHI1bl BEKTOPOB aa U ab ¢ 06-
muM Havyajgom O. [I7si Toro 4ToGbl 3TO J0Ka3aTh, JOCTATOUHO
yCTaHOBUThL paBeHCTBO H (aa) = ab. A 3To Temepb HETPYHO.
B camom jese, mnosarasi B TOJYy4YeHHOH Bblllle TMPOMOPLHUH
X =a, Y = aa 4 3ameyas, 4To A, (a) =1, Ay (b) = 1, nonyuum
Ay(Haa) = a. Ho Ay(ab) =a. Orciona caenyer, uyrto
H (aa) = ab. W napannencHocts npsmeix AB u A’B’ jo-
KasaHa.

AHanoruyHoe paccyxjJeHHe MOXKHO [POBECTH OTHOCH-
TeJIbHO TpoekTHpoBaHusi S npsMoii OA Ha npsmyio A'B’
(uépt. 53). Torna mosy4yuM aHaJOrHYHYIO MPOMNOPLHIO

A (S%) _ 15(Sy)
A (%) M(y) "

[Monaras x=a, y=oaa u 3ameuas, yto AB = A”B’ wus-3a
napaaneabHoctd AB u A’'B’, moayuum

akg (@ — b) = A, (a@ — ab).

A orciona
a(a—b) =oaa—ab.

Ecau Tenepp B3ATb BMecTO BeKTOpa b BeKTOp —b, TO.TIO-
JYYUM
a(a -+ b)=aa -+ ab.

YTBepKaeHHe NOKa3aHo.

ITycme a u b— omauunvle om HYAR, He NAPAAILEAbHbLE
sekmoput. Toz0a awboti sexmop ¢ Oonyckaem u nPUMoOmM
edurcmeenHoe npedcmasierue 6uoa

¢ = aa + Bb.

JonycTiMm, BeKTOp ¢ JONMYyCKaeT Apyroe NpeAcTaBjeHHe
c=a'a+B’b. Torpa, BbluMTAasA paBeHCTBA MOWJIEHHO, MO-
JdyunM (e —a')a+ B—B')b=0. Ecau a =a’, T0 (a —a')
a —1yJieBOHl BeKTOp, cJjejoBartesbHO, (B — B’)b — HyJseBoi
BekTop. Otciona B =B’. 1 pasnoxenus coenapamor. AHa-
JgoruyHo mpu B = §’. Ocraercs NpeinoJioXHTb, YTO a + a’,
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B+ B’. Ho torna Bektopn (e —a’)a u (3 —B')b, Gynyun
OTJMYHBl OT HyJISi H He MapaJJjesbHbl, He MOTYT JaBaTh
CyMMY, PaBHYIO HYyJio. EJHHCTBEHHOCTb JOKasaHa.
JlokaxeM cylleCTBOBaHHe pa3sioXeHHs ¢ = aa + Bb..
MoXHO cuuTaTh, YTO BeKTOpHl @, b, ¢ umeloT ofulee
Hayano O. CrnpoeKTHpyeM BeKTOD ¢ NpPSIMBIMH MNapaJJeJb-
HBIMH b Ha npsiMylo, COJepKallylo BeKTOp @, H MNpPSIMbIMH,
napaJjjelbHbIMH @ Ha MpsIMylo, CONEpIKaulylo BeKTop b

Q
0 8 a

b
Yepr. 53. Yepr. 53a.

(ueprt. 53a). Ilpoekunu 0603HAYUM C, U €, COOTBETCTBEHHO.
OueBupHO, ¢=c¢,+ ¢, Tak Kak c, JeXUT Ha MPAMO.
BeKTOpa @, TO C, = ad, aHAJOrH4YHoO ¢, = Bb. CyelloBaTeNbHO,

¢ = aa -+ Bb.

CylecTBOBaHHE pasJOXKEHHSI JOKa3aHo.

B 3akusioyeHHe 3aMeTHM, YTO MNOJOOHYIO TEOPHIO BeK-.
TOPOB MOXHO ObL10 Obl TMOCTPOHTL H* B MpPOCTpPaHCTBE. Mbl
OrPAaHHYHJIMCh CJAYYaeM IJIOCKOCTH, YTOObl YNpPOCTHTh H3--
JOXKEHHE.

§ 6. JlekapTOoBH ¥ NPOEKTHBHblE KOOPAHHATHI

IlpoBeseM uepe3 npousBoabHYIO Touky O (Hauaro Koop-
OJunam) adUHHOH NJIOCKOCTH JBe MNpsMble (ocu Koopduwam)
M BO3bMeM Ha KaXJOH H3 HHX IO OJHOMY BEKTODY e, H e,
(6asucnoe eexmopot). Torma moboit Bektop OA jgonyckaer
M TNPHTOM EeIHHCTBEHHOE MNpejCTaB/EeHHE

O0A = xe, + ye,.

Takum oOpasoM, KaxJIo# Touke A aduHHOM mNJIOCKOCTH
B3aHMHO OJHO3HAYHO COMOCTaBJIsSIeTCA Napa 4Yucen (X, ).
Hucna x, y HasbiBawTCA — Jekapmosoimu  KoopOuwamamu:
TOYKH.
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Ilycte g — npsimast, Ao — Touka, @ e — OTVIMYHBIH OT
HYJsl BEKTOp Ha 3TOH MnpsiMoii. BosbMeM NPOH3BOJIbHYIO
touky A Ha npsmoii. Tak kak Bektopnl A,A = 0A — 0A,
¥ e JiexaT Ha OJHOH NpsMOH, TO

0A — 0A, = le.
TpencraBasisi e B hopme a,8; + a,8,, MONYUHM
(x—xp)er + (¥ —yo) ez'/: ayh ey - aghge,.

Orciofa B CHJy €IHHCTBEHHOCTH pAas3JIOXKEHHsi JIOGOTO BeK-
Topa No BeKTopaM 6asnca e, H e, 3aKJI0YaeM

X—Xo =), Y—Yo=a\.

YMHOXHB NepBOe ypaBHEHHe Ha a,, BTOPOE Ha a; M BHIYTEM
nousieHHo. Torga nosyyum

(x — xg) 09— (y — yp) 2, = 0.

Taxkum obpasom, koopdunamer Kaxcdol mouku npamol g
y0062eMBOPAIOM AUHEUHOMY YPABHEHUI0. DTO YPaBHEHHE Ha3hbi-
BACTCH YpABHEHUEM NPAMOL.

O6parHo, kaxcdoe AuHelHoe YpasHeHue

ax + by +c=0 *)

ABASleMCA  YpasHeHuem Hekomopold npamod. JlefcTBUTENBHO,
MyCTb X,, Y, — KaKoe-HUOYAb pelleHHe STOTO YpaBHEHHS.
Torpa npsiMasi, npoxoasiias yepes TOYKY (X,, Y,) H CoOZep-
XKaiasi BeKTop e = — be, - ae,, umeer ypaBHeHHe (*).

BbisicHHM, Kak BbIpa)KaeTcsl QTHOLUIEHHEe CJeJOBaHHS MAJIs
TOUEK Ha NpsMOil yepe3 HX KoopAuHatel. Ilyctb B ypaBHe-
Hud npsiMoit (*) b = 0. DT0 3HAYHT, YTO B Pa3JIOKEHUH BeK-
TOpa e, Jiexaiiero Ha npsmoi, a; = 0.

Kak Mbl 3HaeM, B OJHOM HampaB/JeHUH CJeJOBaHHE TOUKH
A, 3a A, Bhipaxkaercss B ToM, 4T0 BekTop A,A, OJIHHAKOBO
HanpaBJeH C HEKOTOPbIM (DMKCHPOBaHHbIM BEKTOPOM Ha Npf-
MOJi, HAaNpHUMep e, a CJleJOBaHUE B JPYrOoM HanpaBJeHUH Bbl-
pa)kaeTCsi B TOM, UTO 3TH BEKTOPbl NPOTHBOMOJIOXKHO Hanpas-
JIeHBI.

Tak kak

0A, —O0A, = ke, OA;—O0A,=)e, 10 AjA, = (A, —\)e.
Orciopa caeayet, yTo A; < A, B OAHOM HanpaBJIeHHH, €CNH
Ay <Xy, @ B APYroM HampaB/ieHHH, ecaH A, > A, Tak kak
Xp—Xg =0qky, Xg—Xg =0y, TO Xp— X3 =a;(Ag—Ay).
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CnenoBatenbio, Ay < A, B OXHOM HampaBjeHHH, €CJH
X; < Xy, @ JApDYrOM HAmpaBJeHHH, eCIHH X; > X,.

AHanoruyHo nokasbiBaeTcs, YTO BCIH B YPaBHEHHH MNpS-
moit (*) b = 0, To ciefoBaHHe Ha NPSMOH B OJHOM HamNpas-
JIEHHH BbIPAXKaeTcsi HEPaBEeHCTBOM Y; < Yy, @ B JPYToM —
Y1 > Yo

BBeseM Ha aduHHOM MNJOCKOCTH ORHOPOAHBIE KOOpJAHHA-
Thl. OOHOPOOHBIMU — KOOPOUHAMAMU TOYKH Mbl GyJIeM Hasbl-
BaTb JoCble TPH YHCIA X;, X3, X5, HE BCE paBHBIE HYJIIO,
CBsi3aHHblE C ee JeKapTOBbIMH KOOpAHHATaMH X, Y, paBeH-
CTBaMH

OnHopozHBlE KOOPAHHATBHI COMOCTABJSIOTCS TOYKE HE OJHO-
3HauHo. M roeopst 06 OAHOPOAHBIX KOOPAMHATaX TOYKH, Mbl
HMeeM B BHAY He ONpeJesieHHYIO TPOHKY uHcesa, a CHCTeMy
TPOEK, OTJIHYAIOWUXCA APYr OT JPyra HEeKOTOPbIM MHOXH-
teseM. OueBHAHO, KOOpAHHATA X5 # O.

[ToacraBnsss B ypaBHeHue npsMoit (*) x M y, BbHIpaxeH-
HLIE Yepe3 OAHOPOAHBIE KOODAHHATBHI, 3aKJII04aeM, YTO OJHO-
pOJHbIC KOOPAHHATHI MNPSIMOIl  YAOBJETBOPSIIOT JIHHEHHOMY
OIHOPOJHOMY YpaBHEHHIO

ax, + bxy + cx; = 0.

Jlerko BuzeTth, 4To U OOPaTHO BCSIKOE TAaKOE ypaBHEHHE, eCJH
aub e PaBHbI HYJIO, OXHOBDEMEHHO €CTb YPaBHEHHE HEeKO-
TOpPOH MNpsAMONl apUHHOH MJIOCKOCTH.

Beenem Tenepn npoexmusgHele KkoopOunams: Ha TIPOEK-
THBHOH mnyiockocTd. Ecin Touka A nNpoeKTHBHOH MJIOCKOCTH
fIBAsieTCd TOYKOH a(pMHHOH MJIOCKOCTH, TO B KayecTBe
NPOEKTUBHBIX KOODJAMHAT Mbl OepeM OJHOPOJAHbIE KOOp AH-
HaTtel. Ecin Touka A sBnsiercsi GECKOHEUHO YAaJeHHOH TOY-
KOH mnpsiMoii, cofepxailefi aduHHYO npsmylo ax -+ by 4
+c¢=0, TO B KayecTBe NpPOEKTHBHbIX KOOpPAHHAT Mbl Ge-
peM Tpoiiky uucen (—b, a, 0) uiau mobyio TpOiiKy, el npo-
NOPLHOHANBHYIO.

3ameTHM, UYTO vyepe3 KaKAyl0 OECKOHEYHO YJajieHHYIO
TOYKY NPOEKTHBHOH [JIOCKOCTH TNPOXOAUT OecuucyeHHoe
MHOXKECTBO TNPOEKTHBHBIX TPSAMBIX, COJAEpXKallHX TNpsMbie
apunHble. [losTOMy I/l KOpDPEKTHOCTH BBEIEHHSI KOOpAMHAT
6ecKOHEYHO yHajieHHbIX TOYeK Hafo, 4YTOGbl TPOMKH, OTBe-
yalomHe OoJHoH OeCKOHeYHO YJajieHHOH TOuYKe, omnpeneis-
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eMble pasHbIMH TNpsiMbIMH ax + by ¢ =0u ax + by +
+ ¢, = 0, 6buiM NpONOpPUHOHAAbHBL. DTO TaK H €CTb, HGO
cucTeMa ypaBHEHHH
ax+by+c=0, ax+by+c=0

HE COBMEeCTHA (NpsiMble NapaJjllefibHbl, T. €. He MepeceKatoTcs).
Orciona

ab
ab,

a b
= (0, cJenoBaTeJbHO, — = —.
a bl

OueBHIHO, NpPOEKMUBHAA NPAMAS 8 NPOeKMUBHbIX Koopdu-
Hamax 3a0aemcs AUHeUHbIM YPABHEHUEM, HMEHHO TeM e
ypaBHEHHEM, YTO M COOTBETCTBYIOWLAsl a(pUHHAs NpsiMasi B Of-
HOPOJAHBIX KOOpJAUHATax. DeckoHeyHO yAajieHHass nOpsMas
3aflaeTcsl ypaBHeHHeM x, = 0. O6partHo, arwboe auneliroe
00HOPOOHOE YPAaBHeHUe 8 NPOeKMUBHLLX KOOPOUHAMAX ABAAEMl-
cA YpasHeruem HeKOmopou npsamou.

B 3aknioyeHue 3amMeTHM, YTO B NpPOEKTHMBHOM MNpPOCTpPaH-
CTBE TOXE MOXHO BBECTH MPOEKTHBHblE KOODPAHHATHI X;, X,
X3, X,. Ilpu sTtoMm mo6asi niockocTb OyJeT 3alaBaThCs JIHHE-
HbIM OJHOPOJAHBIM YypaBHEHUEM

ax, + bx, + cx; + dx, = 0,

a Jiobas npsMas — CHCTEMOH JABYX TAaKHX HE3aBHCHMBIX
ypaBHeHH#. Mbl orpaHMYHIHCH CJAyyaeM NpPOEKTHBHOH IJocC-
KOCTH, 4TOObl YNPOCTHTb H3JIOXKEHHE.

§ 7. HenpoTHBOpeYHBOCTL M MOJHOTA CHCTEMbl AKCHOM
NPOeKTHBHOH reoMeTPUH Ha MJIOCKOCTH

Teopema 61. Cucmema axcuom npoeKmusHol eeomempuu
Henpomusopeuusa. To ecmo, u3 Hee He Mmozym Obimb Gvigede-
HbL nymem ao2udeckux paccyscOeHuti 08a 63AUMHO UCKAHOHQ-
rouwux caedcmeus.

DTy TeopeMy Mbl JOKa)KeM JJsi [POEKTHBHOH TIeoMerT-
pHM Ha nnockocTH. JlokasatenbcTBO OyAeT COCTOATH B
TOM, YTO MbI' NIOCTPOUM KOHKDETHYIO peasH3alui0 CHCTEMbl
aKCHOM TPOEKTHBHOH TIeOMeTpHH, B KOTOpOil aKCHOMbl Oy-
AYT BLINOJHSITHCSE B CHUJY COOTBETCTBYIOLUIMX TeopeM apHp-
METHKH. DTy peanusauuio Mol OyJeM HasblBaTb aHaJUTH-
YecKoH.

Toukoi Mbpl OyfeM HasbiBaTh JIOOYIO TPOHKY BeLIecT-
BeHHbIX 4YHcel (X;, Xp, X3), HE DPaBHbIX HYJIO OAHOBpEMEH-
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HO, u OyJeM CUHTAaTh TOYKH COBNAJAIOIIHMH, €CJHH TPOHKH
nponopuHoHaJdbHbl. Yucna x;, x,, x; OyleM HasbiBaTh KO-
OpAHMHATAMH TOYKH.

IIpamod mbi GyneM HasbiBaTb  COBOKYMNOCTb  TOUEK,
VAOBJIETBOPSIOIMIUX JIHHEHHOMY ORHOPOAHOMY  ypaBHEHHIO

alxl + d2x2 + a3x3 = 0.

Mbl OGyzeM roBOpPHTb, YTO TOYKAa NpUHAOAexHcum TPSIMOH,
ec/lH OHA SBJSETCH OJHOH H3 ee TOueK, T. €. KOOpAMHATHI
TOYKH YJOBJETBOPSIIOT YPaBHEHHIO Mps-
MOH.

[lpoBepka MJIOCKHX aKCHOM CBfI3H He
coCTaBJjisieT TpyAa. Mel mpejocTaBisieM ee
YHTaTENIO.

Kak 6buio oTMeueHo paHee, TeopeMa
Jlesapra He MoxeT ObITb BbIBEEHA U3
IJIOCKHX akcHoM cBsi3H. U anst noctpoenus
NPOEKTHBHON TIeOMETPHH Ha IJIOCKOCTH
npenyoxenue [esapra HaJo NpUHATH Kak
akciomy. I[IpoBepuM ee B Haulefi peaJiu-
3alHH.

Kak Mbl 3HaeM, B ciyyae, Koria y TpeXBepIUHHHHKOB
COBMAJAIOT JBe COOTBETCTBYIOIIHE BepIUMHbl HJIH CTOPOHBI,
npenjoxenye Jlesapra BbINOJIHSIETCS TPHUBHAJIBHBIM O0pasoM.
Ilostomy MBI GyaeM cuMTaTh, YTO COOTBETCTBYIOLIHE -CTOPOHBI
H BepLIHHbl TPEXBEPIUMHHHKOB Pas3jHYHEI.

IlycTh TpeXBepIIHHHMKH HMEIOT HEHTP NepcleKTHBbI
S (uepr. 54). O6osnauum a =0, B=0, =0 u 3=0
ypaBHeHus npsimeix AS, BS, AB u A’B’ COOTBETCTBEHHO.
Torpa ypaBHenne SC MOXHO mNpeACTaBHTb B BHAE Aa -
+ pf =0. Hau, BK/OYaST MHOXKHTENH A H ¢ B ypaBHEHHS
a=0u =0, monmyunm ypaBHenne mnpsimoi SC B BHze

a4 8=0.

YpaBHenus npsambix AC u BC MOXHO nNpeaCTaBHTb B
Bufe a -+ Ay =0, B+ py=0 coorBercTBeHHO. A TaK Kak
3TH npsMble mnepecekaioTcs ¢ npsmoit SC B Touke C, TO
HafiiyTcsa Takde § H 7, 4YTO

E@+A) + 1@ +p)=a+p.

O1ciona B cuy He3aBHCHMOCTH ypaBHeHHH a =0, B =0 u

Yepr. 54.

115



1=0 nonydaerca £==7m=1, A= —p. TakuM obpasom,
ypaBHeHusi npsmeix AC u BC Gyayt
a+ A =0 B—Ay=0.

Ananoruuno nosyvaloTcsi ypaBHeHusi npsambix A'C’ H

B'C’

a+pd=0, B—p3 =0.
OueBngno, Kaxpas H3 Tpex nap npsiMbix 1 =0 u 8 =0,
a+M=0na+4pw=0, B—Ay=0 u B— pd =0 nepece-
KaloTcd Ha mnpsMo# Ay —pd =0, KoTopasg H GyAeT OCblO
IIepCNEeK THBBI.

- Jloka3areJbCTBO OOpaTHOrO YTBepXKIeHHs Teopembl [le-
3apra npoBefeM OT INpoTHBHOro. IlycTb TpexBepIUMHHHKH
HMEIOT OCh MepCnekTHBbl S, © A* — Touka Ha Hel, TAe nepe-
cekaiorcsi croposl BC u B’C’. OGo3nauuMm nepeceyeHue mpsi-
mMbix AA’ u BB’ uepe3 S. Ilyctb C” — TouKa, B KOTOpO# mps-
masa SC nepecekaer A'C’.

[To mokasanHoMy TpexBepliHHHUKE ABC u A’B’'C” umeror
ocb nepcnekTuBbl. OueBHgHO, OHA coBmaaer ¢ s. Takum 06-
pasom, npsivele BC u B’C’ u npsimbie BC, B’C” nepecekaiot-
Cl HA S ¥ NIPUTOM B OIHOM H TOK ke Touke A*. Orcioma cosna-
nenue npsimeix B'C’ u B’C” u, clefioBaTesIbHO, COBIAjeHHE
touek C’' u C”. YTBepxKIeHHe JOKa3aHO.

OnpesenuM Tenepb OTHOIIEHHE CJIEIOBAaHHA TPOEK TO-
yeK Ha INPSIMOH W NPOBEPHM BLINOJHHMOCTb AKCHOM I1O-
psiAKa.

Hasosem mnpsiMmylo x, = 0 GecKOHeYHO yJajieHHOH, a ee
TOYKH — GECKOHEYHO YZAaleHHBIMH. B MHOXeCTBe KOHEUHbIX
TOYeK NpPSIMOH MOKeT GLITh BBeJEHO OTHOIIEHHE CJeJOBaHHS
map TOYeK TaK, YTO BHINOJHSIOTCS BCE aAKCHOMBI MOPSAKa
3BKJHJOBOH reomeTpuu. s 3TOro Hajo BBECTH OTHOLIEHHE
ClIeOBaHHSA, KAaK B JEKapTOBOH peajH3alllH 3BKJIHIOBOU
reomeTpud. Temepb B TepMHHAX OTHOLIEHHH mopsiAka AJs
C/IeIOBAHMS Map TOYEK Mbl ONpefesisieM CleJOBaHHE TpPOeK.

Ecau Bce Touku A, B, C KoHeuHbl, TO CJeJIOBAHHE B OAHOM
HATIPABJIEHHH ONpeJesisieTcs ONHHM M3 TPeX YCJOBHH:

A<B<C, nmuB<C<A, uiu C< A <B.

CnefoBanue TPOHKH B NPOTHBOIMOJIOXKHOM HanpaBJeHHH OIlpe-
JeJIsieTCsl  YCJIOBHSIMH

A>B>C, wu B>C>A, wiu C>A>B.
OnpepenuM cyeioBaHHe TPOHKH MNpPH HAJHYHH B Hei
olHOi GeCKOHEYHO YJAaJieHHOH TOYKH, KOTOPYIO 0GO3HAYUM
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Q. Mo GyzmeM roBOpHTb, 4TOo Tpoiika AB R ciepyer B nep-
BOM H3 YKasaHHbIX HanpasjieHH#l, eci A < B, W Bo BTO-
poM, eciint B < A. Tpoiitka A Q C caefyer B nepBoM Hampas-
Jgenud, ecaii A > C, u Bo BropoM, ecan A < C. Tpofika
Q BC caenyer B mepBoM HanpasJjeHHH, ecnid B < C, u Bo
BTOpOM, ecau B > C. ‘

Takum o6pasoM, Mbl ONpENENHJH CJEJOBAHHE TPOEK TO-
9eK Ha Kaxaoi npsiMoli, He sBJsmoueiicss 6eCKOHEUHO Yaa-
gennolt. CirefoBaHHe TpoeK Ha 6eCKOHEUHO yAaJeHHOH MpsiMoi
Mbl OlpejiesisieM uYepe3 MPOEKTHPOBaHHE HA KaKyoo-HUOYAb
KOHEeYHYI0 NpsIMYIO.

Tenepb Hago mNpPOBEPHTH BHLIIOJHHMOCTb AKCHOM IIO-
palka. Dra npoBepka, Kak Jerko yOemuTbCs, He INpeACTaB-
JseT TpyAa, HO CBsi3aHa C pacCMOTpEHHEM MHOXKecTBa pas-
JUYHBIX caydaeB. Ilostomy MBI ee npoBoAuTb He OyleM.
UTo KacaeTcsi aKCHOMbI HENPepPBIBHOCTH, TO OHA, OYEBH]HO,
BBINOJIHSIETCH, TAK KaK CBOAHTCS K AaKCHOME. HeNpephIBHO-
CTH JAJs1 SBKJAHAOBOH TNPSIMOH OTHOCHTENBHO CJE€JOBaHHSA
nap.
ITocTpouB aHanmuTHYECKYIO peajH3alHI0 CHCTEMbl aKCil=
OM TNpPOEKTHBHOH reOMeTpPHH, Mbl M 3aKJIOuaeM O ee HempoTH-
BOPEYHBOCTH.

[TepeiireM Temepb K BONPOCY O TOJIHOTE CHCTEMbl AKCHOM
NIPOEKTHBHOH TIeOMeTPHH Ha MJIOCKOCTH.

CorntacHo o0LIeil cxeMe JOKas3aTelbCTBa MOJIHOTHI CH-
CTEMbl aKCHOM, Mbl JOJIKHB YCTAaHOBHTb H30MOP(H3M Bcex
peanu3anuii CHCTEMbl aKCHOM NPOEKTHBHOH reomeTrpuu. s
3TOr0 JOCTaTOYHO YCTAHOBUTb M30MOP(H3M HX KaKOH-HUOYAb
OJHOH peaju3alHH, HalpUMep aHaJHTHYECKOH, IOCTPOEH-
HOH TOJIbKO YTO.

B § 6 6e3 kakux-1u60 NpPEANOJIONKEHHH O KOHKDPETHOCTH
peasu3alvd Mbl COMOCTABHJIM Ka)KAOH TOUKE CHCTEMY TpOEK
yyuceJ — NMPOEKTHBHBIX KOOPAHHAT, a Ka)XJIoi npaMoi —
MHOXECTBO TpPOEK, YAOBJETBOPSAIOIHX JIHHEHHOMY OJHOPOJ-
HOMY YypaBHeHHI0. Tak Obu1O yCTaHOBNEHO B3aHMHO OHHGCe
3HayHOE COOTBETCTBHE MeEXAY 3JEMEHTaMH NPOH3BOJILHOM
peanusall¥ H aHajauTHyecKofi. [ss Toro uto6hl 3TO 0OTOOpa-
)KeHHe OblIO H30MOPGHH3MOM, Hafo 4YTOObl COOTBETCTBYIOLIHE
IpyNNbl 37€MEHTOB HAXOJHJIHCh B ORHHAKOBBIX OTHOLUEHHSX
nopsKa.

Tak snu 310? UTOOH yGEAMTHCA B TOM, 4TO 3TO JAeHCTBH-
TeJIBHO TaK, 3aMETHM IpeXJe BCero, 4To OTHOUIEHHS CJefo-
BaHHS Nap TOYEK Ha NpPSAMBIX B Oo0OMX peanus3auusax, nocje
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yJlaneHusi GeCKOHEYHO YJAJEeHHBIX TOYeK, HAaXOAATCH B COOT-
BeTCTBHH. W mosTomMy ocTaercs TOJbKO NMOKasaTh, 4TO yCTa-
HOBJIEHHE NOPSJAKA CJEIOBAaHHS TPOEK B aHAJUTHYECKOH pea-
JY3alnl (OpMajibHO COBMAjaeT C BOCCTAHOBJEHHEM MOpsJKa
CJeOBaHUSl TPOEK Ha MPOEKTHBHOH NpPSMOH uepe3 NOpPsIOK
CJIeIOBaHUSl Map ToueK Ha a¢uHHOH NpsSMOH.

Ilycte ¢’ u ¢" — ABa NPOTHBOMOJIOXKHBIX HAaNpaBJeHHS
Ha TNPOEKTHBHOH mNpsiMOii B KakoH-aHGO peasnusanuu. Puk-
CHPOBAB HEKOTOPYIO TNPSMYIO, KOTOpPYlO Mbl HasBajau Oec-
KOHEYHO yJaJleHHOH, Mbl paspesalii NJOCKOCTb MO 3TOH Npsi-
MOH H, TakuM o00pas3oM, MNOJYYHUTH adUHHYIO IJIOCKOCTb
U Ha He#l aduHHble npsMble. Ha aduHHBIX NPAMBIX Mbl OI-
peleNuaH MNOpSAJOK CJemoBaHMs nap ycaoBueM: A < B
B OJHOM HampaBjeHudu (¢'), ecau Tpoiika QAB cuaenyer
B HanpamJjenuu ¢', u A > B, ecan RAB caenyer B Hampas-
JeHuu t’.

[IycTp Tenepr MHl MMeeM TpPH TOYKH Ha adHHHOH nps-
Mmoit A, B, C, npuuem A < B < C. DT0 3HAUYHUT, YTO TPOHKH
QAB u QBC caepyior B. HanpasieHuH ¢. Ilo axcuome
I1, u 11, orciona BhiTekaer, uto Tpoiika ABC cienyer B Ha-
npasienun t'. Toxe GyreTnpu B<C <A u C<A K
< B. CnenoBarenbHo, YCTaHOBJIEHHE MOPSAKA CJEJOBaHHUS
TPOEK B AaHAJUTHYECKOH peasu3amiy ecTb NPOCTO BOCCTa-
HOBJIEHHE CJIeIOBAaHHSI TPOEK MPOEKTHBHOH MNpSMOI uepe3
OTHOILEHHE CJeJJOBaHUSA AJIsl nmap ToueK Ha aduHHOH NpsIMOM.
W tak kak Ha adUHHBIX MPSMbIX COOTBETCTBYIOIIHE Maphbl TO-
ueK MNPOU3BOJILHOH peajiu3alMH M peajH3alHHd aHaJIHTHUe-
CKO#i HaxoJsTC B OJAMHAKOBLIX OTHOLIEHHSX MNOpSiAKa, TO
H COOTBETCTBYIOLUIHE TPOHKH MPOEKTHBHEIX TNPSIMBIX 3THX
peanu3aunuii TOXE HAaXOAATCA B OAHMHAKOBBIX OTHOLICHHAX
nopsigka. Takum o6pasoM, MBI NPHXOJHM K CJenylouien
TeopeMe.

Teopema 62. Cucmema axcuom npoekmusHoll eseomempuu
HQ naockocmu noaHa. Bce ee peaausayuu u3omopgHel.

§ 8. IpoekTuBHble Npeodpa3oBaHUs

I1poekmusnoin npeobpaszosanuem TNJIOCKOCTH HasblBaeTCs
TaKoe ee OJAHO-OJAHO3HAuHOe OTOoOpakeHue Ha cebs, NpPH Ko-
TOpPOM NpsiMble NEepeXOAsT B NpsiMble. JIerko NPHBECTH NPH-
Mep NpPOEKTHBHOro npeoGpasoBaHusi. VIMeHHO, CONOCTaBHM
KaJoH Touke A C NpPOEKTHBHBIMH KOOPAMHATAMH X, X,, Xg
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Toyky A’ ¢ MPOEKTHBHBIMH KOODAHHATaMH Xj, X,, X, COTJIACHO
¢opmyaam

xi = QX1 + Q19%s + Q13%3, 110120, .
Xg = Qg1 X1 T ApeXy + AogXs, A =105105055 | < 0. (%)
Xy = Qg1 %1 + QgeXp -+ A33Xs, 031052035

310 npeoGpasoBaHHe FBJAECTCS POEKTHBHLIM.

HefictBuTeabHo, ecau ¢opMyasl (¥) paspelinTb OTHOCH-
TEJBbHO X;, Xg, X3, @ ITO BO3MOXHO, TaK KaK ONpeeHTeNb
cucteMbl A == 0, TO Mbl NOJY4YHM (POPMYJBEI BHZAA

Xy = a5, %) + g, XY -+ a3x5,
IR AW (W} LW ] k%
Xp = Qg Xy + ApoXp + Qg3Xs, **)
’ ’ ’ ’ ’ ’
X3 = Ay Xy + AgoXy + QgaXg.

Orciofa crenyert, U4To ecM TOYKH A yIOBIETBOPSAIOT JHHEH-
'HOMY  ypaBHeHHIO ax; + bx, + cx; = 0, TO cooTBeTCT-
ByIOllHE HM TOYKH A! YIOBJETBOPSIIOT TOXE JIHHEHHOMY
ypaBHEHHIO, KOTOpoe mnoJyyaercs H3 ax, + bx, + cx; = 0
3aMeHOll B HeM X;, X,, Xz corjacHo ¢opmynaam (**). Takum
o6pa3oM, YykKasaHHoe MnpeoOpasoBaHHE IJIOCKOCTH JEHCTBH-
TEJbHO SIBJISIETCS] NPOEKTHBHBIM.

Teopema 63. Kaxoser 6bi wu Gbiau 4emeipe moyxu Al
A%, A3 A% no mpu ne sexcauyue Ha 00HOU npamod, u yemeol-
pe mouku B, B2, B3, B* mosce no mpu He iescaujue Ha
00HOU npamol, cyuecmsyem npPoeKmueHoe npeobpasosarue,
Komopoe nepegodum mouku Al, A%, A3, A* coomeemcmeenHo
é B, B% B3 B*

Takoe npeoOpa3oBaHHE MOXKHO YKasaTb CpPeld NpOEKTHB-
HBIX npeoGpasoBaHuil (*).

PaccMoTpuM ABe MaTpHIbl

111 111

¥y xa%s hinds

x X)Xy X3 v Y1Y5Y3

- 3.3.3 = 3,33
XXX | 1Y:Ys |’

1 4,404

XXy x4 91Y,Ys

COCTaBJICHHblE H3 KOOpAMHAT X! Touek A’ H KOOpAHHAT yj
Touek Bi, Kaxpas u3 3THX Marpun HMeeT paHr 3. B camom
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AeJjle, MyCTb KaKof-HHOYAb ONPEAENHTeNb TPETLEro MOPsSAKa
paBeH HYJIO, Hanpumep,

1 1 41
XXy Xy
2 42 42
X X X2

3 43 43
xlxzxa

I
e

Torpa cucrema ypaBHEHHH

ax} + Bxl + 1x$ =0,

axt 4 Bt + 722 =0,
3 3 —

ax? + Bx} + x3 =0,

OTHOCHTENBHO o, B, Y HMeeT HeHyJeBoe pelleHHe ag, By, Yo-
A 5T0 3HAuHT, YTO Ha OPAMOH agx; + BoXs + Yo¥s = 0 Je-
kat Toukn A!, A%, A3, U mbl nmpulmIM K NPOTHBOPEUHIO.

Tak Kak pauHr maTpuubl X paBeH TpeM, TO YETBEPTYIO ee
CTPOKY MOXKHO MOJYYHTb U3 NEepBbIX TPEX, YMHOXKasl HX Ha CO-
OTBETCTBYIOIIHE 4HCsa A, hy, Ay M cKiaaabiBasi. He orpanu-
ypBasi OOIIHOCTH, MOMHO CUHTaTh, UYTO Ay = Ag=A; =1,
HeiicTBUTENbHO, [J51 3TOr0 AOCTaTOYHO KOOPAHMHATHI TOYKH
A! yMHOXHTb Ha \;, TOUKH A? = Ha A, U Touku A3— Ha A,.

Touno Tak Ke MOXKHO CUHTATh, YTO UeTBepTasi CTPOKA
MaTpuubl Y osyyaeTcsi [NPOCTBIM  CJOXKEHHEM MepBbIX
Tpex.

[Tocrapaemcsi Tenepp mnono6paTh Tak Ko3QHIHEHTHI
dopmya (*), utoObl mpeoOpa3oBaHHEe, HMH 3ajaBaeMoe, Iie-
peBoausio Tpu Touku Al, A2 A3 B Tpu Toukm B!, B2, B3.
ATO HeTpPYAHO cjenaThb. [logcTaBUM KOODAMHATBHI 3THX TOYEK
B dopmyanl (*). Toraa mosyuyuM cucTeMy JAeBATH ypaBHEHHH
C HeH3BECTHHIMH a,;. DTa CcHcTeMa pa3OHBaeTCs HAa TPH He-
3aBHCHMble CHCTEMBI

1 __ 1 1 1
Y, = allxl + Q,2X> + az3x:h
2 2 2 © 2
Yi =% + Q% + alaxgo

3 __ 3
Y= a;llei + a12x2 + a13x3’

cooTBercTByIomMe i = 1, 2, 3. Kaxmas M3 TakHX CHCTeM,
OYEBHJIHO, paspellliMa, TaK KaK HMeeT OTJIHYHBIA OT HyJs
onpejesuTeNb.
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[Tokaxkem Tenepb, uyTO omnpefenuTeNb A MNoNyYEeHHOTrO
npeo6pa3oBaHUsl OTJIHYeH OT HyJas. [leficTBUTeNBHO, Jierko
BUJIETD

11,0 1 51 41
yl !/2 y3 all a12 ala x1 xz xa
2 2 2 42 42
YR YR Y| = Qo Qo Qo3| - [ X X5 X5,
3 3 3 .3
Y Y, y3 Q31 A3p Q33 X7 X, x3

M T1ak Kak ompefesuTenb, COCTABJEHHBIH M3 Y| OTJHMUEH OT
uyas (touku B!, B2, B?® He nexar Ha onHOH mpsiMoil), TO
onpeleJuTe/b A MOCTPOEHHOrO NMpPOEKTHBHOIO Npeobpas3ora-
HHSI OTJIHYEH OT HyJsl.

[TocTpoeHHOE TNPOEKTHBHOE MpeoOpa3oBaHHe MepPEeBOLHT
takxke Touky A, B B,. B camom pjene, eciu mnoAcTaBHTH
B Kakylo-HHOYyab u3 ¢opMya (*) koopamHaThl Touek Al, A?,
A3 u B!, B% B3 W CJ0XHTb MNOJIyueHHble paBEHCTBA IIO-
YJIeHHO, TO COIJIACHO YKa3aHHOH Bblllle HOPMHPOBKE KOOp-
JMHAT TOJIyYHM pe3ysabTaT NOACTaHOBKH Touek A n B! B
Te Xe (GopMyJIbl.

Teopema 64. IIpoexmuseneimu  npeobpasosanusmu (*)
UCHepnbIBAIOMCA  6Ce  NPOeKMmuUeHvle  npeobpa3ceaHus  nAoc-
Kocmu.

Hokasamenscmeo. Ilycte S — Kakoe-HHOYAb INpOEKTHB-
Hoe npeo6paaoBaHue. Bo3bMeM kakue-HHOGYIb Y€TbIpEe TOUKH
A3, A% 1no Tpu He JexaimHe Ha OJHOH NpPSIMOH.
I'IpeoépaaoBaHHe S nepeBoguT ux B ToukH Bl, B%, B3 B4
TakXe M0 TPH He JeXalHe Ha OZHOH NpSAMOH. I"lych

S’ — npoekTuBHOe mnpeoGpasoBanue (*), mepeBoisiliee TOYKH
B! B A‘. Toraa npeoGpasoBaHue H = S’S, KoTopoe, oueBu-
HO, Toxe OyJeT NpPOEKTUBHBIM, OCTaBJseT TOYKH Al, A2,
A3, A% HenoxBHKHbIMH. Mbl yTBepikjaeM, 4TO mNpeoGpaso-
BaHHe H ocTaBjisieT BCe TOYKH HEMOABHKHBIMH. -

[ns joKasaTesibCTBA STOTO YTBEPXKJEHHS HAM IOHAJo-
65ITCSI  HECKOJIBKO BCIIOMOraTesibHbiX ¢akToB. Bo-nepBebix,
npoekmusHoe  npeobpa30Barue  nepesooum  2apMoHUdecKue
nape. mowex 8 2apMoHudeckue napel. TO BbHITEKAET HENOCpel-
CTBEHHO M3 OINpefiesieHHs] TapMOHHYECKHX Map C MOMOLILbIO
yeTblpeXBEpPLUIHHHHKA H CBOMCTBa NPOEKTHBHOro npeoGpaso-
BaHUsl NMEpPEeBOAUTb NpPSIMEE B MpSIMBIE,

[Ty¢tb Ha mJIOCKOCTH BBeJeHa Kakasi-HHOYAb cHCTeMa
NPOEKTHBHBIX KOOpAHMHAT X;. Bo3bveM Ha npsMoii x1 =0
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yeTblpe ToukH C/ (0, A, ) M COCTAaBHM TaK HasblBaeMoe
aHrapMOHHYecKoe OTHOMIeHHe

Ay gty

; Ag Ag
C'\C2C3C*) — 3 U3 sl

( ) AL pg Ag pg

YA Ay by

Jlerko npoeeputh, 4yto (C!' C?* C® C%) He 3aBHCHT OT HOp-
MHDOBKH KOOpAHHAT.

YTBepxkaaeM, uto mouku C!, C2, C® C* ob6pasywom
2apmonuueckyio epynny, m. e. napa C' C? zapmonuuecku
pazdessem napy C3® C* moeda u moabko moz0a, Kozda
(CrC*C®CYHY=—1.

[Tpexxje ueM JoKasbiBaThb 3TO YTBepXKJAeHHE, CleJaeM
nBa 3ameuanus. IlycTb Ha npamolt ax; + bxy +cx3 =10
uMeeM TpH pasiuyHble Touku P’ (x;), P"(x/) m P (x}).
Toeda koopounamer P™ mooxcno eeipasume 4epe3 Koopou-
namo. P' -u P" 6 ¢popme xy=Etx] + nx;. D10 caenyer u3
TOro, 4To JioGoe pellleHHe (x;) YypaBHeHUs ax; -+ bx, +
~+ cx3 =0 JHHeHHO BbIpaxKaeTcd uYepe3 JABa HE3aBHCHMBIX.
B HaweM cayuae 3T0 (x;) H (x;). BbipaxkeHHe KoOpAMHAT
P” yepe3 koopauHaTel P’ u P” Mbl G6yieM 0603HauaTb
CHMBOJIHYECKH

P” = tP’" 4 qP",

3ametuM eme, 4TO KOOpAHHATH P’ H P” MOXHO HOpPMHpO-
BaTh TaK, 4To § H 7 OyAyT paBHbl eauHHue. [Jas 3Toro
Hajo KoopAHHATH P’ yMHOXKHTL Ha £, a KoopauHaTel P’
YMHOXKHTb Ha 7.

[Tycts ToukH P’, P” u P” He ;nexaT Ha OAHOH npsiMOii.
Toz0a He cywecmsyem uucen &, v, G, u3 kKoux xomsa 66t 00HO
66110 OMAUMHO OM HYAA U BbINOAHANOCL PABEHCMEO

EP’ + ,nP'I _I_ CPII/ — 0.

camoM JieJie, 3TO PaBeHCTBO I TaBJsieT cOGOH CHCTEM
B B ejcTa 06 y
Tpex paBeHCTB
’ " m
Exl' + nxy —I—Cx}’ =0,
txy +xg + bxg =0,
Exg + mxy + Cxg =0.

PaccMaTpuBasi HX Kak CHCTeMy YypaBHEHHH OTHOCHTEJIBHO
€, m, { BHIMM, YTO OHa He HMeeT APYTrHX pellleHHH, Kpome
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E=m=20_{=0, Tak KaK ee ONpeJeNUTEJ]b, COCTaBJeHHbIA
u3 x?, He paBen Hymo (Touku P’, P", P” He Jexar Ha
OIHOH mpaMoi).

Tenepb Mbl [0Ka)eM, 4TO AJS FapMOHHYECKOH UYETBEPKH

touek C,(C,C,C,C,) = — 1. OGpatumcsa K uepTexy 55.
Ilpu coorBercTByIOUIEH HOPMH- D
pPOBKE KOOpAHHAT TodYek OyaeM
HMeTb E
F

E=C,+D, C,=C,+C,.

- Nanee, F nexur Ha EC, u C,D. P2 . C C
Orciona F =YE 4+ 7Cy=t"D + ' v 2 4
+'1]”C2, T.e. & (C1 + D) +7], (C1+
+ C,) =t"D +7"C,. CaenoBaresbho, & = —v', & =%,
v =7". U MoxHO cuuTath, 910 F =D —C,. Ilonb3ysich
nanee teM, yto G nexutT Ha EC, u FC,, aHaJorH4HO HaxXo-
auM G =D + C,—C,. Vcnonb3ys, HakoHel, To, uto G
aexut Ha C,C, u DG, nonyuum Cy = C, — C,. .

Hrak, koopaunatet C; u C, BbIpaaioTcss 4epe3 Koop-
auHatel C; u C, no dopmynaM Ag = A, — Xy, pg = sy — P,
Ay =X + Ay pg =1 + 1. TloacraBnas 5TH 3HaueHHs A H
p B (GOpMyny ANl aHrapMOHHYECKOTrO OTHOLUEHHS, JIErKo
o6HapyxuBaeM, uro (C,C,C,C,) = — 1.

To, 4T0  TOMBKO  Anisl rapMOHHYECKOH = YeTBepKH
(C,C,C,C,) = —1, cnenyer u3 ToOro, uro npH Aanunix Cj,
C,, C; ycmosue (C,C,C,C,) = —1, onpenensier nosoxe-
nue Toukn C, OJHO3HAYHO, TaK KaK OJHO3HAUHO ompeje-
NACTCA Ny/Py.

Beisicuum, Korja aisi ABYX 3alaHubix map Touek A, B
u C, D cyuectByer napa P, Q, rapMOHWYeCKH pasJeJsio-
mwas A, B u C, D. Iloctpoum cucteMy NMpPOEKTHBHBIX KOOPIH-
gar, B Kotopo#t Toukd A, B, C, D jnexat Ha ocH x, = 0 u
umetor koopauuatel (0,0,1), (1,0,1), (1,0,0), (§,0,1). Oue-
BHJIHO, TaKas CHCTeMa KOOpAMHAT cTpoutcs Ge3 Tpyaa. Ilycrsb
Toukd P u Q umelor koopaunathl (%;,0,1) u (£5,0,1). Kmeem

Yepr, 55.

01 \11 10 £l
£ 1 1 | 511\ B
01 I 1 10 E 1
£ | £, 1 5, | 521l
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OTciofa moc/ie HECJIOXKHBIX BBIKJIANOK MOJy4aeTcss CHCTeMa
ypaBHeHH#l Ans &, W &, Takoro BHAA:

El + Eg == 2&, 8152 = E.

Takum o6GpasoM, & H &, — KOpPHH KBaJpaTHOro ypaBHEHHS
22 —2t2+£=0, H, creloBaTeJbHO, pelleHHe OyjeT Be-
LeCTBeHHBIM, ecad £2—E£>0, T. e. mpu E<0 u £> 1,
MuuMBIM TIpH 0 < & < 1. [eomeTpHuyecKu 3TO 3HAUHT, '-ITO
napa PQ, eapmonuuecku paszdessoujans A, B u C, D, cyue-
cmayem, ecau napst A, B u C, D ne pasdeasromcs, u maxoi
nape P, Q He cywecmseyem, ecau napet A, B u C, D pas-
Oeasromcs,

Orciofa ciaefiyeT BaxKHBIH BBIBOL:
pasdeserue nAp UHBAPUAHIMHO OMHO-
CUMEAbHO NPOEKMUBHbIX NPe06PA30BAHL.

Tenepp MBI MOXeEM Jierko 3akoH-
YHUTh  NpepBaHHOE  J0Ka3aTeJbCTBO
TeopeMbl. MTak, mNpOeKTHBHOe mpe-
ob6pasoBaune H = S’S ocraBasieT He-
NMOABHXKHBIMH ToukH A, B, C, D.

Yepr. 56. YTBepxkaaeTcs, YTO OHO SIBMSIETCS TOXK-
JectBeHHbIM. OOpatumcsi K uepT. 56.
Tak kak npsambie AB u CD ocraioTcsi HeNOABHXKHBIMH, TO
ux nepeceyeHHe A1 Toxke HenoABHXKHO. [locTpouM TOUKY
A2 Tak, uto6el A, A2 rapMonuuecku pasjensiia Ai, B.
OueBHAHO, OHA OCTaeTCsl HENOJBHXKHOH. 3aTeM CTPOHM MOA0O-
HbIM 06pa3oM TOUKH As, A4,... Bce oHU ABJISIOTCS HENOABHK-
HeiMH. TOuKKM A, MOXHO CTPOUTb M B APYrOM HampaBJ/IeHHH.
HMenHo, ctpouM Touky A_, Tak, uto6el A_,, A, rapmoHu-
yecKH pasgensiia A, B. 3artem ctpoum A_, u T. A.

Hanbiie Mbl CTPOMM AJsi Kaxjao#l mapel Touek A,A,
Touky A, Tak, uro6ei A/, B rapMoHHYecKH pasjenana
A, A, Bee 5TH ToukH TaKKe GyAyT HEMoABHKHBIMH, 3aTteM
MOKHO GbLIO Gbl NOCTPOHTb HEMNOABHXKHbIE TOUKM A, H T. .

BBegemM Ha ahuHHOH MJOCKOCTH C GeCKOHEYHO yua.neﬂ-
po#i mnpsamoit BC JekapTOBbl KOOPAHHATHI, NPUHSB IpsIMble
AC v AB 3a ocH KOODAHMHAT H TOUKy D 3a eIHHHUYHYIO TOY-
Ky (Touky ¢ KoopamHaramu 1,1).

[TpocTbiM nOACYETOM C MOMOLIBIO AHIAPMOHHYECKOTro OT-
HOLIEHHS] MOXKHO YGEIHTbCSl, YTO NOCTPOEHHble HAMH TOUKH

A, umeloT KoOpAuHATH x, pasHbe 1, 2, 3,...,— 1, —2...
' 1 1 1 1
Touku A, HMeOT KOOPAHHATHI 50 135 250 e =5
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1
- 17 yeoe OnHum CJIOBOM, IIpoAoJizKast JOCTATOYHO [aJIEKO

; A . .
nocTpoeHHe Touek A,, MBI NMOJYYHM BCE TOYKH C KOOpAHHA-
m
TaMH BHJAA X = + o *
BosbmeM Temepp npoH3BoJbHYIO TOYkKy P (x, 0) Ha

o m
npsmoit AB. Ecam x =g, 10 ona HemoasuxkHa. Ilycts
m
HH NIPH KaKHX LEJBIX M H N X # 5. OueBHAHO, npH Jio-

6oM n Haiijerca Takoe m, uto (m—1)/2" < x < m/2".
OGo3naunm' A’ u A” TOUYKM C KOOpAHHATaMu x: (m—1)/2"
u m/2". OHu HenmoABMxKHbl. Ilapa A, P wux pasgeaser,
caenosatesibHo, mnapa . A, HP Toxe pasgeaser A, A”.
OT1ciona crelyer, 4To KOOpAMHATa X TouykH HP ynoBieTBo-
psier HepaBeHcTBaM (m —-1)/2" <X < m/2". A Tak Kak n
MOXKHO 6paTb CKOJIb yrogHO GOJIBLINM, TO X = X H, CJeJo-
BareJbHo, HP = P.

Urnak, Bce Touku mpsiMoil AB HeNoJABHXKHBI. AHajoruu-
HO YCTaHaBJIHBaeM, yTO Bce TouKHM NpsiMoii BC HENOJBHIKHEL
[Tyctb Tenepr Q — J1oGasi Touka miockoctH. [Ipoenem yepes
Hee JBe NpsiMble, He mpoXxoAsiune yepe3 A. Ilepecekas npsimble
AB u AC, onu HenoJBMKHbI, HOO coOJepXkaT Mo JBe Hero-
JBxkHble Toukd. OTciofa cieayer, uyto Touka Q HENOABHIKHA.
Urak, S'S saBnsieTcsa TOXKAeCTBEHHBIM. A Tak Kak npeo6paso-
BaHue S’ uMeeT o6GpaTHoe, KOTOpoe OyJAeT TOXe HMeTb BURX
(*), To u npeobpasoBanue S = S’~! umeer BuA (*).-

Teopema nokasana.

§ 9. pyrue npepsoxeHHs NPOEKTHBHOM
reoMeTpHH

[TycTb Ha NpPOEKTHBHOH IJIOCKOCTH BBeleHbl ABE CHCTe-
Mbl TNPOEKTHBHHIX KoOpAMHAT S H S’. YCTaHOBHM CBS3b
MeXAy KOOPAHHATaMH X, H X; TOYeK B 3THX CHCTeMax KOop-
JMHAT.

IToctaBuM B coOTBeTCTBHe KamIo#i Touke A ¢ KOOpAH-
HaTaMH x; B cHcTeMe S TouKy A’ ¢ KOOpAMHATaMH x|
ToXe B CHCTeMe S. DTO OToGpaKeHHe SBJSETCS MpPOEKS
THBHEIM. [lefiCTBHTENbHO, NYCTb g — npsAMas M ax, + bx, -
+-¢x3=0—ee ypaBHenwe. Tak Kak X, — KOOPAHHATHI
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Touku A B cucteme S’, TO x; YAOBNETBOPSIIOT YPaBHEHHIO
npsmoit B cucreme S’ a)x; + a,x, + a;x, = 0. TakuM 06-
pasoM, ykasaHHoe OTOOpa)keHHe MepPeBOAHT NpsMble B INpsi-
mble. Kpome Toro, oHo, oueBHIHO, OAHO-OAHO3HAuHo. Orcroaa
no Teopeme 64 Mbl 3aKJ/IOuaeM, 4TO KOOPOUHAMbL MOYKWL 8 pa3-
AUMHBIX CUCMEMAX NPOEKMUBHbIX KOOPOUHAM C8A3AHbL AUHell-
Hoimu popmyramu

r

Xy = apXy + QpaXs + Qy3Xg a1,8150;3
r

Xy = Qg1Xq -+ QgeXs + AggXy 51055053 |7 0 (¥)
r

X3 = Q31X; + 30X | Ag3Xs, Ag,035054

B npoctpaHcTBE HMEIOT MeCTO AaHaJOrMYHble (HOPMYJIBI.

AHeapmonudeckum OmHouieHuem uethipex Touek C'(x!)
Ha3blBaeTCsl YHCJIO, KOTOPOE C MOMOLLbIO NPOEKTHBHBIX KOOp-
JUHAT 3THX TOYEK BBIYHUC/ASETCS HO (opMyJe

1
x! x; X2 x?
3,3 3,3
x0x | | xx; C .
(C'C*C3CY = ——+ ¢ s+ (EF)).
] i Xi
X} x} xixf

Jas toro utoGel 3TO OmpejeneHHe GbUIO KOPPEKTHBIM, HAJO,
yToObl 3Ta (opMyJia JaBasa OJUH H TOT Ke pe3yJbTaT IpH
mobbIX i, j H, KpoMe TOro, yto6bl 3TOT pe3yJbTaT He 3aBH-
cen OT BhIfOpa CHCTeMbl KoopAMHAT. JlaHHOe omnpejeJieHHe
o6GJanaeT 3THMH CBOHCTBaMH.

IeficTBUTeIbHO, BBEJEM CIHeIHAJbHYIO CHCTEMY KOOp-
IMHAT Tak, 4YToObl ToukH Ci’ MMeJH KOOpAMHATH COOTBET-
ctBerHo (0, 1,0), (1,0, 0), (1, 1,0), (¢ 1,0). B Takux koopau-

HaTax (C102€3C4)=—%. C nomowibio dopMmya (¥) Haxoaum
KOOpAHHATHl Toyek C! B Jmoboil Apyroéf cHcTeMe KOOpAH-

HaT (Qyz, Qgy G32), (A1, Q21 A1)y (A1 Gres Aoy +- Qa2,
Qg+ Qg0),  (8ay + Gy, EQpy + Qg §agy + a3p). TlpocToit
noacuet NNOKAa3bIBaerT, qTo H B 3THX KOOpAHHaTax

(ccxcct) = -1? Takum  o6pasoM,  aHeapMOHUUECKoe

OMHOWeHUe He 3A8UCUM HU OM cucmembl KoopOuHam, Hu om
66160pa HOMEpo8 KOOpPOUHAM, C NOMOWbIO  KOMOPbIX  OHO
6LIHUCAALICA.
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Tak kak npoekTHBHOe npeo6pasoBaHHe 3afaeTcsl . TEMU
xe ¢QopMyJaMH, YTO M npeo6pa3oBaHHE KOOPAHHAT, TO OT-
Ciofla CJEAyeT, UYTO QHeAPMOHUHECKOE OMHOUWleHUue Mmo4eK He
U3MEHSAeMCA NpU NPOEKMUSHOM npeobpas’osanuu.

AHnrapMonunyeckoe OTHOLUEHHe 4YeThipeX MpPSAMBIX INy4Ka
onpefie/IieTCsl KaK AaHrapMOHHMYECKOE OTHOLUEHHe 4YeThipex
TOYEK MepeceyeHHs STHX MNPSMBIX C KaKoH-HHOYAb NpsiMOH
¢, He TpOXOAslUeH uepe3 LEHTP Nydka. 3mo onpedeserue
He 3asucum om npamol c. -

JleHiCTBUTENbHO, NMYCTh MBI HMeeM JBe CeKyliue MpsiMble

c M c. BBegeM NpoeKTHBHBIE KOOpAMHATHI, NpPHHSB 3a OCH
KOOpJAHHAT JBe TNpsiMble NyYka (OCH X; H X,) H NPSAMYIO C.

[lycte ax, + Bx, + 7x3 = 0 — ypaBHeHHe NPSIMOH ¢ B 3ITHX
KOOpJAHHATaX.
PaccMoTpuM mnpoeKTHBHOe npeo6pa3oBaHHe: x; = X,

Xy = Xy, Xy =o0X; + Bxy 4 1x3. OHO nEpEBOAUT mNpsiMbie
nyuka B ce6s, a npsmylo ¢ B ¢. Orciona cneayer, 4To TOu-

KM TlepeceyeHHs NpsIMBIX ¢ H ¢ C NPSMBIMH Ny4Ka IepeBoJsaTCs
JIpyr B JApyra NpOeKTHBHbIM mnpeo6pasoBaHHeM H, CJelo-
BaTeJbHO, AHrapMOHHYECKHE OTHOLIEHHS COOTBETCTBYIOMIHX
YeTBEPOK PaBHBI. Y TBepXKJAEHHe JOKa3aHo.

OueBHAHO, QH2APMOHUYECKOE OMMHOWEHUe Yembipex npsi-
MbILX NY4KA He U3BMEHAemcA Npu npoekmusHom npeobpasosa-
Huu.

AHrapMonHuYecKoe OTHOLIEHHE 4YeTblpeX IJIOCKOCTEH B
Nyyke onpefiesisieTcss yepe3 aHrapMOHHYECKOE OTHOILUEHHE ye-
ThIpeX TOYEeK [epeceyeHHs] 3THX I[IOCKOCTeHd C mNpsIMOl, He
nepecekawomel ocb Nydka. D10 ONpefesieHHE TaKXKe He 3a-
BHCHT OT Bbl6Opa CeKyllei NpsMoi.

Kpusoti emopozo nopadka Ha NpOEKTHBHON IJIOCKOCTH Ha-
3biBaeTCsl (Urypa, BCe TOYKH KOTOPOH YNOBJIETBOPSIIOT ypaB-
HEeHHIO BHJA

anxi + 2a5%,%, + ... + agexs = 0. (**)

OueBHJIHO, 3TO Onpeje/eHHe WHBADHAHTHO OTHOCHTENLHO Bbi-
Gopa CHCTeMbl NPOEKTHBHBIX KOOpAMHAT.

M3 Teopembl O mpHBeJeHHH KBaApaTHYHOH GoOpMBH  JH-
HEHHbHIM Npeo6pas’oBaHHEM MNepPeMeHHbIX K KaHOHHYECKOMY
BUAY CJEAyeT CYyWECTBOBaHHE TAKOH CHCTEMbl NpPOEKTHBHBLIX
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KOOpJAHMHAT, B KOTOPOI YPaBHEHHE KPHBOH BTOPOro Nopsiika
HMeeT BHI

e x3 + epx) J-e5x3 =0,

rie ¢;= +1 uau 0.

KpuBasi BTOpOro mnopsiilka HasbIBaeTCS HeBbipoHcOeHHOL,
eciu Bee ¢, = 0. Ecnn mpu stoM Bce e, oJHOro 3Haka, TO
KpHBasi Ha3bIBAaeTCsi MHUMOi, H60 He CYLIECTBYET TOYeK, KO-
OpAHHATHl KOTOPHIX YHOBJIETBOPSANH Obl YDABHEHHIO  KPH-
Boit. Ecau cpeiu e, ecTb paBHble HYJIO, TO KpHBasi Hasbl-
BaeTcsl 8biposcOeHHol. BbipoxaeHHe NPOUCXOJUT B Mapy mps-
MbIX WJIH OAHY MPSIMYIO, B KOTOPYIO Iapa NMpSIMBIX CJIMBaeTcs.
Ecnin npu BelpoxJAeHHH JBa KOI(pHUHEHTa &, OTIHYHBI OT
HYJs ¥ ONHOTO 3HaKa, TO TOBOPSIT O BBHIPOXKAEHHH B Napy
MHUMBLX. NPAMBIX.

Hawmu panbueiiline BbIBOABI, CTPOro TOBOPSI, OTHOCSITCS
K BelleCTBEHHBIM KpHBbIM. [lepeHeceHHe HX Ha MHHMblE KpH-
Bble TpeOyeT CrelHasbHOr0 O60CHOBAHHS.

B cBssn c KpUBBIMH BTOPOro MNOpSiAKA B MPOEKTHBHOM
reOMETPHH BBOAMTCS Ba)KHOE IIOHSTHE NOAAPLL MOYKU OT-
HocutTeJbHO KpHBOH. M3 aHanHTHYECKON reoMeTpHH UHTATENIO
M3BECTHO, YTO MOJsipa TOUKH A OTHOCHTEJIbHO KPHBOH BTOPOro
nopsaka  (**)  onpegmensiercs, Kak  reoMeTpHYecKoe
MeCcTo ToueK B, rapMoHuueckH pasfessiomux BMecTe ¢ A
napy ToueK nepeceueHusi npsiMoi AB C JaHHOH KpHUBOMA.
HMsBecTHo Takxe, uTo nossipa ToukH A(x;) 3afaercs ypas-
HEHHEM

CaXixy 4 Gy (X Xy + X3%1) + ... - Gazxx3 = 0.

Arto onpejejeHHe He BIOJHE KOPPEKTHO, TaK Kak IpsiMas
AB Moxer He mnepecekaTb KpHBYIO (B BeUleCTBEHHBIX TOY-
Kax). B CBSI3W ¢ 3THM Mbl NOJsAPY oONpeleauM (GopMalibHo,
KaK MpAMYylo, 3aJaBaeMyl0 YyKa3aHHbIM YypaBHeHueM. [lpu
5TOM, KOHEYHO, Mbl JOJIKHBI NOKa3aTb WHBAPHAHTHOCTb MpH-
HSATOTO OMNpeJeJeHHs] OTHOCHTEJBbHO INpeo6pas’oBaHHs KOOp-
auHat. Ho 3To, oueBHAHO, He cOCTaBjsieT TpyAa.

" Tlomsipa "oGnajaer 3aMevyaTeNbHbIMH ~ CBOHCTBAMH, W3-
BeCTHBIMH TAaKXe€ H3 aHaJuTHYecKoii reoMerpuu. FmenHo,
ecau mouka A Osuxcemca no npamod b, mo ee noaapa npoxo-
Oum ece20a uepe3 00wy u my oce mouxky B, noasapod Komopou
cayoum npamas b. Iloasproe "coomeemcmeue mo4ek u nps-
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MbIX UHBAPUAHMHO OMHOCUMENbHO  NPOEKMUBHbIX npeobpaso-
8anull naockocmu.

B npoeKTHBHOM NpOCTpAaHCTBE BBOJAMTCS  NOHSITHE IO-
BEPXHOCTH BTOpPOro INOpsiAKa NOJOGHO TOMY, KaK HOHSTHE
KpUBOH Ha IJIOCKOCTH. BBoAauTCA mNoJIsipHOE COOTBETCTBHE
TOYEeK H mJocKocTefi. Bce 3TO MBI cuuTaeM H3BeCTHBIM U3
AHAJIUTHYECKON TeOMETPHH.

Tenepr Mbl OCTAHOBHMCA HAa OJHOM H3 OCHOBHBIX (haK-
TOB MNPOEKTHBHOH TIeOMETPUH — npuHyune 0BolcMBeHHOCMU.

Ecin Mbl B TJIOCKHX aKCHOMAax CBSI3H BbIpaXKEHHE «TOY-
Ka JIeKAT Ha DpPsIMOH» 3aMEHHM BhIpAa)KEHHEM «TOYKa HH-
UMJEHTHA» TNpPSMOM, a BhIpaXKeHHe «NpsMasi TNPOXOAUT ye-
pe3 TOYKY» — BbIpaXKEHHEM «IpsiMas HHLUHJACHTHA» TOuKe,
TO NpPH 3aMeHe B KaxJOH aKCHOME CJOBa <TOYKa» CJIOBOM
«IpsiMasi» M CJIOBAa «IIpsIMasi» CJIOBOM «TOYKa» Mbl NOJy4YHUM
yTBEpPKAEHHsI, KOTOpble HMEIOT MEeCTO B CHJ1y COOTBETCTBYIOILHX
aKCHOM.

JeficTBuTeNIbHO, B HOBOH peJaKUHH TlepBasi  akCHOMA
raacut. Jas AByX Touek A u B cymecTByer mpsMasi, UM
uHuuaenTHas. CoOTBETCTBYIOIIee YTBepkIeHHE: NI JABYX
NpsSMBIX CYIIECTBYeT MHUMAEHTHASE C HUMH TOo4YKa. D10 CJe-
JyeT M3 akCHOMHI I,

Akcuoma l,: ana aByx pasiuuHbix Touek A M B cyiuecr-
ByeT He Gojiee OJHOH mnpsMOH, C HUMH HHUMAeHTHOH. Co-
OTBETCTBYyIOLlee YTBepXKJAeHHe: ISl JABYX pas3juyHbIX Mpsi-
‘MBIX @ U b cylecTByeT He 6ojiee OJHOH HHUUAEHTHOH C HUMH
TOYKH. DTO CJeLyeT M3 aKCHOMBI I,. _

Akcnoma Iy: pns maHHOM NpPSIMOH CYIECTBYIOT TPH TOY-
KM, C Held uHUUAeHTHble. CylmecTBYIOT TPH TOUKH, HE HHIH-
JNeHTHble ¢ oAHOi npsivoii. CoOTBETCTBYIOllee YTBEpPIKAEHHE:
AN AaHHOH TOYKM A CYLIEeCTBYIOT TPH NpsiMble, C Hell HH-
LWUJEHTHbIE, CYILECTBYIOT TPH TMpsIMble, HE HHIHAEHTHLIE C
oaHOH Toukoii. [lelicTBUTeNIbHO, B CHJy akcuoM Is cyuiect-
BYyIOT ABe ToukH B u C, He Jexaliue Ha OfHOH npsiMol ¢ A.
Ha npsmoit BC ectb Tpu ToukH no Toil ke akcuome. Ilps-
Mble, O KOTODbIX HAET peub, COENHHSIIOT 3TH TPH TOUKH C A.
Bropoe yTBepxAeHHe Takxke cjelyeT H3 akcHOMbl ls. [lejicr-
BHTEJbHO, COEAWHHUM IONApHO TPeMsl NPSIMBIMH TPH TOYKH,
He Jiexkallie Ha OfHOH mpsiMoii. OHH He NMPOXOAAT yepe3 OAHY
TOYKY.

Hakonen, yTBepxeHHe, COOTBETCTBYIOLlee IpeAJIONKe-
Huio Jlesapra, KoTopoe Haj0 NPHCOEIUHHTb K IJIOCKOH CH-
CTeMeé aKCHOM JBOHCTBEHHO caMo cebe.
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Onpenenum  clefoBaHHe TPOEK NPSMBIX NydYKa uepes
C/lefloOBaHHe TOYEK TIepecedyeHHss MPSIMBIX Nyyka C KaKoM-
HUOYAb NPAMOH, He NPOXOAflIeH Yepe3 LEeHTP myuka. ITo
onpejfeneHue He 3aBUCHT OT BbIOOpa CeKylled npsaMoil 1o
akciome Il;. OnpenenuB TakuM 00pasoM cleloBaHHe TIpsi-
MBIX B IIy4yKe, Mbl BUAWM, 4TO JAJIsl NPSAMbIX B NY4YKe BbINOJ-
HSAIOTCS. Bce akcHoMbl nopsjka. Orcioga noJyuaercsi ciefy-
folas TeopeMa, HMeHyeMasl NPHHUHMIOM JBOHCTBEHHOCTH Ha
NIJIOCKOCTH.

8, 8, &
Yepr. 57. Yepr. 58.

Ecau eepro Hekomopoe ymeepocOenue A Oas mouex u npa-
ML, BbIPANCEHHOE 8 MEPMUHAX UHYUOeHmHocmu u nopso-
Ka, mo eepHo maKkxce ymsepiucOenue A', 8 Komopom cA0s0
«MOUKA» 3AMEHEHO CA0BOM NPAMAS», A CA0B0 «NPAMAA> —
SA0BOM KIMOUKA».

HpuMep. [Tycte Touku A;, A,, A3 HHIHJAEHTHB NPSMOH a
B,, B, B;—Toukd, HHUHIeHTHble npsMoi b, C; (i + j) —
TOUKH, HHUHACHTHBIE NPAMBIM A;B;u A;B;. Torga touku C;
KHIUAEHTHBl ONHON mpsIMO ¢ (qep'r. 57). 3rto Teopema
[Tanna.

IBoficTBeHHoe yTBepxJAeHHe. [lycTb npsiMble a;, a,, a,
HHUMJEHTHBl Touke A, b;, b,, by — npsiMble, HHUHAEHTHbIE
Touke B, ¢, (i # j)— npsiMble, HHUUJEHTHble ToukaM a.b;
H ab; ... Torja i npsmble c; HHUHAGHTHBH OJHOH TOYKe
(uept. 58).

B npoeKTHBHOM NpPOCTPAHCTBE TAaKXKe HMEET MEeCTO MNpHH-
unun  gBoficTBeHHOCTH. MM yTBepxkaaercsi, yTo H3 chpaBef-
JIHBOCTH BCSIKOTO YTBEpXKIeHUST A AJsl TOUeK NMPSIMBIX H IJIOC-
KOCTeH cjefyeT yTBepxKAeHHe A’, B KOTOPOM CJIOBO «TOYKa»
3AMEHEHO CJIOBOM «IJIOCKOCTbY, @ CJOBO  «flJJOCKOCTb» —
CJIOBOM «TOYKay.

JIBOiicTBEHHOCTD B NPOEKTHBHOH TIeOMETPHH eCTeCTBEH-
HO HMeeT H aHAJIHUTHYECKOe BLIPAXKEHHE, KOTOpOe Mbl Ceif-
yac NpOHJLIIOCTPUDPYEM.
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Bynem HasbiBaTb  KO3(pGhHUIUHEHTH  ypaBHEHHS TPAMOH
mareenyuasbHomy  Koopournamamu npsMoi. OueBHAHO, OHH
onpefieJieHbl JIHLb C TOYHOCTbIO JAO MNPOH3BOJBHOTO OTJIHY-
HOTO OT HYJI1 MHOMHTeJS, KaK H KOOPAHHATHl TOUKH.

YpaBHenue

Uy + upxy + ugx; =0

OpH (PUKCUPOBAHHBIX U, Uy, Us, KAK H3BECTHO, SIBJSETCS
ypaBHeHHeM TMpSIMOH (C KOOpAMHATAMH U,, U, Uz), 4 TIpH
(PUKCHPOBAHHBIX X;, X3, X3 OHO €CTb ypaBHEHHe NyuKa Mpsi-
MbIX (C LEHTpOM (X, Xp, X3)). '

Kak wu3BécTHO, KakoBbl Obl HH OblIH JABe TOYKH Ha
npamo# (y;) U (2)), KOOpAMHATBI JIOGOH TOYKH MNpSIMOH
MOXKHO NpeACTaBUTb B BHAe X; = AY; 4 12, TOuHO Tak xKe:
KaKoOBbl Obl HH OblM JBe INpsiMble Myuyka (v;) H (v,), Koopf
JUHATHL JI0GOH MNpsMON MyyKa MNPeACTaBJSIOTCS B BHJE
U, = Av; + po,.

Hakonen, MOXKHO NOKa3aTh, YTO AaHTapMOHHYECKOE OT-
HOLUEHHE YeThipeX MNpPSIMBIX NYyYKa omnpefiesisieTcss MO TOH XKe
¢OpMyne, TONBKO KOOPAMHATHI TOYEK 3aMEHSIOTCS  KOOp-
JUHATaMU TNpSMBIX.

B npocTpaHcTBe aHAMOTHYHO BBOAATCS TaHTEHLHANbHbIE
KOOPAHHATBHI MJIOCKOCTEl H YCTAHAB/JIHBAIOTCS AaHAJOTHYHblE
(paKTHI.

Kpusoit Broporo kJsacca HasbiBaercsi ¢Qurypa, CocTaB-
JIeHHass M3 BCeX MpsMbIX, KOOPAHHATHI KOTOPHIX YJOBJET-
BOpPSIIOT YpPaBHEHHIO BHAA .

bnu? + 2b12u1u2 + ... 4 bgui=0.

M3 ananutHyeckoil reoMeTpHH H3BECTHO, UTO Kpueas 6mo-
poeo Kaacca 06paszoeana Aubo KACAmMerbHoIMU Kpusol — emo-
pozco nopadka, aubo OHA cocmoum u3 08Yyx NY4KO8 NPAMbIX,
moocerm Gvime coenadarowux.

§ 10. Pasanunbie reoMeTpun B NPOEKTHBHOH CXeMe

®. Kne#in B pa6ote, usBecTHOH moj HasBauuem «O Tak
Ha3bIBAEMO¥ HE3BK/IHJOBOH TIeOMETPHH», YCTAHOBHJ 3aMe-
YaTeJbHYIO CBf3b MEXJY 3BKIHJOBOH TreoMeTpHel, reoMeT-
pueil JloGayeBcKoro u reomerpueii PuMana B y3KoM CMbICTe.
Ceityac Mbl [acCMOTPHUM 3Ty CBf3b.
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B raase IV Obina mopoGHO paccMOTpeHa peanu3auus
reometpuu Jlo6aueBckoro B kpyre x2 4 y? < 1 ua sBKJH-
I0BO#l MIOoCKOCTH. OueBHAHO, 3Ty pP€aNM3alHI0 MOMKHO CUH-
TaTb BBHIIOJHEHHOH Ha NPOEKTHBHOH IJIOCKOCTH B 06,1aCTH,
OrpaHHYeHHOH KpPHBOH BTOPOTO MOPSAKA X + X; — x2 < 0.
CnpawmuBaercs, HeAb3si JH TOJOCHYIO peasH3anuio Ha
NPOEKTUBHOH IIJIOCKOCTH MOJYYHTb AJs  3BKJMAOBOH  reo-
MeTpHH?
Jlerko BHZeTb, YTO TaKyl0 peanus3alHi0 yKas3aTb He-
tpyaHo. M paccmartpuBaemas wHamu B ra. II  pekaprtoBa
peanusauus sBisietcss TakoBoi. [leficTBuTenbHO,  HasoBEM
TOYKAMH 3BKJIMJOBOH IJIOCKOCTH TOYKH TNPOEKTHBHOH ILJIO-
CKOCTH, y KOTOpHIX X3 = 0, a JBHXEHHSMH — NPOEKTHBHbIE
npeo6pa3oBaHusl BHJA
X; = x,c0s % —ex, sin ¥ + a,xg,
X, = X1 8ind - ex, cos ¥ + a,xg, *)
x; = X3.

Ecian npsimyio x; = 0 Ha3BaTb GeCKOHeYHO yJajeHHOf W ne-

peiiTH K JeKapTOBbIM KOOPAHHATAaM, TO 3TU NpeoOpasoBaHUSA
OyAyT HUMeTb BUJ

x" = xcosd—eysind + q,,
y' = xsinb + eycos § + a,.
B TouHOCTH TakMMH ¢opMyJaMH ObLIH ONpefesieHbl ABHXKE-
HHS B JIEKapTOBOH peajii3allud 3BKJMJOBOH IeOMeTpHH.
[TpoekTuBHble npeobpa3oBanus (*) MOXKHO XapakTepu-
30BaTb W TreoMeTpHUYecKHM croco6oM. OHH COXpaHSIOT Bhl-
POXKAEHHYIO KpDHBYIO BTOpOro knacca uf + uj = 0. B camom
Jenie, 3Ta KpUBasi COCTOMT U3 ABYX NMYYKOB NPSIMBIX U, + itly=
= 0, u; — iu, = 0 c uentpamu B Toukax (1, i, 0), (1, —i, 0).
Jlerko BHaeTb, uTO npeoOpasoBanue (*) Ju6GO ocraBjasieT
5TH. TOYKH HemoABHXHbIMH (¢ = 1), Ju6O nepecTaBjasieT HX
(e = —1) u nosTOMYy COXpaHsieT KPHBYIO BTOPOro KJacca
u? + us = 0. Cueayer, ofHaKO, 3aMeTHTb, YTO INPOEKTHB-
Hble Npeo0pas3oBaHHs, OMNpefensieMble YKa3aHHbIM IeOMeTpH-
YeCKHUM CBOKCTBOM, BKJIIOYAIOT He TOJbKO npeobpasoBanus (*).
Onu umetot GoJee obulyio GopMy

X; = p(x,cos ¥ —ex,sind) 4 a,x;,
Xy = p(x,5in Y 4 exyco8 ) + Apxs,
X; = x3
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U colepxkaT He TONBKO [BHXKEHHS, HO H NpeoOpa3oBaHHs
noznobus.

CucreMa akcuoM reoMeTpHH PuMana B Y3KOM CMEICJIE
COCTOMT H3 aKCHOM CBsSi3H, aKCHOM NOpsJKa H aKCHOMbI He-
NPEpLIBHOCTH TPOEKTHBHOH TeOMETPHH H AKCHOM KOHIpY-
€HTHOCTH 3BKJIMJOBOH T€OMETPHH.

dTa cuUcTeMa aKCHOM JONMyCKaeT peanu3alHlio, Nojo6-
HYI0O paccMOTpeHHBbIM. FIMeHHO, Bce akCHOMBI Ha IJIOCKOCTH
6yayT BBINOJHSTBCS, €CJAH TOJ TOYKOH Mbl OyJeM NOHHMAaTh
TOYKY [POEKTHBHOH IJIOCKOCTH, TNOA NpAMOH — INpPOEKTHUB-
HYIO TNIpSIMyIO, OTHOLUEHHe NPHHAJIEXKHOCTH H nopsjxka Oy-
JleM ynoTpeOGAsiTb B CMbICJe IPOEKTHBHOH TeOMETpHH H,
HaKOHell, MOA JABHKeHHsMH OyJeM IOHMMAaTb TaKHe TIpOeK-
THBHBlE TIpeo0pasOBaHHUs, KOTOpble COXpaHSIOT MHHUMYIO He-
BLIPOXK/JIEHHYIO KPHUBYIO BTOPOTO MOpsiAKa X; + x; + x5 = 0.

AnanoriuHasi peanu3auusi, MMeeT MeCTO A npocTpa-
CTBEHHOH CHCTEMBlI aKCHOM.

Kpuseie Broporo kiacca u?+ u? + u2 =0 obGpasoBaHst
KacaTe/IbHBIMH KPHBBIX BTOPOTO nop;uu(a xf—|—x§ + x3=0.

[TosToMy Bcsikoe npoeKTHBHOe INpeoGpa3oBaHHe, COXpa-
Hflolllee KpUBYI0O BToporo nopsiaka xi+4 x3+ x2=0,
COXpaHsfieT TaK»e KPHBYIO BTOPOro Kjacca uj + ul + u2=0.

Orciopa ciefyer, YTO MNPOEKTHBHbIE npeoﬁpaaoBaHHﬂ, ‘co-
XpaHsliOllHe KPHBYIO BTOPOro Kijacca u; bt udt e =0,
GyAyT COOTBETCTBOBaTb JABHJKEHHSIM B TeomeTpuH PuMaHa,
ecii e= -1, pABHXeHUAM B reoMeTpud -JloGaueBckoro,
ecii €= —] W, HaKOHeil, 3BKJHUAOBbIM [IBUXKEHHAM H
npeo6pa3oBaHHsM MOJ0GH:A, ecau € = 0,

KpuBas BToporo nopsiika u/i BTOporo Kjacca, HHBapHaHT-
Hasi OTHOCHTENbHO TNPOEKTHBHBIX IpeoOpasoBaHuil, COOTBET-
CTBYIOIHUX TOH WJIH UHOM T€OMETPHH, HAa3BLIBAETCS QBCOAIOMOM.

Ilpu paccmotpennu wuutepnperaunu KieiiHa reomerpuu
JloGayeBckoro  GbIO  OTMEYEHO, YTO PACCTOSIHHE MEXKIY
aBymsi ToukaMd A ¥ B nyockoct  Jlo6aueBCKoro B 3Toii
HHTEPNpETalHH PaBHO JOrapu(My  aHrapMOHHUYECKOro OT-
HOLUEHHS YeThlpeX TOYeK — JBYX JAHHBIX H JABYX TOUEK mepe-
ceuenust npsmoit AR c¢ aGcosmoToM. AHANOTHYHBIA pe3yJib-
TaT HMeEeT MECTO H B reoMeTpuu Pumana. M Bo Bcex Tpex reo-
METPHSX YroJ Mexay NpsMbIMH @ H b uaMepsercs sorapudmom
8HrapMOHHMYECKOrO OTHOLUEHHS YeThipeX MNpPSIMBIX, 13 KOHX
ABe — a U b, a ABe Apyrue npHHALIEKAT NyuyKy ab u abco-
JIIOTY, KaK KpPHBOH BTOPOro KJacca.
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CucremMa akCHOM a@uHHOU 2eomempuu COCTOHT H3 BceX
‘@KCHOM 3BKJIHAOBOH TeOMeTPHH, KPOME AaKCHOM KOHTPYEHT-
goctd. CHcreMa akcHoM apuHHON TreoMeTPHH Ha ILIOCKO-
CTH BKJIIOUaeT ellle akcHoMy [lesapra B cooTBeTcTBYIoiLel (op-
MYJHPOBKe, YUYHTBIBAIOIEH  BO3MOXKHOCTb HapasjejbHbIX
NP SIMBIX. A

Jlerko ykasaTb peasnM3alHIO CHCTEMbl aKCHOM aduH-
HO# reomeTpuu. i 3TOro Hajo NpPOCTO B3sITh JEKAPTOBY
peanusaunHio 3BK/JIHIOBOH TIeOMeTpHH, He BBOAS JABHXKEHHS.
Orciona cieyer, 4yTo ee MOXHO HHTEpPNpPETHPOBATh Ha
NPOEKTHBHOH NJIOCKOCTH, H3 KOTOPOH yJajieHa OJHa TNpsaMasi
(0ObIYHO ee Ha3bIBAIOT OECKOHEYHO yJaJIeHHOH).

BBesenne [AeKapTOBbIX KOOPAHHAT Ha ahUHHOH MJOCKO-
ctH (§ 6) nosBossieT 6e3 oco6oro Tpyla 3aKJOUHTb O MOJ-
HOTE CHUCTeMbl AKCHOM a(pMHHOH reoMeTpHH Ha  IJIOCKOCTH
nofo6HO TOMY, KakK 3TO Mbl Jefajd B Cjlyyae APYTHX Treo-
MeTpHuil.

Ha nepBblil B3risiz MoXKeT NOKa3aTbCs CTPAHHBIM, 4YTO

cHcTeMa akcuoM AdHHHO# reoMerpun moaxa. Beab ona fB-
JIfleTCsl  TOJNBKO YacTblO CHCTEMBl aKCHOM 3BKJHAOBOH reo-
MeTpud. Ho B 3TOM HeT HHYEro yJUBHTEJNBHOTO, TAK KaK aK-
‘CHOMBI JIBUXKEHHSI, KOTOPbIMH OTJIHYAIOTCS] 3TH CHCTEMBI, Npej-
TIOJIATAI0T HOBOE OTHOLUEHHE — «JBHMKEHHE>.
B adunnoi reoMeTpUHU BBOJHUTCSI Ba)XHOe IMOHSITHE
aurnozo npeobpasosanus. 1o mNpeobpasoBaHHe B Cayyae
[JIOCKOCTH TEepeBOAUT InpsiMble B npsMble. JlokasbiBaercs,
4TO BCAKOe aduHHOe MpeoOpasoBaHue B JEKAPTOBBIX KOOPIH-
‘HaTax 3ajaercsd (opMmyJaMu

¥ =ax+by-+cy,
Y = ayx + by + ¢,

Takum o6pasoM, B YKa3aHHOH MPOEKTHBHOH HHTepHpeTaluH
OHO 33jJaercsd (opmynamu

a,b,

a,b, # 0.

X, = ayx; + byxy + ¢1%3,
Xy = QgX) + boXy + CoX3,
X, = X3
¥ COCTOHT M3 TeX NPOEKTUBHbIX NpeoOpa3soBaHHi, KOTOPLIE
COXPaHSIIOT Kak Lenoe OeCKOHEYHO YJHANeHHYI  INpsAMYIo
x;3 = 0.
O6wiuM AAsi BCEX PAacCMOTPEHHbIX HAMU TEOMETPHH fB-
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Jsercs To, YTO B KaXKJAOH H3 HHX eCcTh rpymna npeo6paso-
BaHHUl, NepeBojsdllasi TOYKH B TOYKH, NPsSMble — B TpsMble
H COXpaHAIOIAs OTHOIUEHHS TNPHHAAJIEKHOCTH H INOpSAAKA.
D10 — JBHXKEHHS] B CJydyae 3BKJHAOBOH TeOMETpPHH, TIeo-
Mmetpun JloGaueBckoro W reomerpud Pumana, aduHHBbe
npeoopasoBaHuss B a(hHHHOH  TeOMETPHH H TPOEKTHBHbIE
npeoOpasoBaHUsi B NPOEKTHBHOH I€OMETDHH.

ITycte Mbl uMeeM JBe ¢urypel F u F' B Kako#-HHGYIb W3
YKa3aHHbIX TeoMeTpHii, NepeBOAMMble ADYr B Jpyra cooT-
BEeTCTBYyWOLlMM npeobGpasoBanHeM. OueBHIAHO, Mbl HE MOXeM
YCMOTpPETb - HHKAKOH pa3HHULbl MeXAYy 3THMH (UTypaMH, Tak
KaK COOTBETCTBYIOLUIHE 3JeMeHThl HX — TOYKH M MpsiMble
HaXoAATCSl B OJMHAKOBBIX OTHOLUEHHAX NPUHAIJIENKHOCTH H
nopsgka. Orcioga cjaefyeT, 4To OOBEKTOM H3yuyeHHss B TOH
HIH HHOU TreoMeTpHHU SBJSIIOTCS CBOHCTBA (PUryp, HHBApH-
AHTHblE OTHOCHTEJbHO IMPeoOGpasoBaHHH  COOTBETCTBYIOLIEH
TpyIIIHL.

EcrecTBeHHO, BO3HHKaeT BONpPOC, KaKOBbI Te NpoCTeil-
IUHe " (Urypbl, COCTaBJ€HHble M3 TOYeK W NPSMBIX, YCTPOEH-
Hble OJMHAKOBO B OTHOLUEHHH MPHHAIJNEKHOCTH H NOpsiAKa
3/JIEMEHTOB B HHX, KOTOpble He SKBHBAJIEHTHbl OTHOCHTENb-
HO mnpeoOpasoBaHHil JaHHOH reomeTpud. PaccmorpuM npu-
Mephl.

HauneM ¢ npoekTuBHOH reomeTpud. JIerko BHAETb, YTO
Jio0ble JBe TOYKH MOXHO TNEepeBeCTH MPOEKTHBHBLIM IMpeod-
pasoBaHueM B jioOble ABe Apyrue. JIoOble TpH TOYKH, Jexa-
IHe Ha OJHOH MNpSMOH, MOXHO MepeBeCTH B JiOOble TPH
TOYKH, Jiexauiue Ha npsimoii. ¥ TosbKo ueTbipe TOUKH NpsSMOM
JaNeKo He BCerja MOXKHO NepeBeCTH B YeThipe ApPYrHe TOUKH,
TaK KaK aHrapMOHHYECKOe OTHOLIEHHE 3THX UETBEPOK HOJI?KHO
ObiTb OJMHAKOBBIM. TakuM 06pasoM, MNPOCTEHINEH HETPHUBH-
aqbHOU (PUIYpOl, BCe TOYKH KOTOpOH JiexaT Ha NPSIMOH, B
NPOEKTHBHOH TreOMeTpHUH IpeicTaBasieT Cco6oii  uyeTBepKa
TOYeK. )

Hamo ckaszatb, 4TO aHrapMOHHMYECKOE OTHOLIEHHE 3TOM
YeTBEPKH €e [MOJHOCTBIO YK€ XapakTepusyeT. B npoekTHB-
HOW TEOMETPHH  AHTapDMOHHYECKOE  OTHOIUEHHE  SIBJISIETCS
NpOCTEAIIMM H TIPHTOM OCHOBHBIM YHCJOBBIM HHBApHAHTOM.
MoxHO NOKas3aTth, YTO JIOGOH YHCJIOBOH WHBAPHAHT (UIYPbHI
OTHOCHTEJIbHO TPOEKTHBHbIX MNpeoOpa3oBaHHH MOXKeT ObiTh
BbipaxeH Yepe3 aHrapMOHHYeCKHe OTHOLUEHHSI ee TOYeK HJIH
TOYEK (UIypbl, OJAHO3HAYHO CTPOAUIEHCS C TMOMOWbIO AAH-
HOH.
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[Mpumep. @Purypy, COCTaBl€HHYIO H3 TNATH TOueK A,
obuiero pacnosoxeHHs (uepT. 59), MOXKHO XapaKTepH30BaTh
AaHrapMOHHYECKHM OTHOLUEHHEeM uYeThipex Touek A,, A,,
Bs, B,.

B cayuae adunHOM reomeTpuH npocrefiias ¢urypa Ha
npsiMOfi COCTOMT M3 TpeX ToueK. Ee uyuci0BOH HHBapHaHT —
npoctoe OTHolleHHe A Tpex Toyek. B jmekapToBbIX KoopAu-
HaTax X, y OHO oNpejesnsieTcs N0 OAHOH U3 (popMya

_Nh—Y WK Azxx—xz
Y2 — Y3 X2 — X3
H npeAcTaBnseT coOGH aHrapMOHHYECKOe OTHOLIEHHE YeThbl-
pex ToueK — Tpex JaHHBIX M OecKoHeyHO yjaneHHO#. Tak
Kak npu aduHHOM mnpeobpasoBanuu Gec-
KOHEYHO YJajieHHasi TOYKa Ha NpsIMOH
(TpOeKTHBHOM) OCTaeTCsi HENOABHXKHOM, TO
$ICHO, 4TO 3TO aHTapMOHHUUYECKOoe OTIIO-
leHHe siBasieTcss HHBapHaHtoM. To, uto
¢urypa M3 AByX TOYeK He HMeeT HHBa-
pHaHTa, SICHO, TaK Kak Jolble ABE TOUKH
apuHHBIM TpeoOpasoBaHHeM NepeBojsITCS
B JioOble JBe Apyrue.

Besakuit MHBapHaHT (Hrypbl OTHOCHTENBHO a(pMHHBIX Tpe-
o6pasoBaHHif MOXeT ObiTb BbIpaXKeH uYepe3 MPOCThie OTHO-
LLEeHAs.

B sBkaujoBoii  reometpHH, reomerpuu JloGaueBckoro
¥ reoMeTpud Pumana npocrefieii ¢urypoii, HMmeomei HH-
BapHaHT, fIBJsIeTCA Napa TouyeK. DTOT MHBApHAHT €CTb pac-
CTOSIHME MeXJAy ToukamH. Bce Apyrue uHBapHaHTbl J1060H
¢urypel MOryT ObITb BbipaxKeHbi uUepe3 pacCTOSTHUA MeXAy
TOYKaMH.
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MOH M TIUIOCKOCTH — 22. § 3. B3auMHoe pacnojioxeHHe Jydeil B
nyuke. ¥Yroa — 25. § 4. AKcHOMH JABHXKeHHsl. KOHIpyeHTHOCTb
¢uryp — 28. § 5. KoHrpyeHTHOCTb OTpe3KOB, YIJIOB, TpeyroJb-
HukoB — 30. § 6. CpaBHeHHe OTpe3KOB H YIJIOB M ONepaLHH Haj
HuMH — 34. § 7. HekoToprie COOTHOLIEHHsi MeXAy CTOPOHAMH H
yraaMH TpeyroabHuka — 36. § 8. Akcuoma HempephBHOCTH — 38,
§ 9. IlepeceueHHe mnpsIMOl C OKPYXKHOCTbIO, HABYX OKPYIKHOC-
Teft — 41. § 10. H3mepenne orpeskoB H yraos — 43. § 11. Akcu-
oma napanjeabHocTH. IlopoGue ¢uryp — 46.

[nasa IIl. HceaegoBanne aKCHOM 3BKJAHIXOBOA FEOMETpPHH.

§ 1. [lexaptoBa peajH3alHfi CHCTeMbl aKCHOM 3BKJIHAOBOM
reoMeTpHH — 49. § 2. BbIMOJMHHMOCTb aKCHOM 3BKJHAOBOH TEOMeT-
puu B JeKapToBo#l peanusauun — 51. § 3. HenpoTuBopeuHBOCTb H
MOJIHOTA CHCTeMbl aKCHOM 3BKJIHAOBOH reomeTpHu — 55. § 4. Hesa-
BHCHMOCTb aKCHOMBl HemnpepblBHOCTH — 57. § 5. HesaBucumocrs
AKCHOMBI MapasiesibHocTH — 59. .§ 6. O 3aBHCHMOCTH HEKOTOPHIX
aKCHOM JBHXeHH — 62.

['nasa IV. leomerpus JloGauesckoro.

§ 1. Hekotopele npeanoxenus aGCOMOTHON reoMerpun — 67,
§ 2. Hexoroprie BcroMorarenbHbie dynkuun — 70, § 3. Teopema
Ilaparopa « Mamom» — 75. § 4. JluHeiHW# 9ieMeHT IL1OC-
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koctH — 78. § 5. TMosHoTa cHCTeMB akcHOM TreoMeTpuH JloGaues-
ckoro. M3omopdu3M Bcex ee peanusauuit — 82, § 6. Baxuefiune
HHTepTIpeTallMH reoMeTpun JloGaueckoro — 84. § 7. Hekortophie
¢akTel reomeTpuH JloGauesckoro — 88.

IF'naea V. OCHOBB NMpPOEKTHBHOH TeOMETpPHH.

§ 1. Axcuomn cBssu. Teopema [esapra — 92. § 2. I'apmouu-
yeckHe ueTBepkH Touek — 96. § 3. AxcHombl nopsaka. Aduunas
naockoctb — 98, § 4. Bekropnl Ha admuHHOH MiockocTH — 102,
§ 5. AKCHOMa HenpepHIBHOCTH. YMHOXeHHe BeKTOpa Ha YHCJIO —
107. § 6. J[exapToBH H NpOeKTHBHHE KOOpAHHATH — 111.
§ 7. HenpoTHBOPeuHBOCTb H MOJHOTA CHCTeMbl aKCHOM NPOEKTHBHOMN
reomMeTpHH Ha mJjockoctd — 114, § 8. IlpoekTnBHEIE npeoGpa3oBa-
Huss — 118. § 9. Jpyrue npegnoxeHHs NPOEKTHBHOH reOMeTPHH —
125. § 10. Pasnuunele reomerpuu B NPOEKTHBHOH cxeme — 131.
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